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INTRODUCTION

The goal of this ambitious mammoth project is to absorb or reabsorb as much prerequisites as
possible in order to even start to understand what the Langlands Program is about. This idea was
mainly born during my Bachelor’s thesis, which was about the fundamental lemma for quadratic
base change in GL, (thanks to my advisor for giving me this opportunity). Personally, I think that
there is much to do in this field, albeit quite difficult.

Moreover, I felt the need to relearn and to reorder much of the knowledge I have acquired through
lecture courses at the University of Bonn in one central place. Most lecturers did a very good job
at teaching one semester’s worth of coherent content, yet at some point, all of these need to be
connected. Furthermore, a semester is just not enough time to cover the standard canon on any
specific topic, so this project also wants to remedy that. Lastly, I forget a lot of stuff over time, so
this project gives me a chance to recall a lot of things.

The modus operandi will be me reading a few books at a time and trying to integrate the content
bit-by-bit into this document. I will jump between different parts, however, depending on whatever
motivates me at the moment. Topics are inspired by the article [Knal0] and include the following

(i) Commutative algebra. Maybe non-commutative algebra, but I am not sure.
(ii) Algebraic number theory and class field theory.

(iii) Algebraic geometry, especially scheme theory.

(iv) Infinite-dimensional representation theory of Lie groups and Lie algebras.
(v) Modular forms, maybe some complex analysis.

I have also added a chapter on category theory.
The text layout is mostly inspired by my grothendieck package with a few tweaks.
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INTRODUCTION

Reference .0.0.1. — Mainly [Mat86]; [Mat80]. Supplemented by [AMI16].

Notation .0.0.2. — — Despite how [Mat86]; [Mat80] denote extensions and retractions, we do
not follow this convention. Namely, if f: A — B is a ring homomorphism, then f~1(b) is denoted
as is for an ideal b of B, and f(a)B is denoted as is for an ideal a of A (instead of AN b and aB).

— Ideals are written with Fraktur letters, not capital ones, following [AM16]. If a is an ideal of a
ring A and if z € A, then xa = {za | a € a}.

— We denote the evaluation map by ev,: Az, |i € I| = A, x; - a; for a:= (a;);c; a family of
elements a, € A.




CHAPTER 1

RINGS AND MODULES

§ I.1. RINGS

I.1.1. Commutative rings and ring homomorphisms.

Definition 1.1.1.1. — A ring is a set A with two binary operations addition +: A x A — A an
multiplication -+ A x A — A satisfying the following conditions.

(i) The set A forms an abelian group w.r.t. addition. In particular, there is a zero element 0
in A, and each © € A has an additive inverse —x € A.

(ii) Multiplication is associative and distributive over addition, that is for all x,y,z € A, we
have the following properties:

(zy)z = z(y=2), x(y + 2) = xy + x2, (x+y)z=xz+yz.

We will always require the following additional properties.

(iii) The ring A is commutative if zy = yx for all z,y € A.

(iv) The ring A has an identity element 1 such that x1 = la =z for all x € A. Note thad
this element is unique.

Remark 1.1.1.2. — Tt is still possible that 0 =1 in a ring A. In this case, z = 21 = 20 = 0 for|
all x € A, so A has precisely one element, namely 0. We call A the zero ring and write A = 0
Sometimes, we will forget to exclude the zero ring from theorem statements, just to be aware.

Definition 1.1.1.3. — A ring homomorphism is a map f: A — B between rings satisfying the
following conditions.

(i) It is additive, i.e., f(x +y) = f(x) + f(y) for all z,y € A. In other words, f is a group
homomorphism of abelian groups. In particular, f(—x) = —f(z) for all x € A and f(0) = 0.

(ii) It is multiplicative, i. e., f(xy) = f(x)f(y) for all z,y € A.

(iii) It respects the identity element, i.e., f(1) = 1.

If f is bijective, then f is called a ring isomorphism.

Convention 1.1.1.4. — From now on, the word ring should always mean a commutative ring
with an identity element. Similarly, the word ring map should always mean a ring homomorphism

Fact 1.1.1.5. — The composition of two ring maps is again a ring map.

Definition 1.1.1.6. — A subset S of a ring A is a subring if it is closed under addition an
multiplication and if it contains the identity element 1 € A. In this case, S is again a rTing, and the
(injective) canonical inclusion v: S < A is a ring map. We also say that A is an extension ring
of S
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Definition 1.1.1.7. — Let A be a ring.

(i) An element x € A is a zero divisor if it divides zero, i. e., there exists some y € A\ {0
such that y = 0. If A+ 0 and if A does not contain any zero divisors except zero, then we call A
an integral domain or just domain.

(ii) An element x € A is nilpotent if =™ = 0 for some n > 0. If A does not contain any
milpotent elements except zero, then we call A reduced.

(iii) An element © € A is a unit or invertible if it divides one, i.e., there exists some
y ="' € A such that xy = 1. The inverse of x is unique, and the units of A form a multiplicative
abelian group A*. If A #+ 0 and if every element in A except zero is invertible, then we call A
field.

Remark 1.1.1.8. — Every field is an integral domain: if zy = 0 with 2 # 0, then 0 = 2~} (zy) =y
The converse is not true: Z is an integral domain, but not a field.

Fact 1.1.1.9. — Let u € A* be a unit and let x € A be nilpotent. Then u+ x is a unit.

\Proof. — Say =" = 0, and set y := —u~'z. Then y® = 0. Recall the famous factorisation
(1—y)(1+y+-+y* 1) =1—y" =1, which says that 1 —y is a unit. Thus v+ 2 = u(l —y) is a
unit as well. i

I.1.2. Ideals.

Many properties of rings can be conveniently expressed through the concept of ideals.
Definition 1.1.2.1. — An ideal a of a ring A is a subset satisfying the following properties.

(i) The set a is an additive subgroup of A.
(ii) It is closed under multiplication with A, i.e., Aa Ca (i.e., xy € a forallx € A and y € a)

If S is a subset of A, then

(S):= ﬂ az{insi mieA,siES}
ideals a2S i=1
denotes the smallest ideal in A containing S. If S = {sy,...,8,} is finite, we also write (S) =

(S1y.ey Sp) = Z?:l As,;. We also say that (S) is the ideal generated by S.

Example 1.1.2.2. — There are always two trivial ideals: the zero ideal (0) and the unit idea
A =(1). An element z € A is a unit iff (u) = (1).
Construction 1.1.2.3. — Let A be a ring and let a be an ideal of A. Then the abelian quotient

group A/a inherits a multiplication from A, defined by (z 4+ a)(y+a) = 2y +a for all z,y € A. This
makes A/a a ring, called the quotient ring or just quotient of A by a. It comes with a (surjective
canonical projection m: A = A/a, x — = + a.

It is common to denote the image of any element € A in A/a by & € A := A/a. For two
elements x,y € A, we also write z =y mod a if £ = y or equivalently if z —y € a.

Proposition 1.1.2.4 (ideal correspondence). — Let A be a ring and let a be an ideal in A
Let m: A = A/a be the canonical projection. Then there is a one-to-one, inclusion-preserving
correspondence

{ideals b of A containing a} < {ideals b of A/a},
br— m(b) =0b/a,
7 1(b) «— b.

oreover, if b is any ideal in A, then w(b) = (b4 a)/a is an ideal of A/a
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This is powerful because if we want to consider ideals of a ring which contain another fixed ideal
we can simply pass to quotients in order to remove this condition.

Homomorphism theorem 1.1.2.5. — Let f: A — B be a ring map. Then the so-called kernel
ker f := f~1(0) of f is an ideal of A, and the so-called image im f := f(A) of f is a subring of B
\Moreover, there exists a canonical isomorphism

A/ker f = im f
induced by f.

Remark 1.1.2.6. — In particular, as with groups, a ring map f: A — B is injective if ker f = (0)
and it is surjective if im f = B. Also, if b is an ideal in B, then f~1(b) is an ideal in A since it i
the kernel of A — B — B/b.

First isomorphism theorem 1.1.2.7. — Let A be a ring, let S be a subring of A, and let a be
an ideal of A. Then sum S + a is a subring of A, the intersection S N a is an ideal of S, and there
exists a canonical isomorphism

S/(SNna) = (S+a)/a.

Second isomorphism theorem 1.1.2.8. — Let A be a ring with two ideals a and b such thal
a Cb. Then b/a is an ideal of A/a (cf. proposition 1.1.2./), and there is a canonical isomorphism)

(A/a)/(b/a) = A/b.

\Proof of the above statements. — The above statements hold on the level of abelian groups and
can be easily extended to the case of rings by checking multiplicativity of the ring maps. For more
details, consider the proofs of the homomorphism theorem 1.2.2.8, first isomorphism theorem 1.2.2.9
and second isomorphism theorem 1.2.2.10 in the case of modules. i

We will use these basic statements repeatedly and will not reference them.

Proposition 1.1.2.9 (characterisation of fields). — Let A # 0 be a ring. Then the following are
equivalent:

(i) A is a field.

(ii) The only ideals of A are the trivial ones (0) and (1).

(iii) Any ring map A — B # 0 is injective.

\Proof. — Assume (i). Let a # (0) be an ideal in A. Then there exists € a \ (0), which must be a
unit. Hence (1) = (z) C a, and thus a = (1). This shows (ii).

Now assume (ii), and let f: A — B # 0 be any ring map. Since f is not the zero map, ker f is a
proper ideal of A. Hence ker f = (0), and thus (iii) holds.

Lastly assume (iii). Suppose that there exists an element x € A that is not a unit. Then (z) # (1)
and A/(x) # 0. By hypothesis, the projection A - A/(z) is injective with kernel (z) = (0); thus
x = 0, which shows (i). st

—_— e ee——————

Fact 1.1.2.10. — Let (a;),c; be a family of ideals in A. Then the following sets are again ideals
in A.
(i) The sum

icl iel

x; € a;,x; =0 for almost alli € I},

which is the smallest ideal containing all a;
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(ii) The intersection (. _ a;.
el
(iii) If I is finite, the product

H a; = {ﬁm’te sums of elements sz

el el

xiEaZ}.

In particular, if a is an ideal of A, then a™ for n > 0 is the ideal generated by all products of the
form xq -z, with z; € a.

In particular, the ideals of A form a complete lattice w. r.t. inclusion, i. e., infima and suprema
always exist.

\Proof. — Trivial calculation. (7]

Example 1.1.2.11. — (i) Let A = Z, a = (m) and b = (n) for myn € Z. Then a + b =
(ged(m,n)), anb = (Iem(m,n)) and ab = (mn). In particular, ab = a N b iff lem(m, n) | ged(m,n)
iff m and n are coprime.

(ii) Let A = k[z4,...,z,] be a polynomial ring over a field k, and let a = (x4, ..., ,,). Then a™
is the set of all polynomials whose monomial terms have degree at least m.

@ Warning 1.1.2.12. — In general, the union a U b of two ideals is not an ideal. In fact
(aUb) =a+b.

Definition 1.1.2.13. — Two ideals a and b of a ring are said to be coprime if a+b= (1), o
equivalently, if there are x € a and y € b such that z +y = 1.

Proposition 1.1.2.14 (laws for sums, intersections and products of ideals). — Let a, b and ¢ b¢
ideals of a ring.

(i) Distributive law: a(b + ¢) = ab + ac.

(ii) Modular law: aN(b+¢) = (aNb)+cif a Dec.

(iii) aNb = ab if a and b are coprime. In general, ()" a; =[]
coprime.

| % if the ideals a; are pairwise

IProof. — (i) and (ii) follow by checking the equalities elementwise. We only show (iii). Suppose
that a + b = (1). Then

abCanb=(a+b)(anb)=a(anb)+b(anb) C ab. sig

Construction 1.1.2.15. — Let A,,..., A, be rings. Then the direct product of abelian groups
A = H:L: A, becomes a ring via not only componentwise addition, but also componentwise

multiplication, called the direct product of the A, ..., A,,. The identity element is (1,...,1) € A
It comes with (surjective) canonical projections m;: A — A;, (x,...,xz,) > ;.

Chinese remainder theorem 1.1.2.16. — Let A be a ring and let a,...,a, be ideals of A
\Define the ring map

¢: A—[[(A/a), 2+ (x+ay,..,x+a,).
i=1

Then the following hold:
(i) ¢ is surjective iff aq,...,a, are pairwise coprime.
(ii) ¢ ds injective iff (_, a; = (0).

. . . n n
(iii) If a, a,, are pairwise cooprime, then []" a, =" a,
v ? ? =Tt =T
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Under the hypothesis that a,,...,a, are pairwise coprime, we have the isomorphism
n n
A/ T e = 1A a0,
i=1 i=1

Proof. — (ii) is clear since ker ¢ = ﬂle a;. We now show (i). Suppose that ¢ is surjective. W.1.0.g.
we will only show that a; and a, are coprime. There is some x € A with ¢(x) = (1,0, ...,0), so that
=1 mod a; and x =0 mod a,. Thus 1 = (1 —xz) +x € a; + a, as desired.

Conversely, suppose that the a; are pairwise coprime. Observe that since the product ring is
additive, it suffices to find preimages for elements with only one non-zero component. Let us do
this for (y,0,...,0) where y € A. By hypothesis, we have relations u; +v; = 1 for all 2 <14 < n with
u; € a; and v; € a;. Take x := yH?ZQ v;; then z = yl_[?zz(l —u;) =y mod a; and x =0 mod a,
for all ¢ > 2. Thus ¢(x) = (¢,0,...,0).

Finally to (iii). The induction start is proposition I.1.2.14. For the induction step, suppose that
e = ﬂ?:l a;, =: b. Since a; + a,, = (1) for all 1 < i < n by hypothesis, there are relations

i=1 1
x; +y; =1 with ; € a; and y; € a,,. For [T | x; € b, it follows that H::ll x; = HZ:llﬂ —y) =1
mod a,,, and hence a,, + b = (1). Thus ba, =bNa,,. g

[ e  —

Definition 1.1.2.17. — Let f: A — B be a ring map.

(i) If a is an ideal of A, then Bf(a) is an ideal of B which consists of finite sums >y, f(x;)
where z; € a and y; € B. We call Bf(a) the extended ideal of a along f.
(ii) If b is an ideal of B, then the preimage f~1(b) is an ideal of A, called the contracted
ideal of b along f.

Warning 1.1.2.18. — If f: A — B is a ring map and if a is an ideal of A, then f(a) is

generally not an ideal of B. For example, take the embedding f: Z < Q. If a = (n) is a
non-zero ideal of Z with n € Z\ {0}, then f(a) = {mn|m € Z} is not an ideal of Q: the only idealg
of the field Q are (0) and (1) = Q.

Fact 1.1.2.19 (laws for extensions and contractions). — Let f: A — B be a ring map, and lel
(—)¢ and (—)¢ denote the extension and contraction along f resp. Let a be an ideal of A, and let b
be an ideal of B. Then the following hold:

(i) a C a® and b D bee.
(ii) a® = a®° and b = beec.
(iii) There is an inclusion preserving bijection
{contracted ideals in A} = {a|a®® =a} <+ {b|b° = b} = {extended ideals in B},
ar— a®,
b¢ < b.

For ideals a,,ay of A and by,b, of B, we have the following rules:(""!)

(iv) (a; +ay)® = af +a3 and (b; +by)° 2 by + b3.
(v) (a;Nay)® CafNas and (by Nby)° = b NbS.
(vi) (ay05)¢ = afag and (b;by)® 2 bTb3.

\Proof. — (i) is easy set theory. (ii) follows from (i): we have a® C (a®®)¢ = (a®)°® C a®; similarly

for be. (iii) follows immediately from (ii). The other statements follow by direct computation. OF

(I-1) " After introducing radicals and ideal quotients, there are also the following laws: (i) (g : a5)¢ C (a$ : a§)
and (b, : by)° C (b5 bS) = (b, s bSE). (i) /@ C +/a® and /B = \/be
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I.1.3. Prime and maximal ideals.

[Prime ideals are fundamental in commutative algebra, as they have a striking correspondence to the
geometric side in algebraic geometry. They also behave quite well.

Definition 1.1.3.1. — Let A be a ring.

(i) An ideal p of A is prime if p # (1) and if xzy € p implies x € p or y € p. The set of al
prime ideals is denoted by Spec A and is called the prime spectrum or simply spectrum of A.

(ii) An ideal m of A is maximal if m # (1) and there is no ideal a such that m C a C (1). The
set of all maximal ideals is denoted by MaxSpec A and is called the maximal spectrum of A.

Proposition 1.1.3.2 (characterisation of prime and maximal ideals). — Let A be a ring.

(i) An ideal p of A is prime iff A/p is an integral domain. In particular, the zero ideal is prime
iff A is an integral domain.
(ii) An ideal m of A is mazimal iff A/m is a field. In particular, mazimal ideals are prime.

\Proof. — For (i), let zy € p, i.e., Zy = 0. Thenz € pory € pif z =0 or y = 0 iff A/p is
an integral domain. On the other hand, (ii) follows directly from the ideal correspondence and
proposition 1.1.2.9. Since fields are integral domains, maximal ideals are prime. pid

Warning 1.1.3.3. — The converse that prime ideals are maximal is not always true. Take
for a counterexample any integral domain that is not a field, e.g., A = Z.

Fact 1.1.3.4 (Spec is functorial). — Let f: A — B be a ring map. If q is a prime ideal of B, then
p = f71(q) is a prime ideal of A. In this case, we say that q lies over p or that p lies under q
Hence, we obtain a map Spec f: Spec B — Spec A.

Proof. — Consider the composition A — B — B/q with kernel f~(q). Then A/f~!(q) is isomorphic
to a subring of B/q, which is an integral domain by proposition 1.1.3.2. So A/f~!(q) is an integral
domain as well, i.e., f~!(q) is prime. i

Warning 1.1.3.5. — Contracted maximal ideals are generally not maximal: consider the ring
map Z < Q with maximal ideal n = (0) in Q. The pullback is (0) in Z, which is not maximal
but prime.

Warning 1.1.3.6. — Extended prime ideals are generally not prime. For example, consider
the ring map Z < Q, and let p be a non-zero prime ideal of Z. Then Qp = Q is not a prime
ideal of Q.

Example 1.1.3.7. — A general problem in algebraic number theory is how prime ideals behave
under extension. For example, consider the inclusion Z < Z[i] with i = v/—1. One can show that
Z[i] is a euclidean domain, whence it is a principal ideal domain. Moreover, the extension of primes
is as follows:

(i) If p = 2, then pZ[i] = (1 +1)? is the square of the prime ideal (1 + 1) in Z[i].

(ii) If p=1 mod 4 is prime, then pZ[i] is the product of two distinct prime ideals in Z[i], e. g.
SZ[| = (241)(2 —1i).

(iii) If p =3 mod 4 is prime, then pZli] is prime in Z[i].
This result is non-trivial. In particular, (ii) is essentially the reason why each prime p =1 mod 4|
can be uniquely written as a sum of two squares, e.g., 5 = 22 + 12, 97 = 92 + 42, etc.; this is
classical theorem due to Fermat.

Proposition 1.1.3.8. — Let A,,..., A,, be rings. The prime ideals in H?: A, are of the for
Ay XX Ay Xpy X Ay XX A, where Py is a prime ideal in A;. More succinctly, Spec H?zl A =
1" Spec 4,
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\Proof. — Let p be a prime ideal of A := H?: A,. Write e, :=(0,...,0,1,0,...,0) for the standard
vectors in A. Since p # (1), w.1l.0.g. we have e; ¢ p. Since p is prime, e;e; =0 € p for all i > 1
implies that e; € p for all ¢+ > 2. Hence p = p; X H?:Q A, for some set p; C A;. Now we pass to

the quotient A/0 x [* , A; = A;. Then p = p; mod [[", A;, so p; is an ideal of A; by ideal
correspondence. We finally see that p; must be prime in order for p to be prime. pid

Prime avoidance lemma 1.1.3.9. — Let A be a ring.

(i) Let a,pq,...,p,, be ideals of A such that ps,...,p, are prime. If a € p, for all i, the
a g U?:l P;-

(ii) Let ay,...,a, be ideals of A, and let p be a prime ideal of A. If p D a; for all i, then
p 2N, - In fact, p DI .

Proof. — We first show (i) by induction on n. The case n = 1 is trivial, so let n > 2. We may)|
assume that p; € p; for all i # j by omitting those p; which do not satisfy this. If n = 2, take
r € a\py and y € a\ p;, and suppose that a C p; Upy. Then z € p; \ py and y € py \ py, SO
x4y ¢ py Up,, a contradiction.

Ifn>2 takex € §:= a\UZ:ll p, by induction hypothesis. Since p,, is prime and since a,p, € p,,
for all ¢ < n, we have ap; ---p,,_; € p,,, so take y € ap; ---p,,_; \p,,. Suppose that a C U?:l p;. Then
T € P, \ UZ:ll p, and y € ﬂ;:ll p; \ p,,. Hence, z +y ¢ U:’Zl p;, a contradiction.(?)

Now (ii). By hypothesis, there are x; € a; \ p; for all i. Hence [["" x; € [ a; S, a;, yet
[[_, @; ¢ p since p is prime. Thus p 2 ﬂ:;l a;. i

Remark 1.1.3.10. — If A contains an infinite field k, then the condition that ps,...,p,, are prime
in (i) is superfluous. Namely, all ideals are k-vector spaces. So a € p, means that a N p, is a proper
subspace of a. Since k is infinite, we have U?:l(a Np;,) Ca,andsoa szl p;-

Do

Definition 1.1.3.11. — A subset S of a ring is multiplicatively closed or just multiplicative
if x,y €S implies xy € S and if 1 € S. Equivalently, a multiplicatively closed subset of a ring is
submonoid.

Krull’s theorem 1.1.3.12. — Let A # 0 be a ring. Let S be a multiplicative subset of A, and let
a be an ideal disjoint from S. Then there exists a prime ideal p in A that contains a and that is
disjoint from S, and we can choose p mazimally.

\Proof. — This is a standard application of Zorn’s lemma.(’?) Let ¥ denote the set of all ideals in A
that contain a but are disjoint from S. Then ¥ naturally admits a partial order by inclusion. Of
course, Y is non-empty since a € S. Let (a,), be any chain in ¥, i.e., a, C ag or ag C a, for any
indices o and 3. Then this chain admits an upper bound a = Ua a,. One checks that this is an
ideal, and it indeed belongs to ¥. So by Zorn’s lemma, there is a maximal element p € 3.

(12) The distinction between n = 2 and n > 2 can be skipped if p; and p, are prime as well. This weaker|

form of the prime avoidance lemma is certainly easier to remember.
(I3) A partial order < on a set S is a relation that is reflexive (z < ), transitive (z <y and y < z implies
z < z) and antisymmetric (z < y and y < x implies x = y). A subset T of S is a chain if z < y or y < z for any]|
x,y € T. An upper bound of a subset T" of S is some element x € S such that ¢t < x for all t € T'.
Zorn’s lemma states the following: Let S be a non-empty partially ordered set. If every chain of S has an upper|
bound in S, then S has (at least) one maximal element. It is well-known that Zorn’s lemma is equivalent to the
xiom of choice
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It remains to see that p is prime. Let x,y ¢ p. By maximality of p in X, both p+ (x) and p + (y)
meet S, i.e., intersect S non-trivially. Then the product (p + (x))(p + (y)) meets S too. Since this
product lies in p + (zy), we have p + (zy) ¢ ¥, and thus zy ¢ p as desired.() s

Corollary 1.1.3.13. — Let A # 0 be a ring. Then each ideal not being the unit ideal is containe
in a maximal ideal. Or more succinctly, A admits a mazimal ideal.

\Proof. — Choose S = {1} or in the second case, S = {1} and a = (0). o

Remark 1.1.3.14. — If A is noetherian (see definition 1.5.1.3), then the set of all prime ideals
of A disjoint from S has a maximal element by fact 1.5.1.2. In this case, we do not need to appeal
to Zorn’s lemma, i.e., the axiom of choice.

Proposition 1.1.3.15. — Let A #+ 0 be a ring, and let a be a proper ideal of A. Then there is
minimal prime ideal above a.

\Proof. — This is again a standard application of Zorn’s lemma to the set of all prime ideals
containing a. One needs to check that for a chain of prime ideals (p,),, the intersection p = ﬂa Po
is again a prime ideal: for any z,y ¢ p, there are 3 and ~ such that x ¢ pg and y & p,. Say pg C p,,

then z,y ¢ p., and hence zy ¢ p, 2 Pa- sig
D oce————————
Definition 1.1.3.16. — Given an ideal a in a ring A, the radical of a is the set

Va:={xz € A|x™ € a for some n > 0}.
In particular, nil A := 1/(0) is the nilradical of A, the set of all nilpotent elements.

Proposition 1.1.3.17 (characterisation of radical ideals). — Then the radical v/a of an ideal a is
always an ideal. In fact, we have /a = ﬂpjap where p runs through all prime ideals.("->)

\Proof. — Tt is instructive to show that y/a is an ideal first. Let z,y € v/a and a € A, say z",y™ € a
for m,n > 0. Obviously, (ax)” € a, and so ax € /a. To show z +y € /a, expand the term
(x+y)"+t™~L. This is a finite sum of multiples of products z"y® with r + s = m+n —1; in particular
we always have either » > n or s > m. So this term is in a, whence x +y € \/a.

Now the stronger statement. Denote by p’ the intersection of all prime ideals containing a. First
let p be a prime ideal containing a, and let x € v/a, say 2™ € a C p. Then z € p, i.e., y/a Cp’
Conversely, for any = ¢ \/a, consider the multiplicative subset S = {1,z, 2, ...}, which is disjoint
from a. By Krull’s theorem 1.1.3.12, there is a prime ideal p that contains a but not x, i.e., x ¢ p’
This proves \/a =p’. st

Example 1.1.3.18. — Let A =7 and let a = (m) be an ideal. If py, ..., p, are the distinct prime
divisors of m, then va =(\_, (p;) = (p1 - p,)-

Corollary 1.1.3.19 (characterisation of reducedness). — Let A be ring. Then A4 := A/nil A ig
reduced. In particular, A is reduced if and only if nil A = (0).

(I4) There is an alternative proof with more advanced methods. One shows via Zorn’s lemma that non-zero
rings have maximal ideals, which are prime. Now given a and S, consider the localisation of A/a at the image of S
This is again a non-zero ring (since a N S = @&, the image S of S cannot contain any zero divisors, so the localisation
is non-zero). By the original Krull’s theorem, this contains a maximal ideal, from which we can reconstruct a prime
ideal in A.

(I5)  Alternatively, one can first show that nil A is an ideal and that it is the intersection of all prime ideals
in A. Then /a = nil(A/a) and the statement follows
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\Proof. — Let & € A/nil A with lift z € A. Suppose that Z is nilpotent, say 2" = 0. It follows that
™ € nil A, say ™™ = 0 for some m > 0. Hence z € nil A, i.e., £ = 0. i

Proposition 1.1.3.20 (laws for radicals). — Let a and b be two ideals. Then the following hold

(vi) If p is a prime ideal, then \/p™ = p for all n > 0.
\Proof. — These are shown by explicit calculation. (7]

Corollary 1.1.3.21. — Let a and b be two ideals. Then if \/a and /b are coprime, then a and b
are too.

Proof. — va+b=+/ya++vb=./(1)= (1) by proposition I.1.3.20, and so a + b = (1). st

Definition 1.1.3.22. — Let A # 0 be a ring. The intersection of all mazximal ideals in A is called
the Jacobson radical rad A of A.(1-0)
Proposition 1.1.3.23 (characterisation of rad A). — Let A # 0 be a ring. Then z € rad A iff

1 —axy € A* for all y € A.

\Proof. — Suppose that = € rad A, i.e., x is contained in every maximal ideal. Suppose that 1+ xy
is not a unit. Then by corollary 1.1.3.13, there is some maximal ideal m with 1 — xy € m. Hence
x ¢ m, for otherwise, 1 € m. In other words, = ¢ rad A.

For the converse, suppose that « ¢ rad A4, i.e., x ¢ m for some maximal ideal m. So m+ (z) = (1)
by maximality, and u + zy = 1 for some u € m and some y € A. It follows that 1 —zy € m, i.e.
1 — zy is not a unit. il

Definition 1.1.3.24. — A ring A is local if it has a unique mazimal ideal m. The field k = A/m
is called the residue field of A. We often write (A,m,k) or just (A,m) for a local ring. Likewise
a ring is semilocal if it has finitely many maximal ideals.

Proposition 1.1.3.25 (characterisation of local rings). — Let A #+ 0 be a ring.

(i) Let m be a proper ideal of A. Then (A, m) is local iff A\ m only consists of units.
(ii) Let m be a mazximal ideal of A. Then (A,m) is local iff 1 +x € A* for all x € m.

IProof. — Let m be a proper ideal of A. Then (A, m) is local iff every proper ideal of A is contained
in m iff A\ m consists of units (since proper ideals do not contain units). This shows (i).

For (ii), let m be a maximal ideal of A. Then by proposition 1.1.3.23, (A, m) is local iff rad A = m|
iff 1+ (z) C A* only for all z € m. We can drop ‘only’ since we always have rad A C m. Now since
Am =m, we have 1 + () C A* forallz e m iff 1 + m C A*. i

Definition 1.1.3.26. — In a ring A, an element e is an idempotent if e = e.
Example 1.1.3.27. — Any ring has always the trivial idempotents 0 and 1.
Fact 1.1.3.28. — In a local ring (A, m), all idempotents are trivial.

IProof. — Let e € A be an idempotent. Then ¢(1 —¢) =0 € m,s0e € mor 1 —e € m. By
proposition 1.1.3.25, we have 1 —e € A* or e € A” resp. Hence e(1 —e) = 0 implies e = 0 or
1 —e =0 resp. pis

(1.6) The term ‘radical’ in ‘Jacobson radical’ does not imply that rad A can be written as a radical va. The
term just arose historically.
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I.1.4. Examples of rings.

Definition 1.1.4.1. — Let A be a ring. The ring of formal power series in one variable x

with coefficients in A is
Afx] := {Z a,z" | a, € A}.

n=0
Addition and multiplication is defined as usual. Note that since multiplication is defined distributively
the coefficients of a product of two power series involves only finite sums:

(£)(52) S5 )

=0

Similarly, the ring of formal power series in multiple variables x4, ..., x, can be defined inductivel

by

n

n n
Alzy,.yz,] = {a + Zaixi + Z Qi+ -
i=1 i1

Lemma 1.1.4.2. — A power series f = ZZ’;O a,x™ is a unit in Alz] iff ag € A*. More generally
a;z; + - is a unit in Alzq,...,x,] iff a € A*.

=0 71

a, aivaij’ - € A} = A[[ml7 "rnfl]][[‘rn]]'

a power series f =a+ 3"
X -1 _ 0o
\Proof. — Suppose that f € Az]*. If f~1 = ano
ag € A*.
Conversely, suppose that a, € A*. We want to construct the inverse g = >.°° b, 2" € A[x]
n=0 n
[Explicitly expanding the product 1 = fg and comparing coefficients, we would need to successively
solve equations agby, = 1, ayb; + a;by = 0, etc. This is possible, so g = f~! exists. The general case
is proven identically.
An alternative argument for f € A[z] follows. Since a, € A, we may consider ag' f. So, w.1. 0. g.

write f = 1 — gz for some g € AJz]. Then by a geometric series, f~1 = (1 —gz)™! = Zf;o(gx)"

b,x™, then ff~1 =1 implies that ayb, = 1, i.e.

[Expanding this product yields the desired inverse. pi
Corollary 1.1.4.3. — A power series f = a + - € Alzq,...,x,] s in rad AJzq,...,z,] iff
a € rad A.

IProof. — By proposition 1.1.3.23 and lemma 1.1.4.2, we have f € rad B := Az, ...,z,] iff 1+ (f) C
B*iff 1 4+ (a) C A* iff a € rad A. st
Example 1.1.4.4. — What are the maximal ideals in B := A[zy,...,2,]? By corollary 1.1.4.3
we have a := (21,...,x,) C rad B. So the maximal ideals of B correspond to those in B/a =~ A

Therefore, the maximal ideals in B are precisely all ideals mB + a for some maximal ideal m of A
we identified A with the constant power series in B here). Conversely, (mB+a)N A =m.

However, the case for Alz] is much more complicated. It is not true that each maximal ideal of
Alz] must contain (z). Namely, x — 1 € A[z] is not a unit, so by Krull’s theorem 1.1.3.12, there i
a maximal ideal m containing x — 1; thus 2 ¢ m. Moreover, if m is a maximal ideal in A[z], then
A Nm might not be maximal in A (cf. warning 1.1.3.5).

Proposition 1.1.4.5. — If A is a local ring, then Alxq,...,x,] is local too. In particular, if k is
a field, then the ideals of k[z] are (2™) for n >0 and (0).

\Proof. — Let (A,m) be a local ring. By induction, it suffices to show that A[z] is local. Note that
[x]/(m+ (2)) = A/m is a field, so m 4 (x) is a maximal ideal in Ax] by proposition I.1.3.2. Hence
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with lemma 1.1.4.2 and proposition 1.1.3.25, we see that A[z] \ (m + (z)) are the units of AJz], and
so Afz] is local.

In the case that (A, m) = (k, (0)), the maximal ideal of k[x] is (x), and all other proper ideals
lie below (z). Let a C (x) be a proper non-zero ideal of k[z]. Then each f € a can be uniquely
written as f = z"u where u € k[z]*; define deg f := n. Set m := min{deg f | f € a} > 1; there i
some f, € a such that deg f, = m. Then (z™) = (f;) C a C (™) by minimality of m. i

Fact 1.1.4.6. — If A is an integral domain, then Alz] and A[x] are integral domains too.

\Proof. — If f,g # 0 are polynomials or power series, consider the non-zero coefficients of lowest
degree. Then fg has a non-zero coefficient of lowest degree, i.e., fg # 0, since A is an integral
domain. i

Example 1.1.4.7. — Let A be a ring and let a be an ideal of A. Denote by a[z] the polynomials
in Alz] with coefficients in a. Then a[x] is an ideal since it is the kernel of the reduction of
coefficients modulo a, i.e., ring maps Afz] = (A/a)[z]. In particular, there is the isomorphism
Alz]/a[x] = (A/a)[z]. With proposition 1.1.3.2, we see that p[x] is a prime ideal of Alz] if p is a
prime ideal of A. A similar statement exists in the case of AJz] and p[z].

Example 1.1.4.8. — Let A be a ring and let a be an ideal of A. If a = (aq,...,qa,) is finitely
generated, then afz] = Z:,L:l a;Afz] = a- Afz]. If a = (a,),, is infinitely generated, then a[z]
is bigger than a - Afz]. For example, take f = ZZO a,, 7" € a[z] for pairwise distinct a, , yet
a - Af«] has only finitely many elements from a as coefficients. This problem does not appear with
polynomials: we always have a[z] = a - Alz].

e

>~

Definition 1.1.4.9. — Let A be an integral domain.
(i) An element a € A\ {0} is érreducible if a ¢ A* and if a = be implies b € A* or ¢ € A*.
(ii) For two elements a,b € A, we write a | b if b= ac for some c € A. An element a € A\ {0
is prime if a ¢ A* and if a | bc implies a|b or a | c.

Lemma 1.1.4.10. — Let A be an integral domain and let a € A\ {0}.

(i) (a) is prime iff a is prime.
(ii) (a) is mazimal among all principal ideals iff a is irreducible.

\Proof. — Firstly, note that (a) # (1) iff a ¢ A*. We will use the following fact: a | b iff (b) C (a).
For (i), a | bc means bc € (a), and a | b or a | ¢ means b € (a) or ¢ € (a). This shows (i).

For (ii), a principal (b) contains (a) means a = be for some ¢ € A. Then (b) = (1) means b € A*
and (b) = (a) means ¢ € A*. This shows (ii). i

Warning 1.1.4.11. — 1t is true that prime elements are irreducible: this follows by definition
The converse, however, is generally not true; see example 1.1.4.19.

Definition 1.1.4.12. — An ideal a of a ring A is principal if it can be written as a = (z) fo
some x € A. If A is an integral domain and if all ideals of A are principal, then A is a principal
tdeal domain.

Corollary 1.1.4.13. — In a principal ideal domain, every non-zero prime ideal is maximal.
\Proof. — This follows immediately from lemma 1.1.4.10. pi
Example 1.1.4.14. — (i) The ring A = k[x] for a field k is a principal ideal domain. The prime

ideals are precisely given by (f) for irreducible polynomials f or f = 0 because of the unique prime
actorisation
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(ii) A = Z is a principal ideal domain, where each ideal is given by (n) for some n > 0. The
prime ideals are the ones for which n is a prime number of n = 0. The non-zero prime ideals are
maximal: Z/(p) = F, for primes p are fields.

(iii) Of course, maximal ideals need not be principal. Consider A = k[z4, ..., z,] for a field k
and n > 2. Then the set m of all polynomials with no constant term is a maximal ideal since m is
the kernel of the evaluation evy: A — k, f — f(0). However, as it turns out, m needs at least n
generators. On the other hand, principal ideals (f) for irreducible irreducible f € A are prime, yet
not maximal.

(iv) By proposition 1.1.4.5, k[z] for a field k is a principal ideal domain. The only prime ideals
are (z) and (0).

Definition 1.1.4.15. — An integral domain A is a unique factorisation domain if each)
element a € A\ (A* U{0}) admits a prime factorisation a = H?:l p; with p; prime.

Observation 1.1.4.16. — A prime factorisation in an integral domain, if it exists, is always
unique in the following sense. Let a = H:L:l p; = H;n:1 q; with primes p; and ¢;. Then n = m and
(p;) = (¢o(;)) for some permutation o.

This is seen as follows. Since p; is prime, w.l.0.g. we have p; | ¢;. Since ¢, is irreducible, we
must have (p;) = (¢1), i.e., we have ¢; = up; for a unit u. This yields H:L:Z p; = uH;zQ q;- Note
that ug, is again prime, so by the same above argument, we have (py) = (ugy) = (¢5). Induction
shows the statement.

Lemma 1.1.4.17. — In a unique factorisation domain, irreducible elements are prime.

\Proof. — Let A be a unique factorisation domain, and let a € A\ (A* U{0}). Then a has a unique
. . . n . . . . . . . n .
prime factorisation a = Hi:l p;. Since p; is prime and since a is irreducible, we have Hi:2 p; & unit
If n > 2, then (1) = (", p;) € (po) & (1), a contradiction. Hence n =1 and a = p; is prime. O

Example 1.1.4.18. — (i) Principal ideal domains are unique factorisation domains.
(ii) k[zq,...,=,] for n > 1 are unique factorisation domains.
Example 1.1.4.19. — A = Z[v/—5] is not a unique factorisation domain; we show this by examining

2 € Z[v/—=5]. First note that 2 is not prime. Indeed, we have 2-3 = (1 + v/=5)(1 + v—=5), but
11+ v/=5) ¢ A. Further note that 2 is irreducible. Indeed, suppose that 2 = a8 with a = a+bv/—5
and 3 = c+dv/—5. Then 4 = aaff = (a® +5b%)(c? + 5d?) in Z. Since a® + 5b% = 2 has no solutions
in Z, w.1.o.g. a®> + 5b%> = 1. In this case, « € A*X. Thus A is not a unique factorisation domain by
lemma 1.1.4.17.

So (2) cannot be maximal in A. Since A = Z[z]/(2? + 5), we have

A/(2) = Z[x)/(2,2% +5) = Fy[x] /(2% — 1) = Fylx]/(z — 1)%

Observe that Fy[z]/(z —1)? has a unique maximal ideal (z — 1); it corresponds to the maximal ideal
(V—5—1) in A/(2). Thus the unique maximal ideal in A containing (2) is (2,vV—5—1).

—_— o=
As an application, we prove a very important theorem from field theory.
Theorem 1.1.4.20 (Artin). — Ewvery field K admits an algebraic closure K.

Proof. — Let X be the set of all irreducible monic polynomials f € K[z]. Let A = K[z, : f € X] be
the polynomial ring where the z ; are indeterminates. Let a = (f(z;) : f € ¥), which is an ideal of A
Suppose that a = (1), say there are f; f, €3 and g, g, € A such that. Z:lzl g:filey ) =1
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Let K'/K be a finite field extension such that each f; splits. Pick for i =1,...,n a root o; € K’
of f;. Then we obtain } "  g;f;(a;) = 0 (plugging in arbitrary values for g;), which is absurd.
Hence a # (1), and there is a maximal ideal m of A containing a by corollary 1.1.3.13. Then
K; = A/m is a field extension over K such that for any f € %, there is a root 7, € K;. Now repeat
the construction with K, instead of K to obtain K,, etc. By induction, we obtain the field tower
K C K, C K, C- sothat L:= Uzozl K, is a field. It has the property that any f € ¥ completely|

splits in linear factors over L. If K is the subset of all elements of L which are algebraic over K
then K is an algebraic closure of K. pi

§ 1.2. MODULES

Modern commutative algebra has a greater emphasise on modules, which generalise rings and ideals
alike. The categories of modules is a so-called abelian category, which has very nice properties.

I.2.1. Modules and module homomorphisms.

Definition 1.2.1.1. — Let A be a (commutative) ring. An A-module M is a set with a binary
operation called addition +: M x M — M and an A-action called scalar multiplication -: Ax M — M|
satisfying the following conditions.

(i) The set M forms an abelian group w.r.t. addition. In particular, there is a zero element 0
in M, and each x € M has an additive inverse —x € M.

(ii) Scalar multiplication is an A-linear action. That is for all a,b € A and x € M, we have the
following properties:

a(z +y) = ax + ay, (a+b)x = az + bz, (ab)x = a(bzx), lz =x.
[Equivalently, an A-module M is an abelian group together with a ring map A — Endpyg,,(M).

Ezample 1.2.1.2. — (i) An ideal a of a ring A is an A-module. In particular, A = (1) is an
A-module itself.

(ii) If A =k is a field, then the A-modules are precisely the k-vector spaces.

(iii) If A = k[z] with k a field, then the A-modules are the k-vector spaces V together with al
linear transformation z: V — V.

(iv) Let G be a finite group, and let A = k[G] be the group algebra of G over the field k, i.e.
A is a polynomial ring over k with the elements of G as generators where the product of generators
is defined as in G. Note that A is not commutative, unless G is abelian. Then the A-modules
are precisely the k-representations of G, i.e., the group homomorphisms G — GL(V') for k-vector
spaces V.

Definition 1.2.1.3. — A map f: M — N between A-modules is an A-module homomorphism
or is A-linear if it satisfies the following conditions.

(i) It is additive, i.e., f(x +y) = f(z) + f(y) for all x,y € M. In particular, [ is a group
homomorphism of abelian groups with f(—x) = —f(z) for all x € M and f(0) =0.
(ii) It commutes with the A-action on M, i.e., f(ax) = af(x) for alla € A and x € M.

If f is bijective, then f is called an A-module isomorphism.

Convention 1.2.1.4. — From now on, we always mean A-module homomorphisms when we sa
A-module map.

Example 1.2.1.5. — For A = k a field, then the A-module maps are precisely the k-linear
transformations
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Remark 1.2.1.6. — Let M be an A-module. If we consider M as an additive abelian group
then the set Endyyg,, (M) of group endomorphisms on M forms an (in general non-commutative
ring by pointwise addition and composition. In other words, for any f, g € Endpyg,, (M), we have

(f + 9)(x) = f(z) + g(z) and (gf)(z) = (9= f)() for all = € M.
Let A — Endppg,,(M) be a ring map. If we denote by a;: M — M the image of a € A, then for
all a,b € A, we obtain (ab);, = a. b, (a+b);, =a;+b;, and 1, =id,;. Thus defining an A-module
structure on M is the same as giving a ring map A — Endpg,,(M). The action of a on M is the
same as the map a; on M, i.e., a;: M — M is given by m = am.
Let f: M — M be a map. Then f is A-linear iff f € Endpyg,,(M) and if f commutes with a;, for
all a € A. Since A is commutative, we have a;b;, = bya;, for all a,b € A; thus a; is itself A-linear

Notation 1.2.1.7. — Let M be an A-module. We denote a;: M — M, m + am simply as
a = ay, in the future.

Fact 1.2.1.8. — The composition of A-module maps is again again A-linear.

Construction 1.2.1.9. — Let Hom 4(M, N) denote the set of all A-module homomorphismsg
M — N. This can be naturally turned into a A-module by defining addition and scalar multiplication
pointwise: for all f,g € Hom 4 (M, N) and all a € A, we have

(f+9)(@)=flz)+9(x),  (af)(z):=af(x)
for all x € M. We will also write Hom(M, N) := Hom 4 pyoq (M, N) := Hom 4 (M, N).
Let u: M’ — M and v: N — N’ be A-module maps. They induce A-module maps
u*: Hom(M, N) — Hom(M’, N), f fou;
v,: Hom(M, N) — Hom (M, N’), frwvof

by pre- and post-composition resp.
Fact 1.2.1.10. — For any A-module M, there is a natural isomorphism
Hom(A, M) = M, fr—= f().

Remark 1.2.1.11. — Let M be a B-module, and let f: A — B be a ring map. Then M ig
naturally an A-module with am := f(a)m for all « € A and m € M. Equivalently, if the B-module
structure on M is given by the ring map B — Endpg,,(M), then we obtain an A-module structure
through A — B — Endyg,,(M).

I.2.2. Operations on modules.
Definition 1.2.2.1. — A submodule M’ of an A-module M is a subset satisfying the following
iproperties.

(i) The set M’ is an additive subgroup of M.
(ii) It is closed under scalar multiplication, i.e., AM' C M’'.

Then N is again an A-module. It comes with an (injective) canonical inclusion v: M’ < M.
If S is a subset of M, then

(S) := ﬂ N—{insi xieA,siES}
submodules NDS =1
denotes the smallest submodule of M containing S. If S ={sy,...,$,} s finite, then we also write

(S) = (s, s )= Z:L:l As;. We say that S is the submodule generated by S
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Example 1.2.2.2. — Ideals of a ring A are A-submodules of A.

Fact 1.2.2.3. — Let (M;),c; be a family of submodules of an A-module M. Then the followin
sets are again submodules of M.

(i) The sum

Su - {3

el el

x; € M, x; =0 for almost all i € I},

which is the smallest ideal containing all M,.
(ii) The intersection (),_, M;.
(iii) If a is an ideal of A, then the product

aM := {ﬁm’te sums Zaixi ‘ a; €a,x; € M}

\In particular, the submodules of M form a complete lattice w. r. t. inclusion, i. e., infima and suprema
always exist.

\Proof. — Trivial calculation. i

Definition 1.2.2.4. — Let N’ be a submodule of an A-module M. Then the abelian quotient
roup M /M’ inherits an A-module structure from M, namely a(x + M) = ax + M’ for all a € A
and x € M. We call M/M’ the quotient module or just quotient of M by M’. It comes with a
(surjective) canonical projection w: M — M /M’, x + x+ M’.
As in the case of ideals, we usually denote the image of an element x € M in M/M’ by T
Moreover, we write x =y mod M’ if T =14 or equivalently if x —y € M’.

Proposition 1.2.2.5 (submodule correspondence, cf. proposition 1.1.2.4). — Let M be an A-module
and let M’ be a submodule. Let w: M — M /M’ be the canonical projection. Then there is
one-to-one, inclusion preserving correspondence

{submodules N of M containing M’} < {submodules N of M /M’},
Ni+—7n(N)=N/M’,
7Y (N) <= N.
\Moreover, if N is any submodule of M, then m(N) = (N + M’)/M’ is a submodule of M /M.

Definition 1.2.2.6. — Let f: M — N be an A-module map. The kernel of f is the submodule
ker f := f~1(0) of M. The image of f is the submodule im f := f(M) of N. The cokernel of f
is the quotient module coker f:= N/im f of N.

Remark 1.2.2.7. — (i) As with groups, an A-module map f: M — N is injective iff ker f = 0
and surjective iff im f = N.

(ii) In general, preimages of submodules are again submodules. Let f: M — N be an A-module
map, and let N’ be a submodule of N. Then the kernel of the composition M — N —» N/N’ is
f~1(N’) and hence a submodule of M.

Homomorphism theorem 1.2.2.8. — Let f: M — N be an A-module map, and let M’ C ker f|
be a submodule of M. Then f induces a unique A-linear map

f: M/M —s N I flz)
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with kernel ker f/M’ such that the following diagram commutes:

M —s M/M’

(This property is also called the universal property of quotient modules.) Moreover, therd
exists an induced canonical isomorphism

M/ker f = im f.

\Proof. — One easily checks that f is A-linear, that it is unique such that the diagram commutes
and that ker f = ker f/M’. Tt is also well-defined: for z,y € M with Z = §, we have f(Z) = f(y)
since M’ C ker f. ]
First isomorphism theorem 1.2.2.9. — Let M be a module with submodules M, and M,. Then

there is a canonical isomorphism
My /(My N My) — (My + M)/ M,.

\Proof. — Consider the composite M, < M; + M, — (M, + M,)/M,, which is surjective with
kernel M; N M,. The statement follows from the homomorphism theorem 1.2.2.8. s

Second isomorphism theorem 1.2.2.10. — Let L D M D N be three A-modules. Then there ig
a canonical isomorphism
(L/N)/(M/N) = L/M.

\Proof. — Consider the map mod M: L/N — L/M, & — &+ M obtained by reduction modulo M
One easily checks that mod M is a well-defined, surjective A-module map whose kernel is M /N
The statement follows from the homomorphism theorem 1.2.2.8. pid

o Vo —
Definition 1.2.2.11. — Let N and P be submodules of an A-module M. Define
(N:P):={a€ A|aP C N},

which is an ideal of A. If P = (x), then we abbreviate (N : ) := (N : (z)). Similarly for an ideal a
of A, define
(N:a):={x € M|ax C N},
which is a submodule of M. Note that in the case where N = a and P = b are ideals of M = A
both notations coincide. We call (a:b) ={x € A|xb C a} also the ideal quotient of a by b.
In particular,
ann M :=(0: M)={aec A|aM =0}

is the annthilator of M. We say that M is faithful if ann M = 0. For x € M, we write
annz = (0:x).

Example 1.2.2.12. — (i) Let A be a ring. Then the set of all zero divisors is UxeA\{O} ann .

(ii) Consider A = Z together with ideals a = (m) and b = (n). Say m = Hp p"r and n = Hp p"r

Then (a:b) = (¢) with ¢ = Hp p? with g, = max(m,, —n,,,0) = m, —min(m,, n,,).
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Remark 1.2.2.13. — Let M be an A-module. For any ideal a C ann M, we can consider M as an
A/a-module via m := am for all z € A/a and m € M. This is well-defined since for any = € a, we
have M C aM = 0. In particular, M is faithful over A/ann M.

Fact 1.2.2.14 (laws for ideal quotients). — Let a,qa;,b,b,,c be ideals of a ring A for all i € T
Then the following hold:

- zeI(
\Proof. — This follows after explicit calculation. i
Fact 1.2.2.15 (laws for annihilators). — Let N, P be submodules of some module. Then the

following hold:

(i) ann(N + P) = ann N Nann P.
(ii) (N :P)=ann((N + P)/N).

\Proof. — This follows directly from the definitions. i

Czooe—————
Construction 1.2.2.16. — Let (M;),.; be a family of A-modules. The direct sum of the M is
@ M; = {(z;);c; | ; = 0 for almost all ¢ € I}.

iel
It carries an A-module structure via componentwise addition and scalar multiplication. It comes

with (injective) canonical inclusions ¢;: M; < €p,_, M; for all i € I.

Construction 1.2.2.17. — Let (M;),c; be a family of A-modules. The direct sum of the M,
is the Cartesian product Hie I M;. It carries an A-module structure via componentwise addition
and scalar multiplication. It comes with (surjective) canonical projections m;: []._, M; —» M; for
all i € 1.

Warning 1.2.2.18. — If I is finite, then EBZ,E] = Hiel. However, we only have @Z_E[ CII
in general.

icl

Observation 1.2.2.19. — Let A = H:;l A, be a direct product of rings. Then

a,:=0x--x0x A4, x0x-x0

(2

is an ideal of A. Notice that a; is not a subring as it does not contain the identity element of A
except when n = 1). Then as A-modules, we have the decomposition A = @:’:1 a;.

Conversely, let A be a ring. Suppose that as A-modules, we have a decomposition A = @?:1 a;
of A into ideals. Note that b, := EB#Z_ a; for all 7 are again an ideal of A and that they are
pairwise coprime. Thus by the Chinese remainder theorem 1.1.2.16, we obtain the isomorphism
A =~ H::l(A/bi), i.e., Ais a direct product of rings. In fact, a; =2 A/b, as A-modules, and if e; is
the image in a; of 1 € A/b,, then e; is an idempotent. in A and a;, = Ae,
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I.2.3. Nakayama’s lemma.

Definition 1.2.3.1. — (i) An A-module M is free if there exists an isomorphism M = @ie] A=

AD - In particular, M admits an A-linearly independent basis of cardinality #I, and we say that M|

has rank vk M := #1. If #I = n is finite, then we also write A" := AD) . By convention, A® := 0.
(ii) An A-module M is finitely generated, finite, or of finite type, if M is generated by

finite set, i.e., M = (xq,...,x,)

n)-
Fact 1.2.3.2. — If A" = A™ then m = n.

IProof. — For any maximal ideal m of A, there is a surjective map A™ —» (A/m)™ with kernel
mA”™, whence A" /mA™ = (A/m)". Passing to quotients, the hypothesised isomorphism becomes
(A/m)™ =2 (A/m)™ of A/m-vector spaces. We obtain n = m. st

Definition 1.2.3.3. — Let M be an A-module. A generating set S of M is minimal if removing
any element from S does not generate M anymore.

Fact 1.2.3.4 (presentation of modules). — Any A-module M is isomorphic to a quotient of a free
module. In particular, M is finitely generated iff M is isomorphic to a quotient of A™ for some
m > 0.

\Proof. — Since we always have M = (M), there is a surjective A-linear map
7 AM) 5 M, €m > m

wheree,, € @ _, Aisthe tuple with entry 1 at index m and zero elsewhere. Then M = AM) [ ker

If M = (xy,...,2,) is finitely generated, then we can replace A™) with A™ and map €y, =€
to x,;. Conversely, if M = A™/N for some submodule N of A™, then we obtain a surjective A-linear
map A" - A" /N = M. uif

Lemma 1.2.3.5 (determinant trick). — Let M be a finitely generated A-module, let a be an
ideal of A, and let ¢: M — M be A-linear such that im¢ C aM. Then ¢ satisfies an equatio
" + a 9"t + - +a,, = 0 with a; € a.

Proof. — Let M = (zq,...,z,). By hypothesis, we have ¢(z;,) € aM for all i, say ¢(z;) =

Z;_L:l a;;x; with a;; € a. If §;; denotes the Kronecker delta, we can reformulate the equation as
Z?Zl(éijgb —a;j)z; = 0 for all i. Now consider the matrix X := (6;;¢ — a;;);; € Mat,, (End(M))
Recall that the adjugate matriz adj X of X satisfies (adj X)- X = det X -id. Since X(x,...,7,)" =0
we obtain (det X)x, = 0 for all i and hence (det X)(M) = 0. Expanding det X gives the desired

equation. i

Corollary 1.2.3.6. — Let M be a finitely generated A-module, and let a be an ideal of A such
that aM = M. Then there exists some x € A with x =1 mod a such that xtM = 0.

\Proof. — Take ¢ =1id,,, so that im¢ = M = aM. Thus, zid;; =0 where z:=1+a; +-+a, =1
mod a. i

As a nice by-product, we obtain the Cayley-Hamilton theorem for rings.

Cayley-Hamilton theorem 1.2.3.7. — Let M be a free A-module of finite rank, and let ¢: M —
M be an A-linear endomorphism. After a choice of basis for M, the map ¢ satisfies its ow
characteristic polynomial det(id,, T — ¢) € A[T].

Proof. — In the proof of lemma 1.2.3.5, the constructed polynomial det(d,;T" — a;;);; which is
satisfied by ¢, is the characteristic polynomial of the matrix (aij)ij. After a choice of basis, we have
¢ = (a;;);; € Mat, (A). The result follows 0
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Nakayama’s lemma 1.2.3.8 (Nakayama, Krull, Azumaya). — Let M be a finitely generate
\A-module, and let a C rad A be an ideal of A. If aM = M, then M = 0.

\First proof. — By corollary 1.2.3.6, there exists some x € A with £ = 1 mod rad A such that
xM = 0. Then z € A* by proposition 1.1.3.23. Thus M = 2 'aM = 0. pid

iSecond proof. — This proof does not depend on lemma [.2.3.5. By way of contradiction, assume
that M # 0. Let zq,...,x, be a minimal generating set for M. Since z,, € M = aM, write
=" a;r; with a; € a. Hence (1 —a, )z, = Z:;ll a;x;. Since a,, € rad A, proposition 1.1.3.23
implies that 1 —a,, € A*. In other words, z,, € (24,...,%,_1) & M, a contradiction. i

Ln,

Corollary 1.2.3.9. — Let M be an A-module, let N be a submodule of M such that M /N s
finitely generated, and let a C rad A be an ideal of A. If M =aM + N, then M = N.

\Proof. — Observe that a(M/N) = (aM + N)/N = M/N. Now apply Nakayama’s lemma 1.2.3.8
to M /N so that M/N =0, i.e, M = N. (]

Corollary 1.2.3.10. — Let ¢: M — N be an A-module map such that N is finite, and lef
a Crad A be an ideal of A. If the induced map ¢: M /aM — N /aN is surjective, then so is ¢.

Proof. — For any = € N, there is some y € M such that ¢(y) = & by hypothesis, i.e., ¢(y) = =
mod aN. It follows that N = aN 4+ im¢. Since N/im ¢ is finite, corollary 1.2.3.9 implies that
N = im ¢. pid

Proposition 1.2.3.11 (Vasconcelos 1969). — Let M be a finitely generated A-module, and le
¢o: M — M be A-linear. If ¢ is surjective, then ¢ is already an automorphism.

\Proof. — Since ¢ is A-linear, we can view M as an A[¢]-module, given by ¢z := ¢(z) for all z € M
Since ¢M = M, by corollary 1.2.3.6, there exists some 1 € A[¢] such that (1+ ¢tp)M = 0. Hence for
all © € ker ¢, we have 0 = (1 + ¢v)(z) = 2 + ¥(¢p(x)) = x. Thus ker ¢ = 0 and ¢ is injective. O

Do

Warning 1.2.3.12. — Two minimal generating sets of an A-module might not have the

same number of elements. In this regard, modules work very differently from vector spaces
For example, take M = A a ring such that there are z,y ¢ A* satisfying z + y = 1. Then
M = (1) = (z,y), but (z) # M # (y). However, over local rings A, we have similar statements as
with vector spaces.

Proposition 1.2.3.13. — Let M be a finite module over a local ring (A, m, k). Then M := M /mM
is a finite-dimensional k-vector space.

(i) Any lift {z,,...,x,} of a k-basis {Z,,...,%,} of M is a minimal generating set of M.

(ii) Any minimal generating set of M arises in such a way. In particular, they all have the
same cardinality n.

(iii) Any two minimal generating sets of M can be transformed into another by an A-linear base
change. That is, if M = (z,...,x,) = (Y1, -, Yyn), Write y; = Z;l:l a;;x; for all i with a;; € A

Then (a;;);; is in invertible matriz with entries in A.

ij
\Proof. — The idea is to reduce everything to the k-vector space M.

For (i), let N = (x,...,,). Since N < M —» M is surjective, we have N +mM = M. As M|
is finitely generated, so is M /N. Therefore, corollary 1.2.3.9 implies that M = N. If {z4,..., 2,
would not be minimal, say M = (z, ..., x,,), then {Z,, ..., #, } would generate the vector space M
a_contradiction
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For (ii), suppose that S := {z,,...,z,,} would be a minimal generating set of M; then S :=
Ty,...,%,,} generates M. Moreover, this generating set of M is a k-basis, for otherwise, a proper
subset of S lifts to a generating set of M which is a proper subset of S, contradicting minimality,
Hence m = n.

For (iii), we have y; = Z;Zl a;;T; in M with a;; € k. Then det(a,;;);; = det(a;;);; mod m € k*
By proposition 1.1.3.25, we have det(aij)ij € A*. Now Cramer’s rule gives an explicit formula for|
the inverse of (a,;);; in Mat,, (A). sig

I.2.4. Kaplansky’s theorem on projective modules.

Definition 1.2.4.1. — An A-module P is projective if it satisfies the following lifting property
[For any A-linear surjection w: M — N and any A-linear map f: P — N, there exists a lifting

f: P — M such that the following diagram commutes:

M

7 Pas
L,
PN

@ Warning 1.2.4.2. — This is not a universal property since f might not be unique.

Proposition 1.2.4.3 (characterisation of projective modules). — An A-module P is projective iff
it is a direct summand of a free A-module.

Proof. — Let P be projective, and let 7: F = A) — P be the obvious A-module map. Then the
identity map f =idp: P — P admits a lift f: P — F such that mo f = idp. Hence f is injective
and we can write F' = im f @ kerm = P @ ker 7.

Conversely, suppose that F' = P®(Q is a free A-module. Let 7: M — N be an A-linear surjection
and let f: P — N be any A-linear map. Consider the A-module maps 7" = 7®idg and f' = f@®id,

Then there exists a lift f* of f’ such that the following diagram commutes:

MeQ

f/ 1
o -
.

F%N@Q.

We can do this as follows: let (¢;);c; be a free basis of F, i.e., F'=P,_, Ae;. For each i € I, pick
any z; € (7')"*(f'(e;)) and define f'(e;) := z;. Finally, taking the whole diagram modulo Q gives

gives the lift f of f. s
Example 1.2.4.4. — Free modules are always projective.

Do
Kaplansky’s theorem 1.2.4.5 (1958). — Projective modules over a local ring (A, m) are free.

\Proof for finite modules. — Let M be a finitely generated, projective A-module. By proposiH
tion 1.2.3.13, there exists a minimal generating set {zy,...,x,} of M. Let ¢: F = A™ — M be the
natural map which sends the standard basis elements of F' to the z;. Observe that if Z?: L0y =0
for a; € A, then after passing to the A/m-vector space M /mM, we have a; € m for all i. Hence
K :=ker¢ CmkF.

Since M is projective, we can lift id,, along ¢ to obtain an A-linear map ¢: M — F such
that F' = im® @ K with im¥ = M. Then K C mF = mimv¥ @ mK and hence K C mK since
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mimyp N K Cimey N K =0. It follows that K = mK. On the other hand, K = F'/im ) is finitely
generated since F' is, and by Nakayama’s lemma [.2.3.8, K = 0. Thus F = im = M is free. 0O

To obtain a more general proof, we need to do considerably more.

Lemma 1.2.4.6. — Let R be any (non-commutative) ring, and let F be a direct sum of countabl
generated R-modules. If M is an arbitrary direct summand of F, then M 1is also a direct sum of
countably generated R-modules.

\Proof. — Write F = @ o Fu for countably generated modules £, and suppose that F' = M @ N
By transfinite induction, We construct a well-ordered family (F,),, of submodules of F' satisfying the
following properties:

(i) E, ¢ F; whenever a < 3.
ii) F = U E,.
iii) If « is a limiting ordinal, then F, U

v) F,=M,®N, where M\, = M NE, and N, =NNE,.

(

(iif)

(iv) F,,,/F, is countably generated.

(

(vi) K EBUJEQ, E,, for a suitable subset Q" C Q.

Let us construct such {F, },. Set I, = 0. By induction hypothesis, suppose that for an ordinal «
all Fj; with ordinals 3 < a have been constructed. If a is a limiting ordinal, take F, := U6<a Fs.

If a = B+ 1 is a successor ordinal, let Q; be any of the E, not contained in Fj (if F = F;
then the construction stops as ) was finite). Suppose that Q; = (11, %19, ...), and decompose
x,, € F'=M & N into its M- and N-components. Each component can be written as a finite sum
in F'=@_E,; let Q, be the direct sum of the finitely many E, necessary to write these two sums
Suppose that Qy = (X9, Tgg, .- ).

Now repeat the construction with z,, € @, in order to obtain Q3 = (x4;,%35,...). Then
repeat the construction with x4, € @, in order to obtain ),. We do this construction with
all z;; in the order =y, 5, Ty, T3y, Tog, T3, ..., similar to Cantor’s first diagonal argument. Define
F, = F3 @ (711,19, Ty, ... ), which is a submodule of F'. On checks that this construction satisfies
our desired properties.

Now observe that M = (J M, (property (ii)) where each M, is a direct summand of F|
properties (v) and (vi)).

Moreover for successor ordinals, M, C M, (property (i)) is a direct summand of M,
properties (v) and (vi)). We have the same thing for N and N,, and so F, | /F, = (M,,,/M,) ®
(Nyi1/N,), which is countably generated (property (iv)). Hence M, /M, is also countably
generated, and thus M, , = M, & M/, with M/, countably generated.

On the other hand, for hmlt ordinals a, we have M, =U e My (property (iii)). In this case

set M, = 0. Thus we obtain M ={J M, =@ M with M, countably generated. o

Lemma 1.2.4.7. — Let M be a projective module over a local ring (A, m), and let x € M. Then
there exists a free direct summand of M containing x.

\Proof. — By proposition 1.2.4.3, write F' = M @& N for a free A-module F'. For any basis of F', we
can express x as a sum with finitely many non-zero coefficients. Choose any basis B = {x; };c; of F]
such that the number of non-zero coefficients to express x over B is minimal. Say x = Z:l: L G
with a; € A\ {0}. Then

a; ¢ Z(aj) for all 4. (I.2.4.7.1

J#i

For example, if we would have a,, = 37" ' b;a; with b; € A, then z = Yo a " a;(z;+bzx,), contradicting
the choice of B
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Now decompose z; = y; + 2; with y; € M and z; € N. Then x = }°" ax; = >" ay; € M
Further decompose y; = Z?Zl c;jrv; +t; with t; € (B\ {zy,...,7,}) and ¢;; € A. Plugging this
into the decomposition of x and comparing coefficients of the x; yields a;, = Z;l: 1 @5Ci (and
t; = 0). If for any 4, we would have c;; € A* for j # i or 1 —¢;; € A, then rearranging would
contradict equation (I.2.4.7.1). Hence ¢;;,1—c;; € m = A\ A* for all i # j.

By the Leibniz formula, we have det(c;;);; = H?Zl ¢;; =1 mod m, so (c;;);; is a base change
In other words, we may replace {x1,...,z,} C B by {y;,...,4,} € M and still have a basis of F
Therefore, M’ := (y1,...,9,) € M is a free direct summand of F' and thus also of M, and M’

contains x. ig

\Proof of Kaplansky’s theorem 1.2.4.5. — Let M be a projective module over a local ring (A, m)
By proposition 1.2.4.3, it is a direct summand of a free module. By lemma 1.2.4.6, it suffices to
show that each countably generated (projective) direct summands of M is free. So w.l.0.g., let
M = (x4, x,,...) be countably generated.

By lemma 1.2.4.7, we can write M = F; & M, with F] free and z; € F;. Then M, is again
projective. Let z, be the M;-component of z, € F; & M;. Again by lemma 1.2.4.7, we can write
M, = F, @ M, with F, free and x5 € F,. Then M, is again projective. Let =5 be the M,-component
of z; € F| @ 5 & M, etc. By induction, we obtain M = F, @ F, @ ---, which is free. oI

1.2.5. Exact sequences.

Definition 1.2.5.1. — A (countable) sequence A-modules and A-module maps

fq‘, f’i+
o My 5 M, 25 M, — (1.2.5.1.1

is exact at M; if im f; = ker f,, ;. The whole sequence is exact if it is exact at each M;.
f
Fact 1.2.5.2. — (i) The sequence 0 — M’ — M is exact iff f is injective.

f
(ii) The sequence M — M” — 0 is exact iff [ is surjective.

f g
(iii) The sequence 0 — M’ — M — M” — 0 is exact iff [ is injective, g is surjective, an
g induces an isomorphism coker f =% M”. Such a sequence is called a short exact sequence.

Proof. — Directly by definition. i
Remark 1.2.5.3. — Any long exact sequence (1.2.5.1.1) can be split up into a bunch of short
exact sequences:

fi
O—>kerfi+1<—>Mi—+1>imfi+1—>O

is short exact for each 7.

Proposition 1.2.5.4 (left exactness of Hom). — (i) A sequence

/
M Lm0 (L2.5.4.1

of A-modules is exact iff the sequence

g I
0 — Hom(M”,N) — Hom(M, N) — Hom(M’, N) (I1.2.5.4.2

is_exact for all A-modules N
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(ii) A sequence
f
0— N = N5 N

of A-modules is exact iff the sequence

f. .
0 — Hom(M, N') s Hom(M, N) — Hom(M, N")
is exact for all A-modules M.

\Proof. — We will only show (i). The other proof is an easy exercise.

Suppose that sequence (1.2.5.4.1) is exact, and let N be any A-module. For any ¢: M” — N|
with g*(¢) = ¢ o g = 0, we have ¢ = 0 since g is surjective. This shows exactness at Hom(M”, N)
For exactness at Hom(M, N), note that f*(g*(¢)) = pogo f=0since go f =0, so im g* C ker f*
Now let ¢: M — N with f*(¢) = ¢po f = 0. Then kerg = im f C ker ¢, and hence ¢ induces
¢: M” =% M/ker g — N where the isomorphism is induced by g. One now checks that ¢ o g = ¢
This shows ker f* C im g*.

Conversely, suppose that sequence (1.2.5.4.2) is exact for all N. To show exactness at M”, take
N = coker g and consider the canonical projection 7: M —» coker g. Then ¢g*(7) = 70 g =0, and
hence m = 0 since g* is injective. This shows that coker g = 0, i.e., that g is surjective. For exactness
at M, note that f*(¢*(¢)) = ¢ogo f =0 for all maps ¢: M” — N. Taking N = M” and ¢ = id
in particular, we see that go f = 0, i.e., im f C kerg. Now take N = coker f and consider the
canonical projection m: M —» coker f. Then f*(7) = 7o f =0, i.e., 7 € ker f* = img*. In other
words, we have 7 = ¢* () = 1) o g for some th: M” — coker f. Thus kerg C kerm = im f.(!'7)  df

Snake lemma 1.2.5.5. — Let
M/ u M v M// O
if/ lf lf”
O N/ ’LL/ N ’Ul N//

be a commutative diagram of A-modules with exact rows. Then there exists a long exact sequence

/7 U v 14 6 /7 {Ll ,D/ 4
ker f* — ker f — ker f” — coker f° — coker f — coker f

where u,v,u’,v" are induced by u,v,u’,v’. Moreover,
(i) u is injective if wu is;
(ii) ¥" is surjective if v’ is.

IProof. — We will only construct the boundary homomorphism §. Let 27 € ker f”; then 2" = v(x)
for some = € M by exactness at M”, and v'(f(x)) = f”(v(z)) = 0. Hence f(z) € kerv' = imu’ by
exactness in N, i.e., f(x) = u'(y") for some y' € N’. Define §(z”) to be the image of y’ in coker f’

This is well-defined: there are two choices, namely for x and for y’. For any other choice §’
instead of y’, we have v’ (y' —¢’) = 0, i.e., y' — ¢ € keru’ = 0, and thus y’ = §’. On the other hand
for any other choice & instead of z, we have v(x — %) = 0, whence x — % € ker v = im u by exactness
in M. So u(z’) = x — & for some 2’ € M’, and v’ (f'(x")) = f(x) — f(&). As in the construction
of §, we have f(z) =u'(y’) and f(&) = u'(§’) for some y',§" € N’. Hence f'(z’) =y  — §’ since u’
is injective, and thus ¥’ = ¢’ mod im f’, as desired.

The technique above is called a diagram chase, i. e., picking an element of interest and repeatedly
constructing preimages and images by virtue of exactness in the given diagram. The claimed
exactness of long exact sequence is proved by a diagram chase and is left as an exercise. gl

(I.7) This can be also shown by universal properties of kernels and cokernels
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Five lemma 1.2.5.6. — Let
M, M, M, M, M,
lfl sz lfs lﬁ; lfs
N N,y Ny N, Nj

be a commutative diagram of A-modules with exact rows. Then the following hold:
(i) If f, is surjective and if fy and f, are injective, then fs is injective.
(ii) If f5 is injective and if fo and f, are surjective, then fs is surjective.

\Proof. — A nasty exercise in diagram chasing. i

Remark 1.2.5.7. — Both the snake lemma [.2.5.5 and five lemma [.2.5.6 are famous statements
from homological algebra. In particular, the snake lemma 1.2.5.5 is a special case of the long exact
homology sequence induced by a short exact sequence of A-chain complexes.

O oc——m8———

Definition 1.2.5.8. — An A-module M is of finite presentation if there exists an exact sequence
of the form A™ — A™ — M — 0. In other words, M 1is finitely generated and the kernel of the
obvious projection A™ — M is finitely generated as well.

Proposition 1.2.5.9. — Let
!
0—K-5M-1Q—0

be a short exact sequence of A-modules
(i) If K and Q are finitely generated, then so is M.

(ii) If M is finitely generated and if Q is finitely presented, then K is finitely generated.
(iii) If M is finitely presented and if K is finitely generated, then Q is finitely presented.
(

iv) If K and Q are finitely presented, then so is M.

\Proof. — For (i), assume w. 1. 0. g. that K = im f is a submodule of M and that Q = coker f = M /K
Say K = (v1,...,2,) and @ = (§1,-..,4,,). Let z € M. Then z = 3°" a;y; mod K for some
a; € A, and so Z:= 2z — 3" a;y; € K. It follows that £ = >3"

-1
M = (.131, ey Ty Yp e 7ym)
We now show (ii). By hypotheses, let

a;z; for some a; € A. Therefore

/ ’

f g
A" — A" —Q —0
be a finite presentation of Q. Since free modules are projective, we may lift g’ along g, which
is surjective, to the map h,;: A™ — M. Similarly, we may lift h;; o f’ along f: K — im f to
hyi: A™ — K. In other words, we obtain the commutative diagram

am L 90 0
J{hK J{h’l\d id
0 K-t omm—250 0

with exact rows. By the snake lemma [.2.5.5, we obtain the isomorphism coker iy =% coker h;,
Since coker h,, is a quotient of the finitely generated M, it is finitely generated as well. Since im h g
is finitely generated, (i) implies that K is finitely generated




1.2. MODULES 29

We proceed with (iii). By hypotheses, let h,;: A" — M be a finite presentation of M, i.e.
ker hj, is finitely generated. Consider the commutative diagram

id

0 —— A" A" —— 0
l Bt th
0 K-—tsm—2,0 0

with exact rows where hg = go h), is surjective. By the snake lemma [.2.5.5, we obtain an exact
sequence

0 — kerhy; — kerhgy — K — 0.

As ker h,,; and K are finitely generated by hypothesis, (i) implies that ker hg is finitely generated
as well. Thus hy, is a finite presentation of Q.

Lastly (iv). Let hy: A" = K and hg: A™ — Q be finite presentations of K and @, i.e., the
kernels of both maps are finitely generated. Since K and @ are finitely generated in particular
i) gives the commutative diagram

0 —— A" —Ly Antm T, qm

lh’( th th

0— K — sm—2 90—

where ¢ and 7 are the obvious inclusions and projections into or from A" = A™ @ A™. The snake
lemma [.2.5.5 gives the long exact sequence

0 — ker hy — ker hy, — ker hgy — 0 — coker hy, — 0.

Then immediately coker hy, = 0, i. e., h), is surjective. Since ker hy and ker h, are finitely generated
so is ker h,, by (i). Therefore h,, is a finite presentation of M. ]

Cczoe—

Definition 1.2.5.10. — Let C be a class of A-modules, and let \: C — Z (or more generally
A: C = G for an additive abelian group G) be a function. Then X is additive if for any short exacl
sequence 0 = M" — M — M” — 0 in C, we have \(M") — AN(M) + AX(M") = 0.

Example 1.2.5.11. — (i) The function V +— dim V is an additive function on the class of finite-di;
mensional k-vector spaces by the rank-nullity theorem.

(ii) The function M + len M is an additive function on the class of A-modules of finite length
see fact 1.5.2.8).

Proposition 1.2.5.12. — Let C be a collection of A-modules. Let 0 — My — -+ — M, — 0 be
an exact sequences in C such that all kernels are in C' as well. Then for any additive function A
on C, we have 7" (—1)*A(M;) = 0.

Proof. — Set M;_ = M, ., = 0. If f;: M; — M, , for =1 < i < n+ 1 is the map in the
given exact sequence, then we can split this long exact sequence as many short exact sequences
0 — ker f; = M; — ker f;,; — 0. By additivity, A(M;) = A(ker f;) + A(ker f;,,). Plugging in the

telescoping sum yields the statement i
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I.2.6. Tensor product.

Definition 1.2.6.1. — Let M, N and P be three A-modules. A map M x N — P is A-bilinean

(i) if f(z,—): N — P is A-linear for all x € M, and
(ii) if f(—,y): M — P is A-linear for all y € N.

Here M x N should be understood as a Cartesian product of sets.
Construction 1.2.6.2 (universal property of the tensor product). — Let M and N be two
A-modules. We will construct an A-module T together with an A-bilinear map g: M x N — T such

that the following universal property is satisfied. For any A-bilinear map f: M x N — P, there
exists a unique A-linear map f: T'— P such that the following diagram commutes:

MxN—2sT

| (1.2.6.2.1
f

U<

Let
i=1

be the free A-module consisting of all formal A-linear combinations of elements of M x N. Let D
be the submodule of C' generated by the elements

a; € Az, € M,y EN}

(x+a2",y) = (v,y) — (@',y), (v,y+y)—(v,y)—(2v,y), (ax,y)—a(z,y), (v,ay)—a(z,y)

for all z,2” € M; y,y’ € N and a € A.
Set T := C/D; let x ® y be the image of (x,y) € M x N in T. Observe that D is defined in such
a way that

g: M x N —T, (z,y) —2Qy

is A-bilinear.

Note that any map f: M x N — P of sets extends A-linearly to an A-module map f:C =P
If f is additionally A-bilinear, then D C ker f. By the homomorphism theorem 1.2.2.8, we see that
f factors through the map f: T = C/D — P, x ® y — f(x,y). It is obviously the unique map such
that diagram (1.2.6.2.1) commutes. Thus we have found T and g.

We call T' the tensor product of M and N and write M @4 N :=T. If it is clear that these
are A-modules, we will also just write M ® N. To summarise, we have the following rules for all
x,x’ € M; y,y € N and a € A:

(i) (z+2)@y=20y+2" ®y,
(i) 2@ (y+y)=z0y+r®Y,
(iif) (ar) @y =a(r®y) =z ® (ay).

Remark 1.2.6.3. — As always with universal properties, it implies that (T, g) is unique up to
unique isomorphism, that is, for another pair (7", ¢’) satisfying the universal property, there exists
a unique A-module isomorphisms ¢: T =% T such that ¢og=g’.

To see this, applying the universal property of (T, g) to (17,g"), we obtain a unique map
¢: T — T’ such that ¢’ = ¢ o g. Swapping the roles of (T, g) and (1”,¢"), we obtain a unique map
@' : T — T such that g = ¢’ o¢’. Tt follows that g = ¢’ opog and ¢’ = ¢po ¢’ og’. However, applying
the universal property of (T, g) to itself, we see that ¢’ o ¢ = id; similarly ¢ o ¢’ =1id, i.e., ¢ is an
isomorphism
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Principle 1.2.6.4. — As it turns out, the universal property fully characterises the tensor product
so we may work with this property and forget about the explicit construction of the tensor product
The reason is simply that the tensor product is defined precisely such that it satisfies the universal
property and nothing more.

Warning 1.2.6.5. — The tensor product M ® N is generated by the elementary tensors r @y
with z € M and y € N. That is, if (z;); and (y,); are generators of M and N resp., then any
element in M ® N is a finite sum Z(i i T ®y;. In particular, general elements in M ® N are nof
only of the form z ® y.

Fact 1.2.6.6. — If M and N are finite A-modules, then M ® N is finite as well.
\Proof. — Trivial. s

Warning 1.2.6.7. — The notation x ®y is inherently ambiguous unless we specify the modules

M and N for which x € M and y € N. Consider the Z-modules M = Z and N = Z/27, and
consider the submodule M’ = 27 of M; let 1 € N be the non-trivial element. Consider the element
2®1. As an element of M ® N, we have 2@ 1 = 1® (2-1) = 1®0 = 0.("%) However, as an element
of M’ ® N, we have 2® 1 # 0.

Fact 1.2.6.8. — Let M and N be A-modules. Suppose that Z?:l 2, ®y; =0 in M & N with
x; € M and y; € N. Then there are finite submodules M, and Ny of M and N resp. such that
> 7 ®y; =0 in My® Ny.

i=1
\Proof. — Consider construction 1.2.6.2 with M ® N = C/D. Then Z?:l z; ®y; = 0 implies that

2 = Z?:l(;vi,yi) € D. Write z as a finite sum of generators of D, and let M, and N, be the
submodules generated by the finitely many necessary elements to write these generators. Finally, set
My := My+(xy, ..., 2,) and Ny := No+(yy, -, Y,). By construction 1.2.6.2, we have 37" | x;®y; =0

in My ® N,. g

Observation 1.2.6.9. — We can easily extend this to finite tensor products. Let M, ..., M, be
A-modules. Analogously, we define A-multilinear maps f: M, x --- x M,, — P which are linear in
each variable.

Then we can construct a multitensor product T'= M; ® --- ® M, with a canonical map g: M; X
- x M, — T in the same way. In particular, it satisfies the following universal property. For any|
A-multilinear map f: M; x -+ x M,, — P, there exists a unique map f: T — P such that the
following diagram commutes:

I.2.7. Properties of the tensor product.

Notation 1.2.7.1. — Let Bihom 4 (M, N; P) denote the set of all A-bilinear maps M x N — P
This carries an A-module structure by pointwise addition and scalar multiplication (note that A is
commutative).

Tensor-hom adjunction 1.2.7.2. — Let M, N, P be three A-modules. Then we obtain a canonica
isomorphism of A-modules

Hom(M ® N, P) = Bihom(M, N; P) =~ Hom(M, Hom(N, P)).

(I8) The last equality follows since 1®0+18®0=200=2(180)=1®0.

Add example
[AMI6, p. 2.18].

aften
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In fact, this is the incarnation of the universal property of the tensor product M ® N: if
Hom(M,Hom(N, P)) = Hom(T, P)
is a canonical isomorphism for all A-modules P, then T is the tensor product M ® N.

\Proof. — The first isomorphism is given by the universal property of tensor products. The second
isomorphism is given by
Bihom (M, N; P) = Hom(M,Hom(N, P)),
fr= (@ flz, ),
((z,y) = f(2)(y)) < f. i

Fact 1.2.7.3 (laws for tensor products). — Let M, N, P and (M), be A-modules. Then there
are the following unique isomorphisms:
(i) MONNQOQM, zQy—yQ .
(i) ( MAIN)@ P> MQ@(N®P)>» MONQ®P, (zQy)®2—~1® (y®2)»1Qy® 2.
(iti) (B, M) ®N =D, M;®N, (2;);c; ®Y > (2; @ Y) ey
(iv) AQM = A, a®x > ax.
\Proof. — All statements are proven with universal properties of tensor products, multitensor

products and direct sums. For instance the first isomorphism of (ii). For any z € P, the universal
property of the tensor product M ® N gives

MON —-MQNQQP, TRYFr— QYR 2.
Next the universal property of (M ® N) ® P gives
(MN)QP— MQ®NQ P, (TRYR2zFH> QYR 2. (1.2.7.3.1

Finally for the converse map, note that (z,y,2) — (z ® y) ® z is A-trilinear. Hence the universal
property of the multitensor product M ® N ® P gives

M@N®P— (M®N)Q® P, YRz (zQy) Q2. (1.2.7.3.2

It is immediate that equations (1.2.7.3.1) and (1.2.7.3.2) are inverses of each other.
Alternatively, we can also use tensor-hom adjunction 1.2.7.2; let us prove (iv). For any A-module P
we have the canonical, i.e., unique, isomorphism

Hom(M, P) = Hom(A, Hom(M, P)) = Hom(A ® M, P),
fr—(ar—af)— (a®@m+— af(m) = f(am)).

This shows that AQ M =% A, a ® m +— am. wi

Fact 1.2.7.4. — Let M be an A-module, and let P be a B-module. Let N be an (A, B)-bimodule
i.e., N is an A-module as well as a B-module such that a(bx) = b(ax) for all a € A, b € B an
i € N. Then the following hold:

(i) M®,4 N is a B-module, N ®pg P is an A-module, and Hom (N, P) is an A-module.
(i) (M@, N)@p P May, (NogP).
(iii) Hom 4(M,Homg(N, P)) = Homgz(M ® 4 N, P).

Proof. — First (i). M ® 4 N is naturally a B-module via b(z ® y) = 2 ® (by) for b € B, x € M and
y € N; similarly for N ® g P. For Homg(N, P), the product af for a € A and f € Hompg(N, P)
is given by (af)(x) = f(ax) for all x € N. Finally, the proofs of (ii) and (iii) are analogous to
act 1.2.7.3 and the tensor-hom adjunction 1.2.7.2 pi
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Observation 1.2.7.5 (functoriality of tensor products). — Let f: M — M’ and g: N — N’ be
A-module maps. Note that M x N — M’ Q N’ (x,y) — f(x)®g(y) is A-bilinear, whence we obtain
an A-linear map

f@g: M®N — M @N', z@y+— f(z)®g(y)
by the universal property of tensor products.

Let f/: M’ — M” and ¢’: N’ — N” be further A-module maps. Since (f" o f) ® (¢’ o g) and
(f'®¢g")(f®g) agrees on all elementary tensors z ® y of M ® N, they are indeed equal on M @ N
i.e.,

(fef)@(g eg)=("®g)e(feg)
Proposition 1.2.7.6. — Let f: M — M’ and g: N = N’ be surjective A-module maps. Then we
obtain an isomorphism
M@N/(ker fQN+M®kerg) > M @N', &y f(z)®g(y).
In particular, this is applicable to presentations f: AT =~ M’ and g: AY) — N'.

\Proof. — Since f and g are surjective, f ® g is surjective as well on elementary tensors of M’ ® N’
and hence on all M’ ® N’. For the kernel, consider the set

K={zQ@ye M®N| f(z)=0or g(y) = 0}.

Then (K)=ker f® N + M ® kerg.
Note that (K) C ker(f ® g), so f ® g induces ¢: (M @ N)/(K) — M’ ® N’. On the other hand
the map
M xN — (M®N)/(K), (z',y") — z ® y mod (K)

is A-bilinear for f(z) = 2’ and g(y) = ¢’ with x € M and y € N. Note that this map is well-defined
for another choice f(Z) = 2’ and g(§) = v’, we have

TQY=rQy+ (' —z)@y+a' @y —y)=2"®y mod (K).

The universal property of tensor products yields a map ¢¥: M’ @ N’ — (M ® N)/(K). By definition

¢ and 1 are mutual inverses, which proves the statement. pid
Proposition 1.2.7.7 (right exactness of tensor products). — Let
’ f 9 V4
M —M-—M —0 (I.2.7.7.1

be an exact sequence of A-modules. Then for all A-modules N, the sequence

f®id g®id
M@N —MN — M QN —0 (1.2.7.7.2
is exact.

\Proof. — Let M*® denote sequence (1.2.7.7.1) so that M* ® N denotes sequence (1.2.7.7.2). By left
exactness of Hom, we know that Hom(M*, Hom(N, P)) is exact for all A-modules P. Tensor-hom
adjunction 1.2.7.2 implies that Hom(M*® ® N, P) is exact, whence M* ® N is exact, again by left
exactness of Hom. i

Remark 1.2.7.8. — In the language of category theory, we can generalise this. Let F' = —® N and
G = Hom(N, —) be functors on A-Mod, the category A-modules. Then tensor-hom adjunction 1.2.7.2
takes the form Hom(F (M), P) = Hom(M,G(P)) for all A-modules M and P. One says that F is a
left adjoint of U and that G is a right adjoint of F, written F' 4 G. The proof above shows that left
adjoint functors are right exact, whereas right adjoint functors are left exact
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Warning 1.2.7.9. — In general, tensoring is not exact, that is if M’ — M — M” is exact
then M @ N - M ® N — M” ® N is not exact for general A-modules N. For example
consider the exact sequence of Z-modules 0 — Z N Z, which is multiplication by n. Tensoring
with N = Z/nZ yields 0 — N AN N, which is not exact since the kernel is NV # 0.

Fact 1.2.7.10. — Let M be an A-module and let a be an ideal of A. Then (A/a)@,4 M =~ M /aM
a ®m — am is an isomorphism.

\Proof. — Tensoring the short exact sequence 0 — a — A — A/a — 0 with M, we obtain the exact
sequence aQM — AQM — (A/a)®M — 0, whence (A/a)®M = coker f where f: aQM — AQM
Since the image of the composition of f with A ® M =% M is aM, the claim follows. pid

Proposition 1.2.7.11. — Let A+ 0 be a ring, and let ¢: A™ — A™ be an A-linear map.

(i) If ¢ is surjective, then m > n.
(ii) If ¢ is injective, then m < n.
(iii) If ¢ is bijective, then m =n (cf. fact 1.2.3.2).

\Proof. — For (i), pick any maximal ideal m of A so that k = A/m is a field. Tensoring with & yields
a surjective A-linear map ¢ = id, ®¢: k® A™ - k® A". By extension, id;, ® ¢ is also k-linear
i.e., a surjective map of k-vector spaces ¢: k"™ —» k™. Thus m > n.

For (ii), assume by way of contradiction that m > n, and consider A™ as a submodule of A™
generated by the first n coordinates of A™. Then ¢: A™ < A™ C A™ is an endomorphism on A™
and lemma 1.2.3.5 gives an equation ® = ¢! + a;¢'~* + -4+ a; = 0 over A. Choose I to be minimal
among all such equations. Then a; # 0, for otherwise, ¢(¢!~! + a;¢""2 + -~ + a;_;) = 0 and
injectivity of ¢ gives ¢!™! + a;¢!"2 + -+ a,_; = 0, contradicting the minimality of I. Now for
e, = (0,...,0,1) € A™\ A", we have ¢(e,,) = 0, whence P(e,,) = a; # 0, which is absurd.

The last statement is obvious. Alternatively, perform the proof of (i) on the isomorphism ¢. I

m

I.2.8. Algebras.

Definition 1.2.8.1. — Let f: A — B be a ring map. While B is a ring, it also obtains a
A-module structure by virtue of f: for a € A and b € B, define ab := f(a)b. Then B or, more
iprecisely, f is called an A-algebra.

Example 1.2.8.2. — (i) If A =k is a field and if B # 0, then any ring map f: A — B is injective
according to proposition 1.1.2.9. In other words, any k-algebra B contains k as a subring.

(ii) For any ring A, there is a unique ring map Z — A, n — nl. Hence any ring A is already a
Z-algebra.

Definition 1.2.8.3. — Let f: A — B and g: A — C be two A-algebras. Then a ring map
h: B — C is an A-algebra homomorphism if it is an A-module map, or equivalently, if the
following diagram commutes:

B—" ¢

N

A.

Convention 1.2.8.4. — From now on, we will only say A-algebra map instead of A-algebr
homomorphism.

Definition 1.2.8.5. — Let f: A — B be a ring map so that B is an A-algebra.
(i) We say that f is finite or that B is a finite A-algebra if B is finite as an A-module
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(ii) We say that f is of finite type or that B is a finitely generated A-algebra if there are
finitely many x,...,x, € B such that

B = {ﬁm’te sums Z bix? x%

b, € imf}7

or equivalently, if there exists a surjective A-algebra map Alxq,...,x,| = B (cf. fact 1.2.5.}). I
this respect, a Ting A is finitely generated if it is finitely generated as a Z-algebra.

Warning 1.2.8.6. — Finite A-algebras and finitely generated A-algebras are different notions!
In a finite A-algebra generated by x4, ..., x,,, each element is a linear combination of the z,. In
an A-algebra finitely generated by z, ..., x,,, each element is a polynomial in the x,. Finite implies
finitely generated, but the converse does not hold, e. g., for k[x].

= o<c————

Construction 1.2.8.7 (extension and restriction of scalars). — (i) Let f: A — B be an A-alge;
bra, and let M be a B-module. Then M becomes an A-module by virtue of f: define ax = f(a)z
for all a € A and & € M. This operation is called restriction of scalars.

(ii) Conversely, let B be an A-algebra, and let M be an A-module. Then the A-module B® 4, M|
becomes a B-module by b(b’ ® x) = bb’ ® x for all b,b” € B and « € M. This operation is called
extension of scalars. More concisely, we can consider B as an (A, B)-bimodule. Then B® 4 M is
a B-module by fact 1.2.7.4.

Fact 1.2.8.8. — (i) Let B be a finite A-algebra, and let M be a finite B-module. Then M i
finite over A.
(ii) Let B be any A-algebra, and let M be a finite A-module. Then B® 4 M is finite over B.

Proof. — Let M = ZFl By, and B =3_" Az; Then M =377 ijl Az,;y;; this proves (i)
Let M =37"  Ax;. Then B®, M = 37"  B(1®u;); this proves (ii). i

Construction 1.2.8.9 (tensor product of algebras). — Let f: A — B and g: A — C be two
A-algebras. Then the tensor product D = B® 4 C as A-modules is well-defined.

In order to turn D into an A-algebra, we need to define a multiplication on D. By the universal
property of the multitensor product, we obtain an A-linear map

D®D--BC®B®C — D, bRc)® (' ®c) b’ ®cc’.
This gives rise to an A-bilinear multiplication
DxD— D, b®c,b®c) bV ®cc,

or more generally,

n m n m
(Z b, ® ci> (Z v ®c;> =D bt ®cic)

i=1 J=1 i=1 j=1
With this multiplication and the identity element 1 ® 1, we see that D truly becomes and A-algebra
The corresponding map A — D of an A-algebra D is given by a = f(a) ® 1 = 1® g(a).
In fact, the tensor product of A-algebras satisfies the universal property of coproducts of]
A-algebras. It comes with canonical inclusions tg: B - B C, b= b®1and (: C - BRC
c — 1 ® c. Note that they might not be injective, i.e., B B® 1l and C #1® C.

Example 1.2.8.10. — Let. M be an A-module, and let B be an A-algebra
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(i) Let a be an ideal of A, so that we have an exact sequence a — A — A/a — 0. Tensoring]
with M yields the exact sequence aM — M — M ® (A/a) — 0, and we obtain the isomorphism|
M@ (A/a) = M/aM. Setting M = B yields B® 4 (A/a) =2 B/aB as A-modules, but one can check
that this canonical isomorphism also holds between A-algebras.

(ii) Consider the polynomial ring Afz] for an indeterminate xz. Then Afx] = EBZO:OA as
A-modules, and so M ® A[z] = EBZO: M. We can write EBZO:O M = Mz] (multiplication on M x]
is not necessary). Setting M = B yields B ® 4 Alz] = B[z] as A-modules. Again, this isomorphism
is also an A-algebra isomorphism.

1.2.9. Direct limits.

Definition 1.2.9.1. — A partially ordered set I is a directed set if for any two elements i,j € I
there exists some k € I such that v, < k.

Let (M,),cr be a family of A-modules that is indexed by a directed set I. Moreover, for any tw
elements i < j in I, let f;;: M; — M; be an A-module map satisfying the following conditions:

(i) fi; =1idyy, forall i€,

(ii) Whenever i < j < k, the following diagram commutes:

Mi%Mj

m lfjk’
M;.

We call the collection M := (M, fl-j) a direct system of A-modules over I or indexed by I.

Example 1.2.9.2. — Some directed sets are:

(i) any totally ordered set,
(ii) N ordered by divisibility a | b,
(iii) subsets of a set ordered by inclusion.

Construction 1.2.9.3 (universal property of direct limits). — Let M = (M,, f;;) be a direct
system over I. We will construct an A-module M together with a family of A-module maps
(p;: M; — M);c; such that

f.v
M, —

ij Mj
M

commutes whenever i < j and such that the following universal property is satisfied. For any|
A-module N with a family of A-module maps (v;: M; — N);; such that v; = v; o f;; whenever
1 < j, there exists a unique A-module map v: M — N such that the following diagram commutes
whenever ¢ < j:

Let C := Hid M, be the disjoint union of the underlying sets of the M,. We define the following
elation ~ on C': for any x; € M; and x; € M, we set x; ~ x if there is some k € [ with 1,j <k
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such that f;,(z;) = f;.(z;) in M. By definition of direct systems, one sees that ~ is an equivalence
relation. Now define the set of equivalence classes M := C'/ ~. This becomes an A-module as
follows:

(i) For all a € A and z, € M,, define az,; := az;.

(ii) For all x; € M; and x; € M, there is some k € I with 4,5 < k. Then define z, + 7, :=
fir(;) + fin(z;)-

Once again, one checks that these operations are well-defined, which is a very long calculation. For|
the canonical maps, define the map of sets p,;: M; < C — M for each ¢ € I, which is easily seen to
be A-linear. By construction, we have pi; = pu; o f;; whenever ¢ < 5.(19)

To construct the map v, consider the unique map of sets 7 := Hie] v;: C — N. Note that
if ; ~ z; for x; € M; and x; € M;, then f;(z;) = fi(z;) for some k > 4,7, and so v,;(z;) =
vy, © fur(;) = vy o fip(w;) = v;(z;). Thus ¥ factors through M, yielding a unique map v: M — N
One checks that v is A-linear; this shows the universal property.

We call M the direct limit of M and write lim M, := M. Note that h_n>1 M; heavily,
iel iel
depends on the given maps f;;; however, we drop them from notation.

Remark 1.2.9.4. — More generally, we can consider direct systems M in any category, e. g., direct
systems of sets, rings, A-algebras, etc. Their construction is identical to construction 1.2.9.3.

Fact 1.2.9.5. — Let (M;, fij) be a direct system such that M; C M; whenever i < j, i.e., all f;;
are inclusions. Then lim M, =] M,.
—>’L K3

\Proof. — This follows from construction 1.2.9.3. i
Example 1.2.9.6. — Every A-module is a direct limit of its finite submodules, ordered by inclusion
oo

Definition 1.2.9.7. — Let M = (M,, f;;) and N = (N, g,;) be two direct systems of A-modules
over the same directed set I. A morphism of direct systems ¢: M — N is a family of A-module
maps (¢;: M; — N;),c; such that the following diagram commutes whenever i < j:

fis

M, — M

of

9ij
N; —— N;.

A sequence of direct systems M — N — P (over the same directed set) is exact if the underlying
sequence of A-modules M; — N; — F, is exact for all i € I.

7

Observation 1.2.9.8 (functoriality of direct limits). — Fix a directed set I. Let M = (M, f;;)

and N = (N;,g;;) be two direct systems, and let ¢ = (¢;);c;: M — N be a morphism. Let

= (l;)ier: M — M = h_n)l M, and v = (V;),e;: N = N =1lim N, be the canonical maps
el

% —icl
Note that for vo¢ = (v; 0 ¢;);c;: M — N, we have v; 0 ¢, = (v;© ¢;) o f;; whenever i < j. Hence by
the universal property of M, we obtain a unique map

¢ =lim¢,: M =lim M; — N = lim N,.
— — —
el el el

(1.9) [AM16, §2, Exer. 14] gives another construction. Let C := @®,.; M;, and let D be the submodule of D
generated by all x; — f;;(z;) whenever i < j and z; € M;. Then define M := C/D, and let y;: M; = C - M. To
construct v given N and (v;);, consider & := @Z.E[ v;: C = N. Since v; = vjo f;; whenever ¢ < j, one checks that
D C ker o, so U factors through v: M — N.

This construction works generally for arbitrary colimits. However, we loose the advantage that this colimit is filtered
the original construction is preferred
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such that the following diagram commutes for all ¢ € I:

/%J/ J/V’L
lim Mj ————— > lim N]
—jel —>jel

Let P = (B, h;;) be another direct system, and let 1) = (¢;);c;: N — P be another morphism
In the same way, we obtain ¢ = lim 1, and lim (1, o ¢,;) which fit in the following commutative
—ricl —riel

diagram for any i € I:

Mi ?; Ni ¥, B

nil ) "l ) mi (1.2.9.8.1
lim M, %o lim N, - lim P
—jel —jel —jel

Due to uniqueness of the induced maps, we have

li .o, ) =1i .o li .
lim(y; o 6) = lim ;o lim 6,
iel el iel

The following two properties are the most important for direct limits.

Proposition 1.2.9.9 (exactness of direct limits). — Let

(Miafij) i> (Nivgij) i> (B hiz)

19 'Y

be an exact sequence of direct systems of A-modules over the same directed set I. Then the induce
sequence

icl icl icl
is exact.
IProof. — We take the same notation as in observation 1.2.9.8. Since diagram (1.2.9.8.1) commutes

we have Yo ¢ op; =, 01); 0 ¢, =0 for all i € I. As 1o ¢ is the unique induced map M — P, we
must have 1) o ¢ = 0. This shows im ¢ C ker .
For the converse inclusion, let 4/ € ker 1. By construction 1.2.9.3, there exists some representative
y € N, of 4 for some i € I, so that 0 = (v;(y)) = 7,(«;(y)) = 0 by diagram (1.2.9.8.1). Moreover
all representatives of 0 € P are ]_[Kj ker h,;; hence there is some j > i such that 0 = 7;(¢;(y)) =
hij(d)i(y)). Also, by definition, 0 = hij(d)i(y)) = wj(gij(y)). Since M; — N; — P, is exact by
hypothesis, there is a preimage z € M; of g;;(y), i.e., ¢;(z) = g;;(y). For & = p;(x) € M, we have

P(z) = Vj(¢j(93)) = Vj(gij<y)) =y(y) =y, ie, y€ima. g

Proposition 1.2.9.10 (tensor products commute with direct limits). — Let M = (M,, f;;) be
direct system of A-modules, and let N be an A-module. Then there is a canonical isomorphism

lim(M; ® N) = (lim Mi) ®N
— —

el Niel 4
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\Proof. — Let M = h_I)Il M;, and let P = h_r)n (M; ® N). Let (t;);e7: M — M be the canonical
iel icl
maps. They induce maZpS w, @idy: M; ® N $ M ® N for all ¢ € I, which in turn induce a map|

¢: P — M ® N by the universal property of M ® N.
To construct the inverse, define for each y € N and each ¢ € I the A-linear map g;(—,y): M; — P
2 x ® y. By the universal property, we obtain a map g(—,y) = h_n)l 9;(—y): M — P. Note that
iel

3
this is also A-linear in y, whence g: M X N — P is A-bilinear, which in turn induces ¢: M@ N — P
One can now check that ¢ and ¥ are mutual inverses. i

§ I.3. LOCALISATION

Localisations are one of the most important operations in commutative algebra. Geometrically, they|
correspond to restricting to local data; hence the name.

I.3.1. Localisations of rings.

Motivation 1.3.1.1. — Let Z be the integers. Then we can obtain the rational field Q as follows
We consider the set S =Z x (Z \ {0}) and define the relation ~ on this set by

(a,8) ~ (b,t) < at—bs=0.

One directly checks that this is an equivalence relation (note that for transitivity, we need that 7
is an integral domain in order to cancel elements). Then we can identify S/~ with Q: denote the
equivalence class of (a,s) by a/s € Q. Now we can endow Q with a ring structure via the usual
arithmetic laws:

a/s+b/t:= (at + bs)/st, (a/s)(b/t) := ab/st.

This can be generalised to arbitrary rings.

I.3.1.2. — Recall the definition 1.1.3.11 of a multiplicative subset S of a ring A: it shall satisfy|
1 €S and 2y € S whenever x,y € S. In other words, S is a multiplicative sub-semigroup of A.

Construction 1.3.1.3 (universal property of localisations of rings). — Let A be a ring, and let S|
be a multiplicative subset of A. We will construct a ring S~!A (this is purely notation) together
with a ring map f: A — S71A with f(S) C (S71A)* such that the following universal property|
is satisfied. For any ring map g: A — B such that ¢g(S) C B*, there exists a unique ring map
G: ST1A — B such that the following diagram commutes:

ATy 514

B.
Define the relation ~ on the set A x S by
(a,s) ~ (b,t) <= (at —bs)u=0 for some u € S. (I1.3.1.3.1

This is clearly reflexive and symmetric. For transitivity, suppose that (a, s) ~ (b,t) and (b,t) ~ (¢, u)
Then there are v,w € S such that (at — bs)v = 0 and (bu — ct)w = 0. By multiplying the equations
with suitable elements, we may eliminate b so that (au — ¢s)tvw = 0. Since tvw € S, we obtain
(a,s) ~ (c,u). Hence, ~ is an equivalence relation.

Define S71A := (A x S)/~. Let a/s € S A denote the equivalence class of (a,s). Endow S~14
with a ring structure by standard addition and multiplication of fractions: for all a/s,b/t € S~1A
define
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(i) a/s+ b/t := (at + bs)/st,
(ii) (a/s)(b/t) := ab/st.
The identity element is 1/1 € S71A, and the zero element is 0/1 € S7*A. One checks by direct
computation that these operations are well-defined. We further obtain a canonical ring map
f: A= STLA 2+ x/1 with f(S) C (S71A)* (the inverse of s/1 is 1/s € S~LA).
To check the universal property, let g: A — B with ¢g(S) C B*. We define §: S™'A — B
as follows. For all a € A, we need g(a/1) = §(f(a)) = g(a), so for all s € S, we need g(1/s) =
G(s/1)7t = g(s)™! (this is possible since g(S) C B*). Hence, § must be uniquely defined as
G(a/s) == g(a)g(s)~!. This is indeed well-defined: say a/s = a’/s’, i.e., there is some t € S such
that (as’ —a’s)t = 0. Applying g yields (g(a)g(s’) —g(a’)g(s))g(t) = 0. Since g(t) € (S7LA)*, after
some rearranging, we obtain g(a/s) = g(a’/s’).
We call S~'A the localisation or the ring of fractions of A w.r.t. S. Alternative notations
include Ag and A[S™1].

Remark 1.3.1.4. — Note that the u € S in equation (I.3.1.3.1) is necessary for transitivity. If
(a,s) ~ (b,t) would only mean at = bs, then (a,s) ~ (b,t) and (b,t) ~ (c,u) mean at = bs and
bu = ct. It follows that (au — cs)t = 0. If t € S is a zero divisor, then we could not deduce au = cs

Remark 1.3.1.5. — As always, the localisation of a ring as described by the universal property fully]
characterises it. In particular, the localisation is unique up to unique isomorphism (cf. remark 1.2.6.3)

Fact 1.3.1.6. — Let A be a ring, and let S be a multiplicative subset of A.

(i) The map f: A — S™YA is injective iff S does not contain any zero divisors, e. g., if A is a
integral domain.
(i) STTA=0iff 0€8S.

\Proof. — The kernel of f is

kerf:Uanns={a€A\Sa:0forsomes€S}.

seS

Hence ker f = 0 iff anns = 0 for all s € S, i.e., s is a not a zero divisor; this shows (i). Moreover
we have ST1A=0iff 1/1=0/1in STTAiff (1-1—0-1)u=u =0 for some u € S; this is (ii). O

@ Warning 1.3.1.7. — The canonical map f: A — S~ A is generally not injective.

Notation 1.3.1.8. — Let A be a ring. For any f € A, the set S = {f™|n > 0} is multiplicative
We write A := S~'A. Note that A, = 0 iff f is nilpotent, so we generally exclude this case.

Definition 1.3.1.9. — Let p be a prime ideal of a ring A. Then S = A\ p is multiplicative b
definition (in fact, this holds only if p is prime). Then we call S A the localisation of A at p
and write A, == S~'A.

Fact 1.3.1.10. — For a prime ideal p of a ring A, the localisation (A,,pA,) is a local ring.

IProof. — Note that since p is prime, it will contain all zero divisors of A (and we automatically]
have A # 0). Hence, A < A, is injective and we may consider A as a subring of A,. Now, consider|
the extension pA, of p. For all a/s ¢ pA, we have a € A\ p, whence a/s is a unit in A,. Thus
(A,,pA,) is a local ring by proposition [.1.3.25. sl

Warning 1.3.1.11. — Some literature like [Mat86, ch. 2, §4, Ex. 2] also write Ag = S™1A
In the case of prime ideals p, however, this yields to the illogical convention that A, and A 4.,

denote the same thing. In this light, we will prefer S™1A4 over Ag
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Definition 1.3.1.12. — Let A be a ring, and let S be the set of all non-zero divisors of A, which)
is multiplicative. Then S™'A is called the total ring of fractions of A. In the case that A is an
integral domain so that S = A\ {0}, we call ST A the field of fractions or quotient field of A
and write Quot A. Another notation for Quot A is Frac A.

Ezample 1.3.1.13. — (i) Let A = Z. Consider p = (p) for a prime number p; then A, = {m/n €
Q|ptn}. Consider f e Z\{0}; then A; = {m/f* € Q|k >0}

(ii) Let A = k[ty,...,t,] where k is a field, and let p be a prime ideal of A. Then A, is the set of
rational functions f/g € Quot A = k(t4, ..., t,) with g ¢ p.

Such local rings A, arise naturally in algebraic geometry. Let V(p) be the set of all points x € k™
such that f(z) = 0 for all f € p (affine algebraic set). If k is infinite, then A, is the ring of rational
functions on k™ that are defined almost everywhere on V(p).

Lemma 1.3.1.14. — Let A be an integral domain, so that we can consider any localisation of A
as a subring of Quot A. Then A = ﬂm A, where m runs through all maximal ideals of A.

\Proof. — For x € Quot A set a :={a € A|ax € A}, which is the ideal all possible denominators
of z together with 0. By definition, we have z € A, iff a C p for all prime ideals p of A. Hence, if
T € ﬂm A,, then a = (1), and thus z € A. The converse inclusion is clear. ]

Fact 1.3.1.15. — Let f: A — B be a ring map, and let S be a multiplicative subset of A. Then
S™1B =~ f(S)"'B as S~'A-modules and as rings.

IProof. — Note that f(S)™'B is an St A-module via (a/t)(b/f(s)) := ab/ f(st). Define ¢: S™'B —
f(S)™'B, b/s  b/f(s), which is clearly S~!A-linear and a ring map. Let b/s € ker ¢, that is
f(t)b =tb =0 for some t € S. Hence, b/s = 0 and ¢ is injective. Since ¢ is surjective by definition
it is an isomorphism. pid

Proposition 1.3.1.16 (localisations commute with quotients). — Let A be a ring, let S be q
multiplicative subset of A, and let a be an ideal of A. If S is the image of S in A/a, then there i
a canonical isomorphism

S1A/S7ta = S7Y(AJa),  a/smod S~'at— a/s.
Here, S™'a is the extended ideal of a in S™1A.

IProof. — Any element in the extension of a in S~!A is of the for >, ai/s; with a; €a and s; € §
Taking common denominators, we see that these elements precisely constitute S~'a.

For the isomorphism, note that both rings satisfy the following universal property: every ring
map f: A — C such that g(S) € C* and a C kerg factorises uniquely through the canonical
map A — S7tA — S71A/Sla (rtesp. A — A/a — S71(A/a)). Thus, both rings are canonically
isomorphic. pid

Coe—

Proposition 1.3.1.17 (ideal correspondence). — Let A be a ring, and let S be a multiplicative

subset of A. Let (—)¢ and (—)¢ denote extension and contraction of ideals along the canonical map
A— ST1A.

(i) All ideals of S~*A are an extensions of ideals of A. More precisely, if b is an ideal of S~*A
then b = b°°. Hence, there is an inclusion preserving correspondence

{contracted ideals of A} < {ideals of ST1A},
at— a®=S"la,

B «—1 b




[Mat86, Thm. 4.1]
also holds for primary|
ideals.
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(ii) If a is an ideal of A, then a®® = Uses(a :s). In particular, a® = S™*A iff a meets S.
(iii) An ideal a of A is contracted, i.e., a = a°c, iff no element of S is a zero-divisor in A/a.
(iv) The correspondence in (i) restricts to

{prime ideals of A disjoint from S} <— {prime ideals of S™*A}.
Proof. — To show (i), let b be an ideal of S™'A. By fact 1.1.2.19, we have S~1f~1(b) C b

Conversely, let z/s € b. Then z/1 € b; hence x € f~(b) and therefore z/s € S71f~1(b). The
correspondence is known from fact 1.1.2.19.

For (ii), we have z € a* = (S~ 'a)¢ iff /1 = a/s for some a € a and s € S iff xst = at € a for
some a € a and s,t € S iff v € J _ (a:s). In particular, a® = ST A iff a* =] (a:s) = Aiff
1 € (a:s) for some s € S iff a meets S.

For (iii), we have a® = J__.(a:s) Ca (a C a“ is always true) iff: sz € a where s € S implies
@ € a. This is equivalent to the statement that no s € S is a zero divisor in A/a.

Now to (iv). If q is a prime ideal of S~' A, then we know that q¢ is a prime ideal of A. Moreover
q¢ is disjoint from S by (ii). Conversely, let p be a prime ideal of A. Let S be the image of S in A/p
Then we have S™'A/S™'p =~ S~!(A/p) by proposition 1.3.1.16. Since A/p is an integral domain
we know that S~!(A/p) is a subring of Quot(A/p) and is hence either the zero ring or an integral
domain. By (ii), the latter can only happen iff p is disjoint from S. In this case, S has no zero
divisors in A/p, so p is a contracted ideal in A by (iii). o

Corollary 1.3.1.18. — Let A — B be an A-algebra, and let p be a prime ideal of A. Then p is
the contraction of a prime ideal of B iff p = p°c.

\Proof. — If p = q¢ for a prime ideal q of B, then p¢¢ = q°°“ = q¢ = p. Conversely, suppose that
p° = p. Let S be the image of A\ p in B. Then p® is disjoint from S, so its extension in S™!B ig
proper and hence contained in a maximal ideal m of S™'B. If q denotes the contraction of m in B
then q is prime, q D p¢ =pB and g\ p¢ C qNS = @. Thus, p =p® = q°. i

Remark 1.3.1.19. — Localisations and quotients are two very important tools in algebraic
geometry. Let A be a ring, and let q C p be prime ideals of A. Then passing A to A/q cuts out all
prime ideals of A not containing g, and passing A to A, (which is a local ring with maximal ideal
pA,) cuts out all prime ideals not contained in p. Therefore, passing to A, /qA, = (A/q),, only
retains prime ideals between q and p.

Definition 1.3.1.20. — For a prime ideal p of a ring A, the residue field r(p) := A, /pA,
Quot(A/p) of the local ring (A,,pA,) is called the residue field at p.

Alternative proof of proposition 1.1.3.17. — We want to show that if a is an ideal of A, then v/a =
ﬂp;a p where p runs through all prime ideals of A. Passing to the quotient A/a, it suffices to show|
that nil A = ﬂp p.

The inclusion nil A C ﬂp p is clear. Conversely, let f ¢ nil A. Then 0 & {f" |n > 0}, s0 Ay # ()

has a maximal ideal by Krull’s theorem 1.1.3.12, whose contraction in A is a prime ideal p disjoint
from S by proposition 1.3.1.17. Thus, f ¢ p. B

p/q

[

I.3.2. Localisations of modules.

Construction 1.3.2.1. — We can apply the same construction 1.3.1.3 to modules. Let M be an
A-module, and let S be a multiplicative subset of A. Define on M x S the relation ~ by
(m,s) ~ (n,t) < u(tm—sn) =0 for somet € S.

This is an equivalence relation by the same calculation as in construction 1.3.1.3. Let m/s denote
the equivalence class of (m,s) in S71M = (M x S)/~. Endow it with an S~ A-module structure
by:
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(i) m/s+n/t:= (tm + sn)/st,

(ii) (a/t)(m/s) := am/st.

Via restriction of scalars, S~'M is also an A-module. We call S~' M with the S~! A-module structure
the localisation of M w.r.t. S. It comes with a canonical A-module map f: M — S~ M.

Notation 1.3.2.2. — Let M be an A-module. If S = A\ p for a prime ideal p of A, then we write
M, = S'M. If S = {f" |n > 0} for some f € A, then we write M, := S~' M.

Here are nice applications of localisation.

Alternative proof of the Cayley-Hamilton theorem [.2.5.7. — After a choice of basis for M, write
¢ = (a;;);; € Mat, (A), and our goal is to show that ¢ satisfies its characteristic polynomial
x = det(id,, T — ¢) € A[T].
Firstly, observe that the theorem holds over the ring B := Z[x;; | 1 <4,j < n]: for any matrix
in Mat,, (B), we may consider it as a matrix over the field Quot B via the inclusion B < Quot B
and the matrix certainly satisfies its own characteristic polynomial over Quot B, so also over B by
injectivity. This is in particular true for the matrix ¢ = (7,7);; € Mat,, (B) with its characteristic

polynomial x € B[T]. Now, consider evy: B — A, T Qg Since X(¢) = 0 in B, we also have
evy(X(0)) = x(¢) =0 in A. o

Alternative proof of corollary 1.2.3.6. — This proof uses Nakayama’s lemma [.2.3.8 instead of
lemma 1.2.3.5 (determinant trick). Recall the statement: let M be a finitely generated A-module
and let a be an ideal of A such that aM = M. We want to find some x = 1 mod a such that
xM = 0.
Take the multiplicative subset S = 1 + a of A. Then we have S~'a C rad(S~'A) by propo;
sition 1.1.3.23: for all a/s € S~'a and all b/t € S~*A, we have 1 —ab/st € (S7LA)* since the
denominator is st —ab € S. Moreover, we have S™'M = (S~ta)(S™'M) as M = aM, so Nakayama’s
lemma 1.2.3.8 says that ST*M = 0. If 2y, ..., z,, generate M, then there are s; € S such that s;z; = 0
Setting x := H;;l s; € S, that means, z =1 mod a, it follows that zM = 0. o

Observation 1.3.2.3 (functoriality of localisations). — Let f: M — N be an A-module map
and let S be a multiplicative subset of A. Then f induces an A-linear map S~'f: S~'M — S~IN
m/s  f(m)/s. This is obviously functorial, i.e., for A-module maps f: M — N and g: N — P
we have S~1(go f) = S lgoSTLf.

Proposition 1.3.2.4 (exactness of localisations). — Let

f g
M — M — M

be an exact sequence of A-modules. Then

s1f 51g
STIM — ST'M — STIM”
is an exact sequence of STt A-modules.

\Proof. — Since go f = 0, we have S~1goS™1f = S710 = 0, that is, im S~! f C ker S~'g. Conversely
let m/s € ker S™1g, meaning g(m)/s = 0 in S~'M”. Then g(tm) = tg(m) = 0 in M” for some
t € S, whence tm € ker g = im f. Choose a preimage m’ € M’ such that tm = f(m’). It follows
that m/s = f(m’)/st € im S~!f; thus ker S~'g C im S~1f. s

Convention 1.3.2.5. — By the exactness of localisation, if N is a submodule of a module M
then we may consider ST'N as a submodule of S~'M

What about the uniy
versal property?
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Fact 1.3.2.6 (laws for localisations). — Let N and P be submodules of an A-module M. The
the following hold:

(i) SSYN+P)=S"IN+S51pP.

(i) SSYNNP)=S"INnS'P.

(ili) STH(M/N) = S tM/S™IN as St A-modules.

\Proof. — For (i), we have N,P C N + P, and hence S™'N + S71P C S7}(N + P). The other
inclusion is obvious.

For (ii), let y/s = z/t for y/s € SN and 2/t € S71P. Then u(ty — sz) = 0 for some
u € S, whence uty = usz € N N P. Therefore y/s = uty/uts € S~1(N N P); we have shown
STINNS~tP C S7Y(N N P). The other inclusion is obvious.

Lastly for (iii), we apply S~! to the short exact sequence 0 — N — M — M /N — 0. The result

follows from the homomorphism theorem. pid
Fact 1.3.2.7 (laws for localisations). — Let a and b be ideals of a ring A. Then the following
hold:

(i) S Ha+b)=S5"1a+S5b.

(ii) S7(ab) = (S7'a)(S7'b).

(iii) S~'(anb)=S"tan S'p.

(iv) S7'/a =S la.
\Proof. — (i) and (ii) are always true for extensions of ideals. (iii) is also true since it is true as
A-modules. For (iv), we always have S~'y/a C v/S—!a (laws for extensions). The verification of

Vae C (y/a)€ is easy. g
Corollary 1.3.2.8. — For a multiplicative subset S of A, we have nil(S~1A) = S~ nil A.
\Proof. — Follows from proposition 1.1.3.17. il

Proposition 1.3.2.9 (localisations commute with annihilators). — Let M be a finitely generate
A-module. Then S~!(ann M) = ann(S~1M).

[Proof. — Suppose that this is true for two A-modules M and N. Then, by properties of ideal
quotients and localisations, we have

S~l(ann(M + N)) = S~!(ann M Nann N)
Yann M) N S~!(ann N)

(

(
nn(S71M)Nann(S7IN)

(

(

g
5

Q

=ann(S™1M + S7IN)
SH (M + N)).

= ann

Q

So, the statement is again true for M + N, and hence it is enough to show that the statement is
true for A-modules M = A/ann M generated by one element. Since S™'M 2= S~1A/S~!(ann M)
as S~1 A-modules, we have ann(S~'M) = S~ (ann M). nid

Corollary 1.3.2.10. — Let N and P be submodules of an A-module. If P is finitely generated
then SY(N: P) = (SN :S71P). In particular, S~ (a:b) = (S71a:S71b) for ideals a and b of A
where b is finitely generated.

Proof. — Since (N : P) = ann((N + P)/N) for annihilators, the statement follows from proposi
tion 1.3.2.9. pi

Proposition 1.3.2.11 (localisations commute with tensor products). — Let M and N be A-mod;
wles. Then the following hold:
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(i) There is a canonical isomorphism of S~'A-modules
StA®,, M = S71M, (a/s) ® m +— am/s.
(i) There is a canonical isomorphism of S~ A-modules
STIM ®gay STIN = S7H (M ®, N), (m/s)® (n/t) — (m ®n)/st.

IProof. — Consider the A-bilinear map S™'A x M — S~'M, (a/s,m) + am/s. This induces an
A-linear map f: ST*A®,4 M — S™'M as claimed. By extension of scalars, this is also S~! A-linear
This is obviously surjective. For injectivity, let > " (a;/s;) ® m € ker f. Set s:=[[ s, € S
t;:=s/s; € Sandm:=3" a;it;m € M. Then we have

n n n

Z(ai/si) @m = Z(aiti/s) @m = Z(l/s) ® (a;t;m) = (1/s) @ m.

i=1 i=1 i=1

This is sent to m/s = 0 under f, that is, tm = 0 for some t € S. Therefore (1/s)®@m = (t/st)®m =
(1/st) @ tm = 0, whence f is injective and (i) holds.

Alternatively, we may give an inverse map to f. Define the A-module map g: S~™'M —
ST1A®, M, m/s+ (1/s) ® m. This is well-defined: for m/s = n/t, we have utm = usn for some
w € S. Hence

(1/s) @ m = (ut/uts) @ m = (1/uts) @ utm = (1/uts) @ usn = (1/s) @ n.

One now checks that f and g are mutual inverse.
For (ii), we will exploit (i). Tensoring f with S™IN yields

STAIN@, M=STINQgi, STTA® M =S IM ®g1y STIN
as S~1 A-modules. Applying (i) to M ® 4 N yields
STIN@, M=S"1"A®, M@, N =S (M&,N)

as S~! A-modules. Note that all isomorphisms are canonical, so composing all isomorphisms yields

the desired isomorphism. pid
D oe————————
Definition 1.3.2.12. — A property P of a A-modules M is said to be a local property if the

following is true: M has P iff M, has P for each p € Spec A. The same notion local properties
apply to rings A.

Proposition 1.3.2.13. — Let M be an A-module. Then the following are equivalent:
(i) M =0;
(ii) M, =0 for all p € Spec A;
(iii) M, =0 for all m € MaxSpec A.
\Proof. — Obviously, (i) implies (ii), and (ii) implies (iii). Suppose that (iii) holds and that M # 0
Let € M be non-zero. Then ann z is a proper ideal of A as it does not contain 1, so it is contained

in a maximal ideal m by corollary 1.1.3.13. Consider /1 € M,,. Since M,, = 0 by hypothesis, x is
annihilated by some element in A \ m. However, this contradicts annx C m. i

Corollary 1.3.2.14. — Let M be a finitely generated A-module. Then the following are equivalent
1) M =0;

Insert
Cor. 3.6].

[AM16
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(ii) M,/pM, =0 for all p € Spec A;
(iii) M, /mM,, =0 for all m € MaxSpec A.

Proof. — Since M,,/pM, = 0 and pA, = rad A, implies M, = 0 by Nakayama’s lemma [.2.3.8, the
statement follows from proposition 1.3.2.13. i

We can generalise this.

Proposition 1.3.2.15. — Let f: A — B be an A-algebra, and let M be a finitely generate
B-module. Then the following are equivalent:
(i) M =0;

(ii) M,/pM, =0 for all p € Spec A.

\Proof. — Suppose that M # 0. Then M, # 0 for some prime ideal q of B by proposition 1.3.2.13
By Nakayama’s lemma 1.2.3.8, we hence have M,/qM, # 0. If p = f~'(q), then pM, C qM,
and hence M, /pM, # 0. Let S = A\p. Note that M, as an A-module and f(S)™M as a
B-module coincide: both are {m/s|m € M,s € S}. Since f(S) C T := B\ q, it follows that
M, = T-'M = T-(f(S)"'M) = T-'M, and therefore 0 % M,/pM, = T~'(M, /pM,). Thus
M, /pM,, # 0. The converse is clear. i

Remark 1.3.2.16. — We cannot sharpen proposition 1.3.2.15 with M, /mM, = 0 for all m €
MaxSpec A. What we do have is that M = 0 iff M,,/mM,, = 0 for each ideal m which is the
contraction of a maximal ideal of B, as seen in the proof. However, if, e.g., (A, m, B) is a local
integral domain and M = B, then M,,/mM,_, = B/mB =0, but M # 0.

Proposition 1.3.2.17 (injectivity/surjectivity is local). — Let ¢: M — N be an A-moduld
homomorphism. Then the following are equivalent:

(i) ¢ is injective (resp. surjective);

ii : M, — N, is injective (resp. surjective) for all p € Spec A;
p p p

iii : M, — N, is injective (resp. surjective) for all m € MaxSpec A.
m m m

\Proof. — We only prove the statement about injectivity because surjectivity works by reversing all
arrows. Since (i) means that 0 — M — N is exact, 0 — M, — N, is again exact. This implies (ii)
Obviously, (ii) implies (iii).

Now, assume that (iii) holds. Since 0 — ker ¢ — M — N is exact, 0 — (ker ¢),, — M, — N,
is again exact for all maximal ideals m. By hypothesis, we have (ker ¢),, = ker ¢, = 0, and thus
ker ¢ = 0 by proposition 1.3.2.13. This shows (i). fr]

§ I.4. ASSOCIATED PRIMES AND PRIMARY DECOMPOSITION

\Primary decomposition due to Noether was a corner stone of ideal theory. It provides the algebraic
analogue of geometrically decomposing an algebraic variety into irreducible components. In the
context of algebraic number theory, it generalises the prime factorisation of integers. Currently
however, commutative algebra emphasises localisation, so primary decomposition lost its importance
to the notion of associated primes by Bourbaki.

Motivation 1.4.0.1. — Recall the prototypes for commutative rings: Z and polynomial rings
k[xy,...,x,] over a field k. Both are factorisation domains, but general rings do not admit prime
factorisations, e. g., in Z[v/—5] we have 6 = 2-3 = (14 v/—5)(1 —+/—5). We can, however, generalise
unique prime factorisations to unique factorisations of ideals in a wide class of rings, namely|

noetherian rings. In this sense, prime ideals take role of prime numbers, and primary ideals take the

ole of prime powers
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Definition 1.4.0.2. — An ideal q in a ring A is primary if q # (1) and if xy € q implies © € q
or y™ € q for some n > 0. In other words, q is primary iff every zero divisor in A/q # 0 is nilpotent

Fact 1.4.0.3. — The contraction of a primary ideal is primary.

\Proof. — Let f: A — B be a ring map, and let q be a primary ideal of B. Then f induces an
inclusion of rings A/f~(q) = B/q. One now easily checks that A/f~!(q) # 0 has only nilpotent
zero divisors. pid

Fact 1.4.0.4. — Let q be a primary ideal of a ring A. Then \/q is the smallest prime idea
containing q.

\Proof. — Because of proposition 1.1.3.17, we only need to show that ,/q is prime. Let zy € \/q
that is, (xy)™ € q for some m, so 2™ € q or y™" € q for some n. Hence, x € \/q or y € \/q. i

Definition 1.4.0.5. — A primary ideal q is said to be p-primary if p = \/q. In this case, vy € q
implies x € q or y € p.

Example 1.4.0.6. — (i) Prime ideals are primary.
(ii) The primary ideals of Z are (0) and (p™) for a prime p: these are the only ideals with prime
radical and are indeed primary.

Warning 1.4.0.7. — Primary ideals are not necessarily prime powers: consider A = k[z, y]
and q = (v,%?). Then A/q = k[y]/(y?) in which the zero divisors are multiples of y and hence
nilpotent. Thus, q is p-primary with radical p = (z,y). Since p?> C q C p, primary ideals are not
necessarily prime powers.
Conversely, prime powers are not necessarily primary: consider A = k[z, vy, z]/(zy — 2?). Then
p = (7,2) is prime as A/p = k[y| is an integral domain. We have 7y = 22 € p2, but 7 ¢ p? and
yeEp= \/pi2 , whence p? is not primary.

Proposition 1.4.0.8. — If \/q is maximal, then q is a primary ideal. In particular, if m is
maximal ideal, then m™ is m-primary for all n > 0.

\Proof. — The image of \/q in A/q is nil A/q, which is maximal, so A/q has only one prime ideal by
proposition 1.1.3.17. Therefore, (A/q,./q) is a local ring, and hence every element of A/q is either a
unit or nilpotent. Thus, every zero divisor of A/q is nilpotent and q is primary. pi

Lemma 1.4.0.9. — If qq,...,q,, are p-primary ideals, then ﬂ?zl q; s p-primary.

\Proof. — Let xy € ﬂ:;l q;, and y ¢ ﬂjzl q;- Then y ¢ q, for some ¢ and zy € q,. Since g, is primary,
we have z € p. Moreover, , /ﬂ?zl q; = ﬂ:,;l Vq; = p. Thus, ﬂzlzl q; is p-primary. st
Lemma 1.4.0.10. — Let q be a p-primary ideal of A, and let x € A. Then:

(i) if = €q, then (q:2) = (1);
(ii) if x ¢ q, then (q:x) is p-primary;
(iii) = ¢ p, then (q:z) =q.

\Proof. — (i) and (iii) are clear by definition.

For (ii), let y € (q: x), that is, xy € q. Since x ¢ ¢ and since q is p-primary, we then have y € p
Hence, q C (q:x) C p, and taking radicals yields 1/(q: z) = p. Moreover, let yz € (q:x) with y ¢ p
Then zyz € q, so xz € q as q is p-primary. Thus, z € (q: x), that is (q: ) is p-primary. s

Definition 1.4.0.11. — Let a be an ideal of a ring A. A primary decomposition of a is
representation of a as a finite intersection a = ﬂ?zl q; of primary ideals q; of A. This decompositio

£(1.10

is generally neither unique nor existen ) If, moreover,

(1.10) A ring A in which every ideal has a primary decomposition is called a Lasker ring
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(i) the \/a; are all distinct;
(ii) no q; can be omitted, i.e., a C ﬂ#i q; for all i;

the primary decomposition is minimal or irredundant (or reduced, or normal).

Remark 1.4.0.12. — Given a primary decomposition a = ﬂ:L:l q;, we can always reduce it to a
minimal one: by lemma 1.4.0.9, we can group terms in the intersection so that the ,/q; are distinct
and then we can omit all superfluous terms.

Theorem 1.4.0.13 (first uniqueness theorem). — Let a be an ideal of a ring A, and let a = ﬂ:;l q;
be a minimal primary decomposition of a. Then the set of all prime ideals \/q; for i=1,...,n ig

the set {/(a:x)|x € A} and hence independent of the particular decomposition.

I.4.1. Associated primes.

Definition 1.4.1.1. — Let M be an A-module. A prime ideal p of A is an associated prime
of M if p = annx for some © € M. The set of all associated primes of M is denoted by
Ass, M = Ass M.

Proposition 1.4.1.2. — Let A be a noetherian ring, and let M be a non-zero A-module.

(i) Ewvery mazximal element of the set {annz |z € M \ {0}} is an associated prime of M. In
particular, Ass M is non-empty.

(ii) The set of all a € A such that ax = 0 for some x € M \ {0} is the union of all associate
primes of M.

\Proof. — For (i), we must show that if annz is maximal among all proper annihilators then it
is prime. Let ab € annz with b ¢ annx, that is, abz = 0 but bz # 0. Since ann(bz) = annz by
maximality of ann x, we have ax = 0, that is, a € ann x.

For (ii), if ax = 0 for some = # 0, then a € annz. By (i), there is an associated prime of M
containing ann x. i

Proposition 1.4.1.3. — Let S be a multiplicative subset of a ring A, and identify Spec(S~tA) asg
a subset of Spec A. If N is an S~*A-module, then Ass, N = Assg-14 N. If A is noetherian and if
M is an A-module, then Ass(S™1M) = Ass M N Spec(S~1A4).

Proof. — Since ann, x = (anng. 4 )¢ and anng 4, x = S~!(ann, x) for all x € N, the equality
Assy N = Assg-1,4 N follows from the ideal correspondence for localisation.

For the second statement, let p := ann 4 x € Ass M N Spec(S~1A) where x € M, which means
that p is disjoint from S. Suppose that (a/s)z = 0 in S~ M. Then tax = 0 for some t € S, so ta € p
but t ¢ p. Since p is prime, we obtain a € p, and thus anng. 4 * = S~'p and S~1p € Ass(S~1 M)
Conversely, let q := anng-1, x € Ass(S~1M) where x € M. Then q° is finitely generated as A ig

noetherian, say, q° = (ay,...,a,). Since ¢ = S71q°, we have (a;/s;)r = 0 for suitable s, € S. Tt
follows that there are ¢, € S such that ¢,a,2 = 0, and hence q° = ann 4 (tx) where t = H:L:l t;. Thus
q°¢ € Ass M. sl

§ 1.5. CHAIN CONDITIONS

Chain conditions are a property with which we can impose some finiteness conditions on modules
and rings. Under these conditions, we can make more profound statements. There is a symmetry|
between ascending and descending chain conditions as they are dual. However, this symmetry,
disappears if we consider rings




I.5. CHAIN CONDITIONS 49

I.5.1. Noetherian and artinian modules.

Definition 1.5.1.1. — Let ¥ be a partially ordered set. If any ascending chain x; < x9 < -+ in 3
stabilises or becomes stationary, . e., if there is some n such that x,, = x,, ., = ..., then ¥ satisfies
the ascending chain condition. Dually, if any descending chain x, > x4 > -+ in X stabilises
then ¥ satisfies the descending chain condition.

Fact 1.5.1.2. — Let X be a partially ordered set. Then it satisfies the ascending chain conditio
iff any non-empty subset of ¥ has a mazimal element.

\Proof. — Suppose that ¥ has the ascending chain condition, and let ¥’ be any non-empty subset
of ¥ which does not have a maximal element. Then for each x € Y, there is some & € ¥’ such|
that 2 < #. Now pick any x € ¥’, and consider the ascending chain z < # < & < --- which does not
stabilise, a contradiction.

Conversely, suppose that any non-empty subset of ¥ has a maximal element. Let z; < zq < -
be an ascending chain in ¥. Then {z;, z,, ...} has a maximal element, say z,,. Thus z, < z,,; <
.. <uz,, i e, the chain stabilises at z,,. ]

Definition 1.5.1.3 (Noether 1921). — An A-module M is noetherian (resp. artinian) if the sel
of submodules of M ordered by inclusion satisfies the ascending (resp. descending) chain condition
The same notion applies to rings A if considered as an A-module, i. e., if the set of ideals ordered by
inclusion satisfies the ascending (resp. descending) chain condition.

Proposition 1.5.1.4 (characterisation of noetherian modules). — An A-module M is noetherian
iff every submodule of M is finitely generated.

\Proof. — Assume that M is noetherian. Let N be a submodule of M, and let 3 be the set of all
finitely generated submodules of N. Then ¥ is non-empty since 0 € 3, so it has a maximal element
say N, (no need for Zorn’s lemma). As Ny + Az € 3 for all x € N, we must have N; = N, + Ax for
all z € N. In other words, N = N, is finitely generated.

Conversely, assume that every submodule of M is finitely generated. Let M; C M, C --- be an
ascending chain of submodules of M. Then N = UZ’; M,, is a submodule of M which is finitely,
generated by, say, elements x4, ..., z,. There must exist some M,, containing these elements, whence
N = M, and the chain stabilises at M,,. ]

Proposition 1.5.1.4 is the reason that the noetherian property is, as opposed to the artinian
property, the right finiteness condition to make many theorems work.

Proposition 1.5.1.5. — Let 0 -~ M’ — M — M” — 0 be a short exact sequence of A-modules
Then M is noetherian (resp. artinian) iff M’ and M” are noetherian (resp. artinian). In particular
the quotient of a noetherian (resp. artinian) ring is again noetherian (resp. artinian).

\Proof. — We will only show the noetherian case as the artinian case is analogous. Suppose that M
is noetherian. Then any ascending chain in M’ is also one in M and hence stationary. The same is
true for M” by virtue of proposition 1.2.2.5.

For the converse, we make the following observation. Let N be a submodule of M. If two
submodules N; C N, of M satisfy Ny "N = N, NN and N; mod N = Ny mod N, then N; = N,
Indeed, for any x € N, we have x +n € N; C N, for some n € N, whence n € Ny NN C N; and
thus, € V.

So, suppose that M’ and M” are noetherian, and let f: M’ — M and g: M — M” be the maps
in the given exact sequence. If (M,,),,~; is an ascending chain of submodules of M, then (f~'(M,)),
is a ascending chain in M’ and (g(M,,)),, one in M”. Since both stabilise, the original chain (M)
must stabilise by the above observation, too.

In the case of rings, note that any chain of ideals of A/a is also a chain of A-submodules of A/a
So, A being noetherian or artinian implies that A/a has the same property as a ring pid

n
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Corollary 1.5.1.6. — If M,,..., M, are noetherian (resp. artinian) A-modules, then so is
EB?:l M;. In particular, if A is a noetherian (resp. artinian) ring, then:

(i) any finitely generated A-module is again noetherian (resp. artinian);
(ii) any finite A-algebra is again noetherian (resp. artinian) as a ring.

\Proof. — The first statement follows by induction on n and by applying proposition 1.5.1.5 to the
short exact sequence 0 — M,, — @ | M; — @;:11 M, — 0.

(i) follows from the statement above and from the fact that M is the quotient of A™ for some n
ii) follows since a finite A-algebra B is noetherian (resp. artinian) as an A-module by (i), so also ag
a B-module by restriction of scalars. i

Example 1.5.1.7. — (i) Any finite abelian group (as a Z-module) is both noetherian and artinian|

(ii) Any field is both noetherian and artinian.

(iii) Any principal ideal domain is noetherian by proposition 1.5.1.4.

(iv) In particular, the integers Z and the polynomial ring k[z] over a field k are noetherian
However, they are both not artinian: for any non-zero element x, we have strict inclusions (z) 2
(1%) 2 (a%) 2 -~

(v) The quotient ring Z/(n) for n > 0 is both noetherian and artinian.

(vi) The Gaussian integers Zl[i] are noetherian by corollary 1.5.1.6. More generally, the ring of|
integers for any algebraic number field is noetherian.

(vii) Fix a prime number p. Let G := Z[p~!]/Z be the subgroup of Q/Z of those elements whose
order is a power of p. Then G, = (p~™) is the only subgroup of order p™ for each n > 0, and
these G,, are all proper subgroups of G. Since we have Gy C G; C -+, we see that G is artinian, but
not noetherian.

(viii) Continuing the notation from (vii), consider the group H = {m/p" | m € Z,n > 0}. Then
proposition [.5.1.5 shows that H is neither noetherian nor artinian, for there is a short exact sequence
0 >Z<H-—-»G—0.

(ix) The polynomial ring k[z;,xo,...] in infinitely many indeterminates is neither noetherian
nor artinian: we have infinite sequences (z;) C (2q,75) C -+ and (x;) 2 (z%) 2 -

(x) Let X be an infinite compact Hausdorff space, and let C(X) be the ring of real-valued
continuous functions on X. Take a decreasing sequence of closed sets F; D F, D - in X, and set
a, :={f € C(X)| f(F,) = 0}. Then C(X) is not noetherian because a; 2 a, 2 - is a strictly
decreasing chain of ideals.

Warning 1.5.1.8. — If a ring A is noetherian or artinian, then a subring of A does not

necessarily have the same property (but quotient rings of A do). For example, the integral domain
k[xy, s, ...] is neither noetherian nor artinian (example 1.5.1.7), although the field Quot k[z;, z, ... ]
certainly is.

I.5.2. Length of modules.

Here an example from representation theory.

Definition 1.5.2.1. — An A-module M + 0 is simple if the only submodules of M are the trivia
ones: 0 and M itself.

Observation 1.5.2.2 (classification of simple modules). — In particular, for any x € M \ {0}, we
have M = (z). Note that there is an isomorphism of A-modules Az = A/annx, which is simple
iff ann z is a maximal ideal of A by ideal correspondence. To summarise, up to isomorphism, the
simple A-modules are precisely A/m for m a maximal ideal of A.

Definition 1.5.2.3. — Let M be an A-module. A strictly descending chain M = My 2 - D

M, =0 of submodules of M is o composition series of M if every quotient M, /M,  is simple

7
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0. e., if no other submodules of M fit into this chain. Then n is the length of this compositio
series.

Proposition 1.5.2.4. — Suppose that a module M has a composition series of length n. The
every composition series of M has length n, and any strictly descending chain in M can be extende
to a composition series.

\Proof. — Let I(M) be the smallest length of a composition series of a module M. We prove two
statements first.

(i) If N C M, then I(N) < I(M). Let (M;) be a composition series of length I(M), and
consider the submodules N, := N N M, of N. Then N,_;/N, is contained in the simple quotient
M,_,/M;, so either it is M, /M, or we have N,_; = N,. Removing repeated terms NN,, we obtain
a composition series of N, whence I[(N) < I(M). If I(N) =1{(M) =: n, then N, /N, = M,_,/M,
for all 4. In particular, M,, = N,, =0, then M, ; = N,_;, then M,,_, = N,_,, and so on, until
M = M, =N, = N.

(ii) Any strictly descending chain in M has length at most [(M). Let M = My 2 - 2 M, =0
be a chain of length k. By (i), we have I(M) = I(M,) > -+ > I(M,,) = 0, which are k number
below (M), so k < I(M).

By minimality of /(M) and by (ii), any composition series of M must have length I(M). Conversely,
any strictly descending chain which is not a composition series can be refined by inductively inserting
more terms. This process has to stop by (ii), at which point we obtain a composition series. pid

Definition 1.5.2.5. — The length leny M = len M of an A-module M is the length of any
composition series of M. If M has no composition series, then len M := oco. If len M < oo, the
we say that M has finite length, and otherwise infinite length.

There is an even stronger statement of proposition 1.5.2.4.

Jordan-Holder theorem 1.5.2.6. — Let M be a module with two composition series M = My 2
DM, =0and M =Ny D - DN, =0. Then m = n and there exists a permutation o of
1,...,m} such that M;_y/M; = N, _1 /Ny for all i. In other words, composition series, if the

exist, are unique up to isomorphism and permutation of quotients,“'”)

\Proof. — Let 1 < ¢ < n be the largest index such that N, ; O M,, ;. Then the induced map
M,, /M, =M, 1 — N,_;/N; is both injective and surjective since both source and target are
simple, and so we set o(m) := 4. It follows that N;_; = N, + M,,,_; 2 N, and, by modularity, that

=

Nj—l 2 M, ;N Nj—l = (M

m

1NN;1)+N; =N;

for all j > i (otherwise, we would have M,, ; = N; for some j > i). Passing to quotients, we obtain
the two chains

M()/Mmfl 22 Mmfl/Mmfh

=

NO/Mm—l 2 2 M—l/Mm—l = (Nz + Mm—l)/Mm—l 22 (Nn + Mm—l)/Mm—l

=

from M/M,, ; to 0. The first chain has quotients (M;_;/M,, ,)/(M;/M,,_ ;) = M; /M; for
j < m, while the second chain similarly has quotients N;_;/N; for j < i and

(Nj_q + M, 1)/ (N;+ M, 1) = N;_4/(N; +(M,,_y "N, _1)) = N;_1/N;

for 7 > ¢. By induction, we conclude m = n. pid

(I11) This was originally proved in more generality for non-abelian groups by what are called the Schreie
efinement theorem and the Zassenhaus lemma. However, the proof becomes more complicated as we have to check|
ormality of subgroups




52 CHAPTER I. RINGS AND MODULES

Proposition 1.5.2.7. — A module has finite length iff it is both noetherian and artinian.

\Proof. — 1If a module M has finite length, then every chain of M has length bounded by len M, so
M is both noetherian and artinian.

Conversely, if M is noetherian and artinian, then we construct a composition series as follows
Start with M := M. For each i > 0, pick any maximal submodule M, , of M;, which is possible
since M, is noetherian. We obtain a strictly descending chain M, D M, 2 --- which must stabilise
since M is artinian. pid

Fact 1.5.2.8. — The function M + len M is an additive function on the class of all A-modules
of finite length.

\Proof. — Consider a short exact sequence
, 7 g ”
0—M —M-—M" —0

of A-modules of finite length. The preimage of any composition series of M” under g followed by
the image of any composition series of M’ under f gives a composition series of M. This shows
len M =len M’ +1len M”. s

Proposition 1.5.2.9. — For a vector space, the following are equivalent:

(i) it is finite-dimensional;
(i) it is of finite length;
(iii) 4t is noetherian;

(iv) it is artinian.

In this case, length and dimension coincide.

\Proof. — If V is a finite-dimensional vector space, then we obtain a composition series by successively,
deleting basis vectors, so V is of length dim V' < oo. Moreover, that finite length implies the
noetherian and artinian condition is proposition 1.5.2.7. It remains to see that V' being noetherian
or artinian implies that it is finite-dimensional. Suppose that V is infinite-dimensional, i.e., there

are infinitely many linearly independent elements x, € V for n > 1. Then (span(z,,...,Z,)),>1
resp. (span(z,,, %, 1, .- )),>1) is an infinite strictly ascending (resp. descending) chain of subspaces
Hence, V is neither noetherian nor artinian. i

Example 1.5.2.10. — Let m be a finitely generated maximal ideal of a ring A. Then V, := mi~! /m?
for i > 1 is an A/m-vector space since it is annihilated by m, and it is finite-dimensional since
the images of the finitely many generators of m will span V;. Hence, len, V; = dimy,,, V; < 00
by proposition 1.5.2.9 (the A-submodules and the A/m-subspaces of V, coincide). The short exact
sequences 0 — V, — A/m? — A/m"~1 — 0 show that len(A/m") = 2?21 lenV; < co. The function
n > len A/m™ plays a crucial role in algebraic geometry, more specifically in the resolution of|
singularities.

Lemma 1.5.2.11. — Let M be a noetherian (resp. artinian) A-module. Then a surjective (resp
injective) A-linear map ¢: M — M is an autormorphism.

\Proof. — In the noetherian case, consider the ascending chain ker ¢ C ker ¢ C --- of submodules
of M, which stabilises at, say, ker¢™. For x € ker ¢”, there exists y € M with ¢™(y) = = by
hypothesis. It follows that y € ker ¢>* = ker ¢™ and hence, x = ¢"(y) = 0. Thus, ker ¢ C ker ¢ = 0

In the artinian case, consider the descending chain im ¢ D im ¢? D --- of submodules of M, which
stabilises at, say im ¢™. For z € M, we have ¢"(x) € im ¢" = im ¢?", so there exists y € M with
$?" (y) = ¢"(x). By hypothesis, we have £ = ¢™(y) € im ¢", whence M = im ¢™ C im ¢ i




I.5. CHAIN CONDITIONS 93

I.5.3. Noetherian rings.

I.5.3.1. — Recall from proposition 1.5.1.4 that a ring is noetherian iff every ideal is finitely]
generated.
Lemma 1.5.3.2. — Any localisation S~'A of a noetherian ring A is noetherian. In particular

A, is noetherian for all prime ideals p of a noetherian ring A.

[First proof. — By proposition 1.3.1.17, the ideals of S™!A are all extended ideals, which are, quite
generally, in inclusion preserving correspondence with contracted ideals of A. The latter satisfy the
ascending chain condition by hypothesis, so S~ A4 is noetherian. pig

Second proof. — Any ideal a of A is finitely generated, say, by y, ..., z,,, whence S~'a is finitely

generated by z;/1,...,2,/1. sig
Proposition 1.5.3.3 (I. S. Cohen). — A ring in which every prime ideal is finitely generated is
noetherian.

\Proof. — Suppose that A is a non-noetherian ring, and let ¥ be the set of all ideals in A which
are not finitely generated, ordered by inclusion. Since ¥ is non-empty by assumption, it contains a
maximal element a by Zorn’s lemma.

Suppose that a is not prime, i.e., there are z,y ¢ a with xy € a. As a + (x) strictly contains a
there is a finitely generated ideal a; C a such that a + () = a5+ (x). Observe that a = ay+z(a: z)
indeed, for any z € a there are 2, € ay and a € A such that z = z; + az, but 2 — 2; € a and hence
a € (a:x). Since (a:x) contains a + (y), it is finitely generated. Therefore, a is finitely generated

a contradiction. Thus, a is an infinitely generated prime ideal in A. pig
Hilbert’s basis theorem 1.5.3.4 (1890). — If A is a noetherian ring, then Alzx] and Alz] are
noetherian rings."'?) Then by induction, Alz,,...,x,] and Afz,,...,x,] are noetherian, too.

IProof. — Let a be an ideal of Alz]; it suffices to show that a is finitely generated. Let [ be
the ideal of A generated by all leading coefficients a,. of polynomials a,2” + a, ;2" ! + - € a
Since A is noetherian, write | = (aq,...,a,), say. For each a;, pick a corresponding polynomial
fi = a; 2™ 4 - € a; set r := max{ry,...,r,}. Define the ideal a’ := (fy,..., f,,) C a.
Let f = az™ + .- € a be arbitrary. If m > r, write a = ZL u;a; € [ where u; € A. Then
f—>" w,fiz™ " € a has smaller degree than m. Proceeding inductively, we arrive at some
=1

polynomial f € a of degree smaller than 7 such that f = f + ¢ for suitable g € a’.

To summarise, we have shown that a = (a N M) + o’ as A-modules where M := (1,x,...,2" 1)
is an A-module. Since M is noetherian by corollary 1.5.1.6, write a N M = (g4,...,9,,) as an
A-submodule, say. Thus, a is generated by the f; and the g;, as desired.

The proof for Az] is almost identical to the one for A[z], but considering the ideal [ of A
generated by the coefficients a, of least degree of polynomials a,z” + arﬂx”l + .- € a. This time
the aim is to transform any f € a into a polynomial f € a N M of degree less than . This is done
inductively by subtracting (maybe infinitely many) elements in a’ in order to kill the monomials
of f of degrees r,r + 1, ... i

Remark 1.5.3.5. — The converse of Hilbert’s basis theorem 1.5.3.4 is also true: if A[z,,...,x,]
is noetherian, then A =~ A[zq,...,z,]|/(x,...,x,) is noetherian by proposition I.5.1.5; similarly for
Alzq, ..., z,].

Corollary 1.5.3.6. — If A is a noetherian ring, then any finitely generated A-algebra is noetherian)
as a ring (cf. corollary 1.5.1.6). This applies, in particular, to finitely generated rings (over Z) and
finitely generated polynomial rings over a field.

(I12) (lassically, only the statement for Alz] is Hilbert’s basis theorem
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\Proof. — A finitely generated A-algebra is a quotient of a polynomial ring Az, ...,x,], which is
noetherian by proposition 1.5.1.5. CI7]
Artin-Tate lemma 1.5.3.7 (1951). — Let A be a noetherian ring, and let B C C be tw

\A-algebras. If C is finitely generated as an A-algebra and finite as a B-module, then B is finitely
enerated as an A-algebra.

\Proof. — Let x4, ...,x,, generate C' as an A-algebra, and let C' = (yq,...,y,,) as a B-module. Then
Wwe can express x; = Ej bijy; and y;y; = >, by, with coefficients b;;,b;;, € B. Let By be the
A-subalgebra of B generated by these coefficients, which is noetherian as a ring by corollary 1.5.3.6

Any element of C is a polynomial in the z; with coefficients in A. Making repeated use of the
expressions for z; and y,y;, we see that C is finite as a By-module. Since B, is noetherian, B C C|
is also finite as a By-module. Thus, B is a finitely generated as an A-algebra because B, is. pig

Zariski’s lemma 1.5.3.8 (1947). — Let k be a field, and let E be a finitely generated k-algebra
If E is a field, then E/k is a finite extension.

\Proof. — Let xy,...,x, be generators of E, so that E = k[zy,...,x,]. Suppose that E/k is not
algebraic; w.1.0.g., let z{,...,x, with » > 1 be algebraically independent over k, and let x,,,..., 2,
be algebraic over k and hence over the field F := k(z,...,x,). Hence, E/F is a finitely generated
algebraic and hence finite extension, i.e., F is a finite F-module. By Artin-Tate lemma 1.5.3.7

F is a finitely generated k-algebra, say F = k[yy, ...,y ] where y; = f;/g; for f;, 9, € k[z1,...,2,]

»rr

Now, consider the unique factorisation domain k[z;,...,z,]. The element h = g, - g, + 1 in this
domain is not divisible by any g,, whence the element h~! € F cannot a polynomial in k[y, ..., y,]
a contradiction. Therefore, E/k is finitely generated algebraic and thus finite. i

A somewhat similar statement to the Artin-Tate lemma [.5.3.7 is the Eakin-Nagata theo-
rem 1.5.3.12, for which there are many proofs. The main bulk of the proof presented here is
lemma 1.5.3.11 due to Formanek, which is based on the original ideas of Eakin and Nagata.

Lemma 1.5.3.9. — If M is a noetherian A-module, then A/ann M is a noetherian ring. In
particular, if a ring A has a faithful noetherian module, then it is noetherian.

\Proof. — Note that M is also noetherian as a module over A:=A/ann M because the A-submodules
and A-submodules of M coincide. Write M = (m, ..., m,,), say. Then the A-linear map A < M"

a — (am;); is injective, whence A is noetherian over itself by proposition 1.5.1.5. i

Warning 1.5.3.10. — The artinian analogue of lemma 1.5.3.9 is false. Recall from exam;
ple 1.5.1.7 that the Z-module G := Z[p~']/Z is artinian. However, annG = 0 and Z is not
artinian.

Lemma 1.5.3.11 (Formanek 1973). — Let M be a finitely generated and faithful A-module
Assume that the submodules aM , where a is an ideal of A, satisfy the ascending chain condition
Then A is noetherian.

\Proof. — By lemma 1.5.3.9, it suffices to show that M is noetherian. By way of contradiction
suppose that it is not. Consider the set of all submodules aM such that M /aM is non-noetherian
Since this set contains the zero module, it contains a maximal element, say, a,M by hypothesis
IAfter replacing M with M /agM and A with A/ann(M /a,M), we may assume, w.l. 0. g., that M is
additionally non-noetherian, but M /aM is noetherian for any non-zero ideal a of A.

Next, consider the set ¥ of all submodules N of M such that M /N is faithful. Clearly, 0 € 3, so it
is non-empty. When writing M = (my, ..., m,,), the set ¥ is alternatively the set of all submodules N
of M such that: for each a € A\ {0} we have am; ¢ N for some i. From this, we see that any
chain in 3 has an upper bound, and Zorn’s lemma vields a maximal element Ny € 3. If M /N, were
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noetherian, then A would be noetherian by lemma 1.5.3.9, and then M would be noetherian by|
corollary 1.5.1.6, contradicting our assumption. Therefore, after replacing M with M /N,, w.l.o0.g.
we may assume the following about M:

(i) M is not noetherian;

(ii) M/aM is noetherian for all non-zero ideals a of A;
(iii) M/N is not faithful for all non-zero submodules N of M.

To finish, let N be any non-zero submodule of M. Then there exists some non-zero a € A such
that a(M/N) =0, i.e., such that aM C N. Since M /aM is noetherian, the submodule N/aM is
finitely generated. Moreover, aM is finitely generated like M. It follows from proposition 1.2.5.9
that N is finitely generated. Thus, M is noetherian, a contradiction. pig

The following is a direct corollary and serves as the converse of corollary [.5.1.6 in the case off
algebras.

FEakin-Nagata theorem 1.5.3.12 (Eakin 1968, Nagata 1968). — Let B be a finite A-algebra. If
B is noetherian as a ring, then A is noetherian.

\Proof. — Since B has a unit, it is faithful as an A-module. The statement now follows from
lemma 1.5.3.11. i
Remark 1.5.3.13. — There are also many generalisations to non-commutative rings, e. g.:

(i) Let B be a non-commutative right-noetherian (i.e., the right ideals satisfy the ascending
chain condition) ring, and let A be a commutative subring of B. If B is finitely generated as a left
A-module, then A is noetherian.

(ii) Let B be a non-commutative ring whose two-sided ideals satisfy the ascending chain condition
and let A be a (commutative) subring contained in the centre of B. If B is finitely generated as a
two-sided) A-module, then A is noetherian.

These generalisations also follow from lemma 1.5.3.11 after obvious modifications since B, as a ring
is faithful over A.
I.5.4. Artinian rings.

Artinian rings are the simplest kind of rings after a field. We will study them here not because of
their usefulness but because of their simplicity.

Proposition 1.5.4.1. — In an artinian ring, every prime ideal is mazximal.

IProof. — Let A be an artinian ring and let p be a prime ideal of A. Then B = A/p is an artinian
integral domain. For any z € B\ {0}, we have (z") = (z"*!) for some n as B is artinian, and hence

" = 2"ty for some y € B. Since B is a domain, we obtain 2y = 1. Hence, = has an inverse in B
therefore B is a field, and thus p was maximal. (7]
Corollary 1.5.4.2. — For an artinian ring A, we have nil A = rad A.

\Proof. — This follows from proposition 1.1.3.17 and the definitions. i
Proposition 1.5.4.3. — An artinian ring has only finitely many mazximal ideals.

\Proof. — Consider the set of all finite intersections ﬂ:l: , m; where the m; are maximal ideals. This

n

i=1
have m N ﬂ?zl m, = ﬂ?zl m,, that is, m D ﬂ;;l m,;. By the prime avoidance lemma I1.1.3.9, we have
m D m, for some 7, and thus m = m; sig

set has a minimal element, say, (| . m, as the ring is artinian. Hence, for any maximal ideal m we
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Proposition 1.5.4.4. — In an artinian ring, the nilradical is nilpotent.

[First proof. — Let n be the nilradical. We have n* = n*+1 = ... for some k; by way of contradiction
suppose that n* # (0). Consider the set of all ideals a such that an® # (0), which is non-empty
since it contains n. Since the ring is artinian, let b be a minimal element of this set. Then there
is some = € b such that zn* # (0). As (z) C b, we have (z) = b by minimality of b. However
(znF)n* = zn2?) = 2n* £ (0) and 2n* C (2), so zn* = () again by minimality, and hence = = xy for
some y € n*. However, y € n* C n is nilpotent, whence x = 2y™ = 0 for some n. This contradicts

xn® = (0), and thus n* = (0). s
iSecond proof. — By corollary 1.5.4.2, we show that the Jacobson radical ¢ is nilpotent. We have
vk = ¢**1 for some k, so set a := annt*. By way of contradiction, suppose that a # (1). Then

there is an ideal b that is minimal among all ideals that strictly contain a. Since b = a + (z) for
some arbitrary z € b\ a, the quotient module b/a = (Z) is finitely generated. Then corollary 1.2.3.9
Nakayama’s lemma) says that b # zt + a. It follows that zt + a = a by minimality of b, and hence
7€ (a:t) = ((0:¢%):v) = (0:v*) = a, a contradiction. Thus, a = annt* = (1) and v* = (0). T

Lemma 1.5.4.5. — Let A be a ring in which (0) = my-—-m, is a product of (not necessaril
distinct) mazimal ideals of A. Then A is noetherian iff it is artinian.

\Proof. — By proposition 1.5.2.7, it suffices to show that A is of finite length if it is noetherian o
artinian. Consider the chain A 2 m; D mymy D - D my --m, = (0). For each i = 1,...,n, the
quotient A-module V; := my ---m;_; /m, ---m, is also an A/m -vector space, and its submodules and
subspaces coincide. Each V, is artinian or noetherian since A is, so proposition 1.5.2.9 implies that
lenV; < oco. By additivity of len, the short exact sequences 0 — m; -~-m; = m;--m;,_; =V, = 0

give len A = 3" lenV; < co. (7]
Hopkins’s theorem 1.5.4.6 (1939, Akizuki 1935). — Any artinian ring is noetherian.

Proof. — Let A be an artinian ring with distinct maximal ideals my, ..., m,, (proposition 1.5.4.3)
Then H?zl mk C (ﬂjzl m;)* = (nil A)* = (0) for some k by proposition 1.5.4.4. Thus, A is noetherian
by lemma 1.5.4.5. ]

Czoce—

Proposition 1.5.4.7. — Let (A, m) be a noetherian local ring. Then ezactly one of the following
s true:

(i) m"™ # m"*L for all n;
(if) m™ = (0) for some n, in which case A is an artinian local ring.

\Proof. — Suppose that m” = m"*! for some n. Applying Nakayama’s lemma 1.2.3.8 to the
\A-module m™, which is finitely generated by proposition [.5.1.4, we obtain m™ = 0. i

Theorem 1.5.4.8 (structure theorem for artinian rings). — An artinian ring is, up to isomorphism
a uniquely finite direct product of artinian local rings.

\Proof. — Suppose that m,, ..., m are the distinct maximal ideals of an artinian ring A (proposi
tion 1.5.4.3). From the proof of Hopkins’s theorem 1.5.4.6 we know that H?:l m¥ = (0) for some k
Since the m; are pairwise coprime, corollary 1.1.3.21 implies that the ideals mf are pairwise coprime
so A = H?Zl(A/mf) by the Chinese remainder theorem 1.1.2.16. Each factor A/m¥ is artinian and
local (if mf Cmy, then m; = \/mf c/m=m and i = j), whence A is a direct product of artinian
local rings.

Conversely, suppose that A =~ H:’Zl A, where the (4,,q;) are artinian local rings. Setting
a, := ker(A — A,) so that A, = A/a,, the Chinese remainder theorem 1.1.2.16 implies that the a,
are pairwise coprime and that ﬂ7:1 a; = (0). If p. is the contraction of g; in A nif

Define nilpoten
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CHAPTER II

DIMENSION THEORY

Definition 11.0.0.1. — Let A be a non-trivial ring. A chain of prime ideals of A is defined as q
strictly increasing sequence po C -+ C p,, of prime ideals; its length is n. Note that the length is the
mumber of strict inclusions, not the number of ideals in this chain.
The Krull dimension or dimension dim A of A is defined as the supremum of the lengths of]
all chains of prime ideals of A. Hence dim A € N U {o0}.
Similarly, the height htp of a prime ideal p is the supremum of the lengths of all chaing
of prime ideals contained in p, i.e., of chains py C -+ C p,, = p. Dually, the coheight cohtp
of p is the supremum of the lengths of all chains of prime ideals contained in p, i.e., of chaing

p=po G Cp, (1

Fact 11.0.0.2. — By definition, we have htp = dim A,,, cohtp = dim A/p and htp + cohtp <
dim A.

Example 11.0.0.3. — (i) A field is the same as a zero-dimensional integral domain.
(ii) Since the prime ideals of Z are (0) and (p) for p = 2,3,5,... a prime number, we have

dim Z = 1. More generally, a principal ideal domain which is not a field is one-dimensional.

(iii) An artinian Ring is zero-dimensional since every prime ideal is maximal (proposition 1.5.4.1)

(iv) Consider the polynomial ring k[z, ..., x,,] over a field k. Then (0) C (z1) C (21, 25) C -+ C
(24,...,x,) is a chain of prime ideals, so dim k[x, ..., x,] > n. In fact, the dimension is equal to n

as we will show.

Definition 11.0.0.4. — (i) Let a be an ideal of a non-trivial ring A. Then the height hta of a
is the infimum of the heights of all prime ideals containing a.

(ii) Let M be an A-module. Then the Krull dimension or dimension dim, M = dim M
of M is dim(A/ann M).

Fact 11.0.0.5. — We again have hta + dim A/a < dim A for any ideal a of A.

Definition 11.0.0.6. — Let A be a non-trivial ring. A chain of prime ideals is said to be saturated,
if it cannot be further refined, i. e., there are no prime ideals strictly contained between two consecutive
terms. Then A is a so-called catenary ring if for any prime ideals p C q of A, there exists
saturated chain of prime ideals starting from p and ending at q, and all such chains have the same
(finite) length.

Fact 11.0.0.7. — In a catenary ring A, we have htp+ cohtp = dim A for any prime ideal p of A

Remark 11.0.0.8. — If A is a noetherian local integral domain, then the converse is also true
The proof is difficult, so we postpone it (Ratliff 1972). In practice, all important noetherian rings
are catenary, but there are non-catenary noetherian rings (Nagata 1956).

(IL1) Traditionally, the height of a prime ideal was also called rank, and the coheight was also called dimension,
dditionally, Nagata uses altitude for the Krull dimension

Insert reference.
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§ 11.1. DIMENSIONS OF FINITELY GENERATED ALGEBRAS OVER|

A FIELD
Lemma I1.1.0.1. — Let K/k be an algebraic field extension, and let ay, ..., «, € K. Conside
¢ =eVig, o) kT x,] = ko, a,] = ko, .. o) mapping x; = ;. Then ker ¢ is the
mazimal ideal generated by n elements of the form fi(xq), fo(T1,29), ws fo(T1,y ..oy x,,) with each f;

momnic in ;.

\Proof. — Let f; be the minimal polynomial of o; over k. Then k[a,] = k(ay) = klzq]/(f1(z1)) is a
field. Let g, be the minimal polynomial of v, over k(«). Then the coefficients of g, are polynomials
in o, whence there is some f, € k[z,,x,] monic in z4 such that g,(z,) = fo(ay,z,). Thus

klay, as] = k(ag)[as] = k(ay, ag) == k(o )[z5]/(f2(0q, 25))-

Proceeding inductively, there is some f;(x4,...,z;) € K[z, ..., ;] monic in x; such that

klag, ... 0] = k(aq, .. ;) =2 k(aq, .., a; 1))/ (filaqg, o yay_q,2;)).

Now, let p € ker ¢, that is, p(ay, ..., ) = 0. Then p(ay, ..., « x,,) is divisible by the minimal

» Pn—1r%n
polynomial f, (aq,...,a,_1,2,) of a,, over k(aq,...,a,_1). As polynomials in z,,, we can divide p
by f, to obtain p = g, f,, + r,, where the remainder satisfies r,(ay,...,a,,_1,2,) = 0. Again, as
polynomials in z,,_,, dividing r,, by f,_; gives r, = ¢,_1 f,—1 + ",,_1 Where the remainder satisfies
Toq (O ooy Q9,15 x,) = 0. Proceeding inductively, we finally obtain p = Z?:l q; f; +r, where

ri(xq,...,x,) =0. Thus, p € (f,..., f,,)- The converse that f; € ker ¢ for all 7 is clear. (7]

Proposition 11.1.0.2. — Let A be a finitely generated k-algebra which is an integral domain. If
the transcendence degree tr.deg, Quot A is positive, then A is not a field.

\Proof. — Write A = k[ay,...,a,]. Suppose that ay,...,«, be a transcendence basis of Quot A
over k where r = tr.deg, Quot A < n, and set K = k(ay,...,a,) C Quot A. Then a4, ..., q, are
algebraic over K. By lemma II.1.0.1, there are polynomials f; € K[z, ,..., ;] monic in z; foy
i =r+1,...,n such that

K[ar+1a ’O‘n] = K[xr—&-la axn]/(fr+l? teey fn)

with deg f; = (K (o1, ..., 0;) : K(o,yq,...,05_1)) (recall that f;(a, q,...,0;_1,x;) is the minimal
polynomial of «;). Since the coefficients of the f; are in K, let g € k[ay, ..., a,,] \ {0} be the product
of all their denominators. Then each f; is a polynomial with coefficients in B = k[ay, ..., ., g7 ].
We claim that A[g~'] = Bla,,1,...,q,] is a free B-module with basis {H?:TH it 10 < e

deg f;}. Let p(a, q,...,,) with p € Blz,q,...,x,] be any element of Bla,.,,...,,]. Reducing
p modulo f,, as polynomials in x,,, we may assume that degp < deg f,, in z,,. Further reducing p
modulo f,,_; as polynomials in z,,_;, we may assume that degp < deg f,,_; in z,,_;. By induction, we
may assume that degp < deg f; in x; for i = r+1,...,n. In other words, any element p(a,. 1, ..., ®,)

is a linear combination of monomials H?:H L a5t with 0 < e; < deg f;. g

TL]
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CHAPTER III

INTEGRALITY AND VALUATION RINGS

Motivation 111.0.0.1. — A frequent technique to study curves in classical algebraic geometry|
was to project a curve onto a line so that the curve can be considered as a ramified covering of
the line. A similar ramification behaviour is exhibited in algebraic number theory between the
rings of integers Uf and O of a number field K and of the rational field Q. These two notions are
algebraically expressed through the notion of integrality.

§ IIL.1. INTEGRALITY

I1I.1.1. Definitions and basic properties.

Definition 111.1.1.1. — Let B be an extension ring of a ring A (i.e., 1 € A). An element x € B
is said to be integral over A if x is a root of a monic polynomial with coefficients in A, i.e., if x
satisfies an equation of the form z" + a;x" 1 + - +a, = 0 where a; € A.

I11.1.1.2. — Recall the determinant trick from lemma 1.2.3.5: let a be an ideal of a ring A, and
let M be a finitely generated A-module. If ¢: M — M is an A-linear map such that im¢ C aM
then we have a relation of the form ¢" + a;¢" ! + - + a,, = 0 where a; € A.

Proposition I111.1.1.3 (characterisation of integrality). — Let B be an extension ring of a ring A
Then the following are equivalent:

(i) @ € B is integral over A;
i

(ii) Alz] is a finitely generated A-module.
(iii) Alz] is contained in a finite A-subalgebra of B;
(iv) there exists a faithful Alx]-module which is finitely generated over A.

\Proof. — Suppose (i). Then 2" = —(a,;2™" ' + - +a,,), and by induction all positive powers of x lie
in the A-module generated by 1,x,...,2" 1. Hence, A[z] = (1,2, ...,2" ') as an A-module, which|
implies (ii). (ii) clearly implies (iii).

Suppose (iii) and let A[x] C C' C B be the finite A-subalgebra. Then C' is a faithful A[z]-module
we have ann 41,; C' = 0 because 1 € C), giving (iv).

Finally, let M be a faithful A[z]-module of finite type over A, as in (iv), and let z € B. We
now apply the determinant trick (lemma 1.2.3.5): let ¢p: M — M be multiplication by z and let
a = A (we have im¢ C aM since M is an A[z]-module). By the determinant trick, there are
suitable a; € A so that multiplication by 2™ + ay2"" ! + -+ + a,, kills M. Since M is faithful, we
have 2™ + a; 2"~ ! + -+ 4+ a,, = 0, which is (i). st

Corollary I11.1.1.4. — Let B be an extension ring of a ring A. If x,,...,x, € B are integra
over A, then Alx, x| is a finitely generated A-module

T
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\Proof. — We perform induction on n. The base case n = 1 is proposition II1.1.1.3. For the
induction step, write A, := A[z,...,z,]. By induction hypothesis, 4,,_; is of finite type over A and

A, = A,_4]z,] is of finite type over A, ; (since z,, is integral over A, ;). Thus, A, is of finite
type over A. s
Corollary 1I1.1.1.5. — Let B be an extension ring of a ring A. The subset A of all elements

in B that are integral over A is a subring of B containing A.

Proof. — If z,y € A, then Alz,y] is a finite A-subalgebra of B by corollary I11.1.1.4. Since Alx +y]
Alx — y] and A[xy] are contained in A[z,y], we have © 4+ y, zy € A by proposition IT1.1.1.3. sif

Definition I11.1.1.6. — Let B be an extension ring of a ring A. The ring A of all elements in B
that are integral over A is called the integral closure of A in B.

If A= A, then A is said to be integrally closed in B. If A= B, then B is said to be integral
over A, or B is called an integral extension of A.

More generally, we can generalise ring extensions to algebras, which in theory have little differences
In practice, however, we prefer extension rings since they are easier to work with.

Definition 111.1.1.7. — Let f: A — B be an algebra. Then f is said to be integral and B i
called an integral A-algebra if B is integral over the subring f(A).

Corollary 111.1.1.8. — In this terminology, an A-algebra is finite iff it is of finite type and
integral.

\Proof. — Finiteness implies integral dependence by proposition I11.1.1.3, and it trivially implies
finite type. The converse follows from corollary I11.1.1.4. i

Corollary I11.1.1.9 (transitivity of integral extensions). — If A C B C C are rings such that C|
is integral over B and B is integral over A, then C is integral over A.

PProof. — Let z € C. Then 2" + byjz™ ' + -+ b, = 0 with b, € B. Then B’ := A[by,...,b,] is a
finitely generated A-module by corollary I11.1.1.4, and B’[x] is a finitely generated B’-module by
proposition I11.1.1.3. Hence, B’[z] is finitely generated over A and therefore, x is integral over A by

proposition I11.1.1.3. i

Corollary 111.1.1.10. — Let B be an extension ring of A, and let A be the integral closure of A
in B. Then A is integrally closed in B.

Proof. — If € B is integral over A, then x is integral over A by transitivity, whence z € A.

The following says that integral extensions are compatible with passing to quotients or localisaq
tions.

Lemma I11.1.1.11. — Let B be an integral extension ring of A.

(i) If b is an ideal of B, then B/b is integral over A/(bN A).

(ii) If S is multiplicative subset of A, then S™'B is integral over S™1A.

(iii) More generally, suppose that A and B are both R-algebras. If C is another R-algebra, the
B®p C is integral over AQp C.

\Proof. — For (i), let £ € B/b. Then any lift x € B of & satisfies an equation of the form
" + a2+ +a, =0 with a; € A. Reducing modulo b yields 2" + @, 7" + - + a,, = 0 with
a; € A/(bN A). Hence Z is integral over A/(bN A).

For (ii), let /s € S™'!B. Then z € B satisfies an equation 2" + a;2" ! + -+ + a,, = 0 as before
Dividing by s" yields (z/s)" + (ay/s)(x/s)" "t + -+ a,,/s" = 0 with a,/s* € S7LA. Hence x/s is
integral over S='A4
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For (iii), let t ® ¢ € B®p C. Then z € B satisfies an equation 2" + a;2" ! + - + a,, = 0 with

a; € A as before. Tensoring with ¢" yields (z ® ¢)" + (a; ® ¢)(x @ )" + -+ + a,, ® " = 0 with
a; ® ¢t € A®p C. Hence x ® c is integral over A ® ; C, and so is any sum of elementary tensors
i

Warning 111.1.1.12. — In particular, if p is a prime ideal of A, then B being integral over A
implies B, = (A\ p) !B being integral over A,. However, if q is prime ideal of B lying over p
then B, is not necessarily integral over A,,.

Indeed, take B = k[z] and A = k[2? — 1] for k a field, and take q = (z — 1) so that p =qN A =
(22 —1) (in fact, p and q are maximal). Suppose that f =1/(z + 1) € B, is integral over A,. Then
there is an equation f™ + a, /b, f* ! + - +a, /b, = 0 where the polynomials b; have no root in +1
Dividing by f™ gives 1+ a,/by(x +1) + -+ a,,/b,(z + 1) = 0 in k[z], and evaluating at —1 gives
a contradiction.

Corollary 111.1.1.13. — Let B be an integral extension ring of A, and let A be the integra
closure of A in B. If S is a multiplicative set of A, then S~'A is the integral closure of S™'A i

S—1B.

Proof. — By lemma I11.1.1.11, S~'A is integral over S~'A. Conversely, suppose that b/s € S™'B
is integral over S~ A. Then we have (b/s)" + (ay/s,)(b/s)" "+ +a,, /s, = 0 with suitable a; € A
and s; € S. Let ¢ := s7 -+ s,,. Killing the common denominator by multiplying this equation by (str)"
with suitable r € S (r exists solely for the definition of localisation), we obtain an integrality relation

over A demonstrating that btr € A. Therefore, b/s = btr/str € S~'C. i
Fact 111.1.1.14. — Flinte products of integral A-algebras are integral over A.

Proof. — Let By,..., B, be integral A-algebras, and let b = (by,...,b,) € [["_ | B;. Then each b,
satisfies a monic polynomial f;(t) € Aft]. If f(¢) = H?Zl f;(t) € A[t], then f( ) = 0 for all ¢, and
thus f(b) = (f(by), ..., f(b,)) = 0. nif
Lemma 111.1.1.15. — Let B be an extension ring of A, and let A be the integral closure of A

in B. Let f,g € Blx] be monic polynomials such that fg € Alz]. Then f,g € Alz].

\Proof. — We first show the simpler case where A and B are integral domains. Then Quot B admits
a splitting field of f and g. Since any root of f or g is also a root of fg, these roots are integral
over A. Since the coefficients of f or g are sums of products of these roots, these are integral over A
as well.

For the general case where B is not an integral domain, note that the construction of an extension
ring C of B such that f and g split over C' works identically to the case of fields. Indeed, if h € B|x]
is a polynomial, consider the ring extension B < B’ := B[z|/(h(zx)). Then h has a root & € B’, so
consider h’ = h(t)/(t — ) € B’[t] with degh’ < degh. Now, proceed with A’ inductively. oid

Lemma I11.1.1.16. — Let B be an extension ring of A, and let A be the integral closure of A
in B. Then the integral closure of Alx] in Blz] is Alz].

Proof. — Let f € B[z] be integral over Alx], say, f™ + g, f™ ' +-+g,, = 0 with g, € A[z] and
m odd. Choose r > deg f,deg gy, ...,degg,,, and set f’ := f — 2" € Blz]. Then f’ + z" satisfies the
integrality equation of f, and expanding that yields (f')™ + hy(f/)™ ! + - + h,, = 0 for suitable
h; € Alz], for example h,, = (z")™ 4 g;(z")™ ! + -+ g,,. Note that h; is monic of degree ri by
choice of . Hence —f" and (f")™ ' + hy(f')™ 2+ -+ h,,_,, whose product is h,, € Alz] C Alz]
are monic (m is odd!) polynomials in Blz]. By lemma III.1.1.15, we obtain —f" € Alz] and hence
f e Alz].

Conversely, let f € A[z], and let ay,...,a, € A be the coefficients of f. Then the A-algebra
Alaq, ..., a,) is finite by corollary IT1.1.1.4, so the Alz]-algebra Az, a,,...,a,], which contains A[z, f]
is finite as well. By proposition IT1.1.1.3, f is integral over Alx] Bt
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o

Definition II1.1.1.17. — An integrally closed domain A is an integral domain that is
integrally closed in Quot A.!"""1) A mormal ring A is a ring where for any prime ideal p of A, the
localisation A, at p is an integrally closed domain.

Example I11.1.1.18. — A finite product of integrally closed domains A, ..., A,, is normal. The
reason is that the prime ideals of H?:1 A; are of the form p = A; x - x A;_; xp; x A 4 XX A,
where p; is a prime ideal of A;, see proposition 1.1.3.8. So, (HZ’:1 A;), = A, is an integrally closed

domain.

Proposition I11.1.1.19 (integral closure is local). — Let A be an integral domain. Then the
following are equivalent:

(i) A is integrally closed;
(ii) A, is integrally closed for all p € Spec A;
(iii) A,, s integrally closed for all m € MaxSpec A;

Proof. — Let A be the integral closure of A in Quot A, and let f: A — A be the inclusion map
Then A (resp. A, or Ay,) is integrally closed iff f (vesp. f, or f,) is surjective. The statement now
follows from proposition 1.3.2.17. pid

Definition 111.1.1.20. — Let B be an extension ring of a ring A, and let a be an ideal of A
An element of B is said to be integral over a if it is integral over A and the coefficients in the
integrality relation lie in a. We also define the integral closure of a in B as before.

Lemma I11.1.1.21. — Let B be an extension ring of A, and let A be the integral closure of A
in B. Let a be an ideal of A, and let a® be the extension of a in A. Then the integral closure of a
in B is v/a¢ (and in particular closed under addition and multiplication).

IProof. — Let x € B be integral over a so that we have an equation, say, 2" + a;2" ! + - +a, =0

with a; € a. Then z € A and hence 2™ € a® (since a; € a), so = € /ae.

Conversely, let x € y/a¢. Then z" = Zle a;x; for some n > 0, a; € a and z; € A. By
corollary III.1.1.4, the A-module M = A[zy,...,x;] is finitely generated, and we have "M C aM|
note that x;z; € M since M is a ring). By lemma 1.2.3.5 (determinant trick with multiplication

by x™), we obtain that =™ is integral over a and thus, x is integral over a. i

Proposition I11.1.1.22. — Let A be an integrally closed domain with field of fractions K = Quot A
and let B be an extension domain of A. If an element x € B is integral over an ideal a of A
then its minimal polynomial over K exists and has coefficients in \/a. This applies in particular to

a=A=./.

Proof. — Since x is integral over a, it is also algebraic over K and hence admits a minimal
polynomial f over K. Let L be the splitting field of f, and let =, ..., x,, € L be the conjugates of =
Under the K-isomorphism K[x] =% K|[z;], we see that each x; satisfies the same integrality equation
as x, so each x, is also integral over a. Expanding the splitting of f into linear factors, we see that
the coefficients of f are sums of products of the x; and with lemma III.1.1.21 therefore are integral
over a . Since A is integrally closed, lemma I11.1.1.21 implies that these coefficients are contained
in \/a. st

Proposition 111.1.1.23. — Let A be an integrally closed domain with field of fractions K = Quot A
ILet L be a finite separable extension of K, and let B be the integral closure of A in L. Then there
exists a basis vy, ...,v, of L over K such that B C Z?Zl Av;.

(IL1) Some authors use normal ring for integrally closed domains. Our naming convention follows Serre and
Grothendieck. bib:stacks uses normal domain instead
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IProof. — Any v € L satisfies its own minimal polynomial over K, say, v" +(a; /by)v" *+-+a, /b, =
0 with a,;/b, € K. Multiplying with (b, --+b,)" shows that b; ---b,v is integral over A and hence
contained in B. Doing this for each basis vector of an arbitrary basis of L over K, we obtain a basis
with vectors in B. So, let uy,...,u, € B be a basis of L over K.

Let Ty pc: L — L be the trace of L/K. Since L/K is separable, the trace pairing (z,y) = Trp x
on L is non-degenerate. We obtain a dual basis vy,...,v, of L over K w.r.t. this pairing, i.e.
Trpr(uiv;) = 0y

Let = € B, and write = 2?21 x;v; with ; € K. We have zu; € B for all i since u; € B
Its trace Trp g (zu;) is an integer multiple of the coefficient of second highest degree in the

minimal polynomial of xu,; over K,(11-2) g0 TrL/K(ajui) € A by proposition I11.1.1.22. However

Ty, g (2u,;) = 2?21 x; Ty g (uv;) = Z;;l x;0;; = x;, 80 x; € A. Thus, 2 € 2?21 Av;. s
CcCD0c———————
Lemma I11.1.1.24. — Any unique factorisation domain is an integrally closed, e.g., Z an

k[xy,...,x,] for k a field.

Proof. — Let A be a unique factorisation domain. If z/y € Quot A with x and y coprime is integral
over A, then we have 2" + a;2" 'y + -+ a,y™ = 0 for suitable a; € A. Hence, y | ™ implying that
y = +1. ar]

Ezxample T11.1.1.25. — Let k be a field, and let A = k[t?,t3] C B = k[t] be polynomial rings
whose fraction field is K = k(¢). Since B is a unique factorisation domain, it is integrally closed
lemma I11.1.1.24), so the integral closure of A in K is contained in B. On the other hand, ¢t € B ig
integral over A, whence B is the integral closure of A in K.

In classical algebraic geometry, A 2 k[x,y]/(y? — 23) is the affine coordinate ring of the cuspidal
curve 2 = 23, which has a singularity in the origin. The fact that A is not integrally closed
is directly related to the singularity at the origin. Moreover, taking the integral closure B of A
straightens out’ the singularity.

Proposition I11.1.1.26. — Let A be a unique factorisation domain in which 2 is a unit, and let
d € A be square-free (i. e., p* } d for any prime p € A). Then A[\V/d] is an integral domain.

\Proof. — Let « Vd be a square root of d. By lemma I11.1.1.24, A is integrally closed in
K = Quot A. Hence, if o € K then a € A, and A[a] = A is integrally closed as desired. Otherwise
if a ¢ K then Quot Ala] = K(a) = K + Ka. Any element 8 € K(«) is of the form 8 = 2 + ya foy
r,y € K, and its minimal polynomial over K is T2 — 22T + (2% — y?f). Assume that 3 is integral
over A. By proposition I11.1.1.22, we have 2z € A and 22 — 32 f € A. Since 2 is a unit, we obtain|
r € A and y?f € A. If there exists a prime factor p € A of the denominator of y, then y?f € A
requires p? | f, contradicting that f is square-free. Hence y € A and therefore 8 € A + Aa = A[q]
On the other hand, « is integral over A, so Ala] is the integral closure of A in K(«). Now, if
B € K(«) is integral over A[«], then it is integral over A by transitivity, and thus 8 € A[a]. In other
words, Ala] is integrally closed. g

I11.1.2. Cohen-Seidenberg theorems (going-up and going-down).

Lemma I11.1.2.1. — Let A C B be an extension of integral domains such that B is integra
over A. Then B is a field iff A is a field.

Proof. — Firstly, assume that A is a field. For y € B\ {0}, let y™ + a;y" ! + - + a,, = 0 with
a; € A be an integrality relation. Since B is an integral domain, we may assume w.l.0.g. a,, # 0, so
that y ! = —a,;' (y" ' +a;y" 2+ +a,_,) € B. Thus, B is a field.

(11.2) 7f¢d 4 g, 491 4 ... &+ g, is the minimal polynomial of zu,, then Try - (zu;) = (L: K)/d - a,

This is standard field|
theory. Maybe add a|
reference.
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Conversely, assume that B is a field. For x € A\ {0}, we have 27! € B, so let ™™ + byjz!™™ 4
- +b,, = 0 be an integrality relation with b, € A. Then 27 = —(b; + byz + -+ b,,2™ ') € A and
thus, A is a field. i

Corollary I11.1.2.2. — Let B be an extension ring of A which is integral over A. Let q be
prime ideal of B. Then q is mazimal iff its contraction q N A is mazimal.

Proof. — Passing to quotients, B/q is integral over A/(qN A) by lemma I11.1.1.11. Since these are
both integral domains, we can now apply lemma I11.1.2.1. pid

Corollary 111.1.2.3. — Let B be an extension ring of A which is integral over A. Let q C q" be
two ideals of B where q is prime.""'"*) If they lie over the same prime ideal p=qNA=q NA
of A, then q=4¢q'.

[Proof. — Passing to localisations, B, is integral over A, by lemma II1.1.1.11 (the notation regards
B as an A-module so that B, = (A\ p)~'B). Moreover, for the extensions we have qB, C q'B,
and qB, N A, =q'B,N A, =pA, (if S:= A\p, then pA, =S 'p=5""1qNS'A=qB,NA,). In
particular, q' B, is a proper ideal. Since pA, is the unique maximal ideal of A, corollary I11.1.2.2
implies that qB, is maximal, whence qB, = q/Bp. By ideal correspondence (proposition 1.3.1.17)
we have q =¢’. dr]

Theorem II1.1.2.4. — Let B be an extension ring over A which is integral over A. Then every
prime ideal p of A lies under some prime ideal q of B (i.e., qNA=1p).

Proof. — By lemma III.1.1.11, B, = (A\ p)~!B is integral over A,. Let m be any maximal ideal
of B,. Then mN A, is maximal in A, by corollary II1.1.2.2 and hence the unique maximal ideal pA,
Let q be the contraction of m in B, which is prime. Since the diagram

A—— B
oL e
Apc—>B|J

commutes, we have qNA = ' (m)NA=a'(mnNA,) =a'(pA,) = p. In fact, the maximal
ideals of B, corresponds to the prime ideals of B lying over p, cf. proposition [.3.1.17. pi

Alternative proof for maximal ideals. — There is a weaker version of theorem I11.1.2.4: every maxi
mal ideal m of A lies under some prime ideal n of B. This follows from theorem II1.1.2.4 and corolf
lary I11.1.2.2. However, this weaker version also has another proof.

It suffices to show mB # B. In this case, any maximal ideal n of B containing mB satisfies
m CnnNA=# (1), whence nN A = m. By way of contradiction, assume that mB = B. Then
we can write 1 = 37" mgx; with x;, € B and m; € m. Setting C = Alzy,...,2,], we have
mC = C, and C is finite over A by corollary II1.1.1.4, say, C = (uq, ..., u,) as an A-module. Write
u; = Z#i a;;u; € mC with a;; € m. If A = det(;; — a;;);; where J,; denotes the Kronecker delta
then Au; =0 for all j =1,...,7, and hence AC = 0 (cf. lemma [.2.3.5). Because 1 € C, we obtain
A = 0. However, A =1 mod m. It follows that 1 € m, a contradiction. i

Corollary 111.1.2.5. — Let f: A — Q be a ring map into an algebraically closed field 2, and let
B be an extension ring of A which is integral over A. Then f can be extended to a map B — Q.

(1.3) Tt is commonly assumed that. q’ should be prime as well. This is, however, unnecessary.
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\Proof. — Let p = ker f, which is a prime ideal of A. Then f factors as A - A/p — K =
Quot A/p < Q. Theorem I11.1.2.4 gives a prime ideal q of B lying over A. Since B/q is integral
over A/p (lemma II1.1.1.11), we see that L = Quot B/q is algebraic over K. Hence, the question
of extending f: A — Q to B where B is algebraic over A reduces to extending K < € to L where
L/K is algebraic. This is possible by classic field theory. pid

Fact 111.1.2.6. — Let B be an extension ring of A which is finitely generated and integral over A
If p is a prime ideal of A, then there are only finitely many prime ideals lying over p.

\Proof. — By corollary 111.1.1.8, B is a finite A-algebra. As seen in the proof of theorem I11.1.2.4, the
prime ideals of B lying above p correspond to maximal ideals of C' = B, /po. Ifk=A, /pAp, then
C' is a finite k-algebra and in particular an artinian ring (proposition 1.5.2.9). By proposition 1.5.4.3

C has only finitely many maximal ideals. pi
Going-up theorem II1.1.2.7. — Let B be an extension ring over A which is integral over A. Let
p, C - Cp,, be a chain of prime ideals of A, and let q; C --- C q,,, be a shorter (m < n) chain of|
prime ideals of B such that q; lies over p, for all i =1,...,m. Then the chain in B can be extende

to a chain q; C --- C q,, of prime ideals of B such that q; lies over p, for all i =1,...,n.

Proof. — By induction, it suffices to consider the case m = 1 and n = 2. Let A = A/p, and
B = B/q, with p, the image of p, in A. Then B is an extension ring of A which is integral over A
by lemma II1.1.1.11. By theorem II1.1.2.4, there exists a prime ideal g, of B lying over p,. Lifting
back g, to B, we obtain a prime ideal q, containing q,. Since the diagram

A—— B

A—— B
commutes, we see that q, lies over p,, that is, g, N A = p,. sig
—_—> e —————
We can also study the Galois action on extensions of integral domains.

I11.1.2.8. — Let G be a finite group of automorphisms of a ring A. Then A% = {z € A|
o(x) = z for all o € G} is the so-called ring of G-invariants.

Proposition 111.1.2.9. — Let G be a finite group of automorphisms of a ring A.

(i) Then A is integral over AY.

(ii) Let p be a prime ideal of A, and let ¥ be the set of all prime ideals lying above p. The
G acts transitively on ¥ (i. e., for any py,py € X there exists 0 € G such that p; = o(ps)). T
particular, Y is finite.

Proof. — (i) is rather trivial. Any z € A is the root of the monic polynomial [] _,(t —o()) in ¢
Since the coefficients of this polynomial are elementary, they are G-invariant. Hence z is integral
over AY.

For (ii), let py,py € . If @ € py, then [[ _.o(x) € py N AG =p C py, so o(z) € p, for
some o € G. It follows that p; C UaeG o(py). Of course, the o(p,) are prime ideals, so the prime
avoidance lemma 1.1.3.9 says that p; C o(p,) for some o € G. sid

Fact I11.1.2.10. — Let A be an integrally closed domain with field of fractions K = Quot A. Le
L/K be a Galois extension with (infinite) Galois group G = Gal(L/K), and let B be the integra
closure of A in L. Then a(B) =B for all c € G, and A = B¢
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\Proof. — Let x € B with an integrality equation with coefficients in A. Since AY = A, applying
some o € G to this equation shows that o(x) is integral over A. Hence o(B) C B for all 0 € G
Applying o1 gives B = 0"!(0(B)) C 0~ }(B) for all ! € G. Thus o(B) = B for all 0 € G.

For the second statement, recall from Galois theory that L = K. Then B = BN L =
BN K = A because A is integrally closed in K. (7]

There is also a generalisation of proposition I11.1.2.9 to infinite groups in the context of field
automorphisms.

Proposition 111.1.2.11. — Let A be an integrally closed domain with field of fractions K = Quot A
Let L/K be an (infinite) normal algebraic extension with automorphism group G = Aut(L/K), and
let B be the integral closure of A in L. Let p be a prime ideal of A, and let ¥ be the set of al
prime ideals of B lying over p. Then G acts transitively on 3.

IProof. — Even for infinite extensions L/K, we can split it into a Galois extension L/L% and a purely|
inseparable extension L¢ /K. If LY #+ K, then K is necessarily of positive characteristic char K = p
Recall that the elements of L& have minimal polynomials over K of the form tP" —a € K][t]. Let A
be the integral closure of A in L. Then one easily checks that q = {z € A |zP" € p for some n} is
a prime ideal of A lying over p. Moreover, any other prime ideal lying over p must be contained
in q, whence q is the only one by theorem III.1.2.4. By transitivity of integrality, B is the integral
closure of A in L. Hence, through replacing K by L¢ we can assume w.1. 0. g. that L/K is Galois

The case where L/K is finite was proven in proposition I11.1.2.9 with G acting on B. For the
infinite case, we need infinite Galois theory. Recall that G is endowed with the Krull topology, i.e.
the subspace topology G < HF/K anite Gal(F/K), 0 = (0|p)p where Gal(F'/K) are finite discrete
Then G is profinite and hence compact.

Let p,,p, € X. For any finite Galois subextension F'/K of L/K, the set

S(F):={oceG|apNF)=p,NF}

is non-empty by the finite case (note that p; N F' is prime in the integral closure of A in F'). Now
the family of all S(F") has the finite intersection property, i.e., ﬂ:i . S(F;) # @ for any finite Galois
extensions , ..., F,, of K. Indeed, if F is the composite of F}, ..., F7,, then it is also finite Galois, and
ﬂ?zl S(F;) D S(F) #+ @. Moreover, all sets S(F) C Gal(F/K) are closed in G, so G being compact
implies that [ S(F) is non-empty. If o € N S(F), then o(p;) = p, globally since
it

F/K finite F/K finite

L= UF/K finite

The following is the counterpart to the going-up theorem II1.1.2.7, which requires integral
domains.

Going-down theorem II1.1.2.12. — Let A be an integrally closed domain, and let B be a

extension domain of A which is integral over A. Let p; 2 --- D p,, be a chain of prime ideals of A
and let q; 2 -+ D q,,, be a shorter (m < n) chain of prime ideals of B such that q; lies over p; fo

all i =1,...,m. Then the chain in B can be extended to a chain q; 2 -+ 2D q,, such that q; lies
over p; foralli=1,...,n.

\Proof. — By induction, it suffices to consider the case m = 1 and n = 2. The goal is to show that
p, is a contraction of some prime ideal q,B; of By . By corollary 1.3.1.18, this is equivalent to
pQBql NA= p2'

Every element of p, B, is of the form z/s with € p,B and s € B\ q;. Since B is integral
over A, lemma II1.1.1.21 says that x € \/p,B is integral over p,. Due to proposition I11.1.1.22
the minimal polynomial of z over K = Quot A is of the form f(t) = " + uyt"~! + -+ + u, with
Ly u, € p,. Now, additionally assume that 2:/s € A. Then the minimal polynomial of s over K]
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is g(t) =" + v, t" L + - 4+ v, with v; = u;(s/r)%; indeed, g(s) = (s/z)" f(x) = 0. However, s € B is
integral over A, so proposition II1.1.1.22 again shows that v, € Aforall i =1,....,7.

Suppose that /s ¢ p,. Then v;(z/s)" = u; € p, implies v; € py because p, is prime. Furthermore
g(s) = 0 implies s” € poB C p; B C q;. It follows that s € g, a contradiction. Hence /s € p,. This
shows pyB; N A= p,, as desired. ]

Alternative proof. — Let K = Quot A, let L be a normal algebraic field extension of K containing B
and let A D B be the integral closure of A in L. By induction, it suffices to consider the case
m =1 and n = 2. By theorem II1.1.2.4, q; (resp. p,) lies under some prime ideal t; (resp. ty) of A
The going-up theorem II1.1.2.7 gives another prime t] of A lying over p, and containing t,. By
proposition IT1.1.2.11, there exists a K-automorphism o on L such that o(t]) = v;. It follows that
o(ty) Co(r]) =1, and o(ry) N A =1ty,N A =p,. Taking q, = o(ty) N B, we obtain g, N A = p, and

qo C vy N B = qy, as desired. o]
T11.1.3. Noether’s normalisation lemma and Jacobson rings.
Noether’s normalisation lemma I11.1.3.1 (1926). — Let k be a field, and let A # 0 be

finitely generated k-algebra. Then there exist yq, ...
over k and such that A is integral over k[y,,...,y,].

Y, € A which are algebraically independent

\Proof for infinite fields k. — There is a less technical proof if k is infinite. Write A = K[z, ..., x,]
as a k-algebra. We proceed by induction on n. If z,, ..., x,, are algebraically independent, then we are
done; this case includes the base case A = k or A = k[z,]. So, suppose that x4, ..., z,, are algebraically
independent, say, there is a non-zero polynomial f € klzy,...,x, ] with f(zq,...,2,_;,z,) = 0. Put
Y, =x;, — Nz, fori=1,...,n—1 with A, € k. Then we obtain

Ao D+ g2 4+ gy

0=fly; + Mooy Ty g + Ay 12, x,) = F(Aq, ...

where g, € A" := k[yy, ..., ¥,,_1] and where F is the homogeneous part of maximal degree d = deg f|
of f. Since k is infinite, we can choose Ay, ..., A,,_; € k such that F/(A\,...,\,,_;,1) # 0, and hence
x,, is integral over A’. It follows that z; =y, + A\;x,, for all i = 1,...,n — 1 are also integral over A’
and thus A is integral over A’. Applying the induction hypothesis to A’, we are done. (]

Remark I11.1.3.2. — The proof in the case where k is infinite, we see that we can choose y, ..., y,
to be linear combinations of =, ..., x,. From a geometrical standpoint, this means the following
suppose that k is an algebraically closed field (in particular infinite). If X is an affine variety of
A" (k) with coordinate ring I'(X) = A # 0, then there exists an r-dimensional linear subspace L of
A" (k) and a linear map A"(k) — L mapping X onto L. This map gives a branched covering of L.

General proof. — The general case uses a similar variable shift, albeit a polynomial instead of a
linear one. As in the previous proof, let A = k[z4, ..., z,,] as a k-algebra and we proceed by induction
on n. Suppose that z,...,x,, are algebraically independent, so f(zq,...,x,) = 0.

We use the following technique. Write f(t,...,t,) = Z:: | AiM; where each monomial M; is
of the form H;;l t?”. For positive integers dy,...,d,_; and d,, = 1, let Z;;l a;;d; be the weight
associated to M, = H?Zl t;l”. By choosing d,...,d,,_; appropriately, we can assume that the
monomials in f have pairwise different weights. Namely, for a large enough prime number p, let
d; = p' so that the weights are represented by unique numbers of base p.

Now, put y, = x; — xi fori=1,...,n— 1. Then we obtain

d
++ I,

=1

d _
0= fly, +x! Yy il Y=Ad 4 gadt 4. g,
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where A\, g; € A" := klyy,...,y,_1]. Note that d is the highest weight of monomials of f, so by choice

of the dy, ..., d,_; only one monomial of f contributes a term of degree d (all other having degree
less than d), whence A € k\ {0}. Hence, z,, is integral over A’, and it follows that z; =y, + z% for
all 2 =1,...,n — 1 are also integral over A’. Thus, A is integral over A’. Applying the induction
hypothesis to A’, we are done. pi
Zariski’s lemma 111.1.3.3. — Let A/k be a field extension where A is also a finitely generated
k-algebra. Then A/k is a finite.

[First proof. — This is an elementary proof: let A = k[x4,...,x,], say. We proceed by induction
on n. The statement is clearly true in the case n = 1. For n > 1, let B = k[z;] and let K = k(x;)
be its field of fractions. By induction hypothesis, A/K is finite, so each of z,, ..., z,, satisfies a monic

polynomial with coefficients in K. If f is the product of the denominators of all these coefficients
then z,, ..., r, are integral over B;. Hence A and therefore K C A is integral over Bj.

Suppose that z; is transcendental over k so that B is a unique factorisation domain. Then B is
integrally closed (lemma II1.1.1.24), and by corollary I11.1.1.13 By is as well. But K is integral
over By, so By = K, clearly a contradiction (e.g., 1/(zf) ¢ B;). Hence, z; is algebraic over k and
K /k is finite. Thus, A/K /k is finite. i

\Second proof. — This proof uses Noether’s normalisation lemma I11.1.3.1, which says that there
exist algebraically independent yq,...,y, € A such that A is integral over B = k[y,,...,v,]. By
corollary I11.1.1.8, A is finite over B. Now, since A is a field, B is also a field by lemma I11.1.2.1
whence » = 0 and B = k. Thus, A/k is finite. sid

Weak Nullstellensatz 111.1.3.4. — Let k be an algebraically closed field. Then each maxima
ideal in the polynomial ring k[t,,...,t,] is of the form (t; —aq,...,t,, —a,) with a; € k.

n

\Proof. — Clearly, each ideal of the form (t; — aq,...,t,, — a,) is maximal in A = k[t,...,t,]
Conversely, let m be a maximal ideal of A. By Zariski’s lemma VIII.1.1.9, A/m is a finite field
extension of k. Since k is algebraically closed, we in fact have A/m = k. Now, consider the canonical

ring map ¢: A - A/m =% k. Setting a, = ¢(t;) for i = 1,...,n, we see that (t; —ay,...,t, —a,) C

ker ¢ = m, which must be equal. pid
O o<———— —
Lemma I11.1.3.5. — Let B be an extension domain of A which is finitely generated over A

Then there exist s € A\ {0} and y,,...,y,, € B that are algebraically independent over A, such thai
B, is integral over B. where B" = Alyy, ..., Yy,]-

Proof. — Let S = A\ {0} so that K = S7'A = Quot A. Then S™'B is a finitely generated

K-algebra, so by Noether’s normalisation lemma I11.1.3.1 there are x,...,x, € S~ B algebraically
independent over K such that S™1B is integral over K|[z,,...,7,]. Let B = Alz,...,2,,] as an
A-algebra. Then each z; (as an element of S™1B) is integral over K[z, ...,x,]. We can assume that

the x, are of the form x;, = y,;/s with y,,...,y, € B, which are algebraically independent over A
and s € S. By multiplying the integrality equation of each z; by a sufficiently large power s of s

we see that s"z; is integral over B” = Aly,,...,y,] for all i. Hence the z; and thus B, is integral
over B.. oid
Lemma I11.1.3.6. — Let B be an extension domain of A which is finitely generated over A

Then there exists s € A\ {0} such that any ring map f: A — Q into an algebraically closed field
with f(s) & 0 extends to a map B — Q
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\Proof. — Let s € A\ {0} and let y;,...,y, € B that are algebraically independent over A as in
lemma II1.1.3.5, such that B, is integral over B, where B’ = Alyy,...,y,]. We extend f to B’ by
e.g., y; > 0. Then we further extend to B, which is possible since f(s) # 0. Finally, we extend
to B, by corollary I11.1.2.5, which restricts to B — €. pid

Proposition 111.1.3.7. — Let B be an extension domain of A which is finitely generated over A
If rad A = (0), then rad B = (0).

IProof. — We have to show that for v € B\ {0}, there is a maximal ideal of B not containing v
Lemma II1.1.3.6 applied to A C B, gives some s € A\ {0}. Let m be a maximal ideal of A not
containing s, which exists since rad A = 0. Then the canonical map A - A/m =: k, which does
not map s to zero, extends to a ring map ¢: B, — k by properties of s. Note that ¢(v) € k* since
v € BX, so ¢(v) # 0. Moreover, we have k C B/n C k where n = ker ¢ N B. Since k is algebraic and
hence integral over k, the integral domain B/n is integral over k and hence a field by lemma I11.1.2.1
Thus, n is a maximal ideal in B not containing v. pid

Proposition I11.1.3.8 (characterisation of jacobson rings). — Let A be a ring. Then the following
are equivalent:

(i) every prime ideal of A is an intersection of mazimal ideals;

(ii) n every quotient ring of A, the nilradical equals the Jacobson radical;

(iii) every non-maximal prime ideal of A is the intersection of all prime ideals which contain i
iproperly.

A ring satisfying one of the above conditions is called a Jacobson ring (or Hilbert ring).

Proof. — Suppose (i), and let a be an ideal of A. We of course have nil A/a C rad A/a. Conversely,
for any prime ideal p of A/a the lift p to A is also a prime ideal containing a. Since p is an intersection
of maximal ideals containing a, which correspond to maximal ideals of A/a, we see that p is also an
intersection of maximal ideals of A/a. Thus, rad A/a C nil A/a, and we obtain (ii).

Next, assume (ii), and let p be a non-maximal prime ideal of A. By assumption, rad A/p =
nil A/p = (0). Since the maximal ideals of A/p are not (0) and correspond to maximal ideals of A
which contain p properly, we can lift back rad A/p = (0) to see that p is the intersection of all
maximal ideals of A which contain p properly. As the intersection of all prime ideals of A whichl
contain p strictly also contains p, this intersection equals p. This proves (iii).

Finally, that (iii) implies (i) is the most difficult. Suppose that (i) is false, i.e., there is a prime
ideal which is not an intersection of maximal ideals. By passing to the quotient ring of A, we may
assume w.l.o.g. that A is an integral domain with rad A # (0). So, let f € rad A\ {0} so that
Ay #0. Then Ay has a maximal ideal, and its contraction in A is a prime ideal p with f ¢ p which
is maximal w.r. t. this property. Hence p is not maximal (since f € rad A) and is not the intersection
of prime ideals containing p properly (prime ideals that properly contain p must contain f, so thein
intersection contains f). Thus, (iii) is false. aig

Proposition 111.1.3.9. — Let B be an A-algebra where A is a Jacobson ring. If B is

(i) integral over A or
(ii) finitely generated as an A-algebra,

then B is Jacobson. This is in particular true if A =17 (i.e., B is a finitely generated ring) or A
field.

\Proof. — W.l.0.g., we assume that A is a subring of B.
For the first part, suppose that B is integral over A, and let q be a prime ideal of B. Then
the contraction g N A in A is an intersection ﬂ m,; of maximal ideals of A by proposition I11.1.3.8
v the going-up theorem [11.1.2.7 and corollary HI 1.2.2, each m; lies under a maximal ideal n;
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of B which contains q. Since g C (), n; with gN A ={) n;N A=) m;, corollary I1.1.2.3 implies
a= ﬂl n;.

For the second part, suppose that B is finitely generated over A, and let q be a prime ideal
of B. Then B/q is an integral domain and finitely generated over A/(qN A). Since rad A/(qN A) =
nil A/(qN A) = (0) by proposition II1.1.3.8, we have rad B/q = (0) by proposition I11.1.3.7. Thus
lifting back to B, we see that q is the intersection of all maximal ideals of B which contain q. CZ

Proposition I11.1.3.10. — Let A be a ring. Then A is Jacobson iff any finitely generated,
A-algebra B which is also a field is finite.

Proof. — Suppose that A is Jacobson, and let B be a finitely generated A-algebra which is also a field
w. 1. 0.g., suppose that A is a subdomain of B. Note that rad A = nil A = (0) by proposition I11.1.3.8
Then lemma I11.1.3.6 gives an s € A\ {0}, and let m be a maximal ideal of A not containing s
since s ¢ rad A). By properties of s, the canonical map A —+ A/m = k extends to a map ¢: B — k
Because B is a field, ¢ is injective, and ¢(B) = B is algebraic, finitely generated and hence finite
over k (cf. corollary I11.1.1.8). Thus, B is also finite over A by scalar restriction.

Conversely, let p be a non-maximal prime ideal of A. Let B = A/p, and let f € B\{0}. Then By
is a finitely generated A-algebra, e.g., by 1/f. If B; were a field, then it is finite over A by hypothesis
In particular, By is finite over B, so integral over B by corollary [1I.1.1.8. Then lemma [I1.1.2.1 gives
the contradiction that B is a field. Thus, By is not a field and has a non-trivial prime ideal, whose
contraction p’ in B is non-trivial with f ¢ p’. In other words, the intersection of all non-trivial
prime ideals of B is the zero ideal. Thus, A is Jacobson by proposition I11.1.3.8. pid

§ III.2. VALUATION RINGS
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CHAPTER VIII

PRELIMINARIES

§ VIIL.1. PREVARIETIES

)Although algebraic geometry studies systems of polynomial equations in several variables over
arbitrary rings, we will first go the classical route by considering polynomials over algebraically|
closed fields, originally over C. This will serve as a motivation and guideline for what is to come.

Convention VIIL.1.0.1. — Throughout, let k be an algebraically closed field. It is, in particular
infinite.

Motivation VIIL.1.0.2. — Consider f =T} — T2(T} + 1) € k[T}, T,]. Although the real picture
as in figure VIII.1 can be misleading as R is not algebraically closed, it is still often helpful. We
can see that it is a ‘one-dimensional’ object. In fact, except for the origin (0,0), it locally looks
like a line, i.e., there is a unique tangent line. In other words, the origin is ‘singular’ and all other|
points are ‘smooth’. By the theorem of implicit functions from analysis, the set of roots of f is
diffeomorphic to R at point (x4, z,) if the Jacobian (0f/0Ty 0f/JT,) has full rank 1. Since partial
derivatives can be done over arbitrary base fields, we will later on take this as the definition of]
algebraic smoothness.

Figure VIIL1: Solutions of T2 — T (T} + 1) = 0 in R2.

'VIII.1.1. Affine algebraic sets.

Definition VIII.1.1.1. — Let M C k[T},...,T,] be a subset of polynomials. The vanishing set
of M is the set

V(M) :={(ty,...,t,) € k™| f(ty,...,t,) =0 for all f € M}.

If M ={f;|i€ I}, then we also write V(f;,i € I) instead of V(M).

Remark VIII.1.1.2. — (i) We have V(M) = V((M))




Insert reference

[GW20, Prop. 1.20].

Insert reference
[GW20, §(1.5)
Prop. 5.31].

94 CHAPTER VIII. PRELIMINARIES

(ii) By Hilbert’s basis theorem 1.5.3.4, k[T}, ..., T,,] is noetherian, so the ideal (M) is generated by,
finitely many elements of M. Hence, for any M C k[T}, ..., T, ] there are finitely many f,..., f,. € M
such that V(M) = V(fy,..., f,)-

(iii) V(—) is inclusion-reversing: M’ C M implies V(M") D V(M).

Proposition VIII.1.1.3 (Zariski topology). — The sets V(a) where a runs through all ideals of]
k[T, ...,T,] define a topology on k™ by being closed, the so-called Zariski topology.

\Proof. — We need to check that this is a topology.

(i) We have @ = V(1) and k™ = V(0).
(ii) For every family (a;);c; of ideals a;, we have

(V(a,) ={z€k™|f(x)=0forallicand f €aq,} = V(U ai) = v(Z ai> (VIIL1.1.3.1

el el el

because (UJ,_, a;) =>_,_, a; as ideals.

(iii) Since ab € anNb C a,b, we have V(a) UV(b) C V(anb) C V(ab). Conversely, if
x € V(ab) \ V(a), then f(x) # 0 for some f € a, but (fg)(x) = 0 for all g € b (since fg € ab)
Hence, g(x) = 0 for all g € b and = € V(b). Thus, we have equality:

V(a) UV(b) = V(anb) = V(ab). (VIIL1.1.3.2
i

Definition VIII.1.1.4. — Define A™(k) to be the topological space k™ with the Zariski topology
and call it the affine space of dimension n over k. A closed subsets of A™(k) is called an affine
algebraic set.

Fact VIIL.1.1.5. — Flinite subsets of A™(k) are closed.

\Proof. — Single points are closed since for z = (x4, ...,x,,) € k™, we have {x} = V(m,) where
m, := (T} —z,...,T,, — x,) is the kernel of the evaluation map ev,: k[T},...,T,] — k. o

x

Warning VII1.1.1.6. — The advantage of the Zariski topology is that it can be defined for
any k. However, the drawback is that it is very coarse: for n > 0, it is never Hausdorff.

Example VII1.1.1.7. — For n = 1, the ring k[T] is a principal ideal domain, so the affine algebraic
sets of Al(k) are of the form V(f) with f € k[T]. Since every non-zero polynomial has at most
finitely many roots, the affine algebraic sets of Al(k) are Al(k) itself and finite subsets of it. In
particular, if k is infinite then A!(k) is not Hausdorff.

Example VII1.1.1.8. — For n = 2, the affine algebraic sets of A%(k) are more difficult to describe
The obvious ones are:

- A2 (k);

— single points V(m,) = {z};

— V(f) for irreducible polynomials f € k[T}, T,].
In fact, these sets are irreducible in the sense that every other affine algebraic set is a finite union of

these. The reason is that all of these sets are of the form V(p) for p a prime ideal in k[T},T,]. We
will show all of this later. As a consequence, A2(k) is not Hausdorff if & is infinite.

(L  ——

In the case of algebraically closed fields, the deep relation between algebra and geometry is
established by Hilbert’s Nullstellensat
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Zariski’s lemma VIIL.1.1.9. — Let K be a (not necessarily algebraically closed) field, and let A
be a finitely generated K -algebra. Then A is Jacobson, i.e., for every prime ideal p of A we have
p = ﬂmj m where m runs through all mazimal ideals of A. If m is a mazimal ideal of A, then the

field extension (A/m)/K is finite.

'VIII.1.1.10. — The proof is based on Noether’s normalisation theorem. Recall that a ring map)
R — R’ is integral if each element of R’ is a root of a monic polynomial over R. It is finite if R’ is
additionally a finitely generated R-algebra, i.e., of finite type. Finiteness is equivalent to R’ being a
finite R-module.

Note that finite algebras and finitely generated algebras are quite different, and that the notion
integral has nothing to do with integral domain. However, we will call an algebra integral if it is an
integral domain. !!!

Theorem VIIL.1.1.11 (Noether’s normalisation theorem). — Let K be a field, and let A # 0
be a finitely generated K-algebra. Then there exists some n > 0 and t,...,t,, € A such that the
K-algebra map K[T},...,T,)| = A, T, = t, is injective and finite. a,,

rTn

Lemma VII1.1.1.12. — Let A — B be an injective integral ring map of integral domains. The
A is a field iff B is a field.

Lemma VIII.1.1.13. — Let L/K be a field extension where L is a finitely generated K-algebra
Then L is a finite extension of K.

] < L of
i

\Proof. — Applying Noether normalisation to L, we obtain a finite inclusion K[T},...,T,

rTn

K-algebras. By the previous lemma, we must have n = 0, so K < L is a finite field extension.

\Proof of Zariski’s lemma VIII.1.1.9. — The second statement follows from the previous lemma: if
m is a maximal ideal of A, then A/m is a field extension of K which is finitely generated over K
whence finite over K.

For the first statement, we firstly make an observation. Let L be a finite field extension of K
and let ¢: A — K be a K-algebra map. Then im ¢ is an integral K-algebra that is finite over K
By going up, im ¢ is a field, and hence ker ¢ is a maximal ideal of A.

To see that A is Jacobson, let p be a prime ideal of A. By passing to A/p, we may assume that
A is an integral domain and it suffices to show that the Jacobson radical rad A is trivial. Here comes
the trick: for any x € A\ {0}, the K-algebra A[z~1] is finitely generated (and non-trivial since A is
integral). If m is a maximal ideal of A[z~1], then A[z~!]/m is a finite field extension of K by the
second statement proven above. By the previous observation, the kernel of A — Alz~!] — A[z~!]/m
is a maximal ideal which does not contain z. Thus, = ¢ rad A. s

As an immediate corollary:

Weak Nullstellensatz VII1.1.1.14. — Let K = k be algebraically closed.

(i) Let A be a finitely generated k-algebra, and let m be a maximal ideal of A. Then A/m =k
(ii) Let m be a mazimal ideal in k[T},...,T,]. Then there exists a point © = (x4,...,2,) € A" (k)
such that m = m, := (T} — xy,...,T,, — x,). In other words, the (geometric) points of A™(k) are

precisely the (algebraic) maximal ideals of k[Ty,...,T,].

Proof. — For (i), we know that (A/m)/k is a finite field extension by Zariski’s lemma VIII.1.1.9
Since k is algebraically closed, we must have A/m = k.

For (ii), let z; be the image of T, under ¢: k[T, ..., T,)] — k[T, ...
contains the maximal ideal m_, so both are equal

,T,]/m = k. Then ker ¢ = m
g
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'VIII.1.1.15. — Recall the definition [.1.3.16 of a radical of an ideal a in a ring A:
Va:={f € A|f" € a for some r > 0}.

We say that an ideal a is radical if a = /4.

Notation VIIL.1.1.16. — For a subset Z C A"(k), we denote the ideal of functions vanishing
on Z by
I(Z):={f ek[T),...,T,]| f(x) =0 for all x € Z}.

Hilbert’s Nullstellensatz VIII.1.1.17. — (i) I(V(a)) = /a for all ideals a in k[T},...,T,].
(ii) V(I(Z)) = Z for all subsets Z C A" (k).

Thus, there is a bijection
%
{radical ideals of k[T},...,T,|} == {affine algebraic sets of A™(k)}
I

given by mutually inverse maps V(—) and 1(—), whose restrictions give another bijection
{mazximal ideals of k[Ty,...,T, ]|} +— {points of A™(k)}.

\Proof. — To prove (i), observe the following general fact: for any f € k[T}, ..., T, ] and any z € A" (k)
we have f(z) = 0 iff f € m, := kerev,. This implies that I(Z) =[] _, m, for arbitrary subsets
Z C A™(k), and that x € V(a) iff a C m,. Hence, I(V(a)) = ﬂaseV(a) m, = ﬂmw;amr' By the Weak
Nullstellensatz VIII.1.1.14, Zariski’s lemma VIII.1.1.9, and proposition 1.1.3.17, we finally obtain
ﬂmw;a m, = ﬂm;a m= ﬂpga p = v/a where m runs through all maximal ideals and where p runs

through all prime ideals of k[T, ..., T,,].

The proof of (ii) does not need the Weak Nullstellensatz VIII.1.1.14. Obviously, Z C V(I(Z))
and V(I(Z)) is closed, which is why Z C V(I(Z)). Conversely, let V(a) C A"(k) be a closed subset
containing Z. Then f(xz) =0 for all x € Z and all f € a, so a C I(Z) and hence V(I(Z)) C V(a)

i

'VIII.1.2. Topological properties of affine spaces.

Definition VII1.1.2.1. — A non-empty topological space X is called irreducible if X is not
the union of two proper closed subsets. The same notion applies to subsets of X under the induce
subspace topology. A maximal irreducible subset of X is called an irreducible component of X.

Proposition VIIL.1.2.2 (characterisation of irreducible spaces). — Let X be a non-empt
topological space. Then the following are equivalent.

(i) X is drreducible.

(ii) Any two non-empty open subsets of X meet.
(iii) Ewvery non-empty open subset is dense in X.
(iv) Every non-empty open subset is connected.
(v) FEvery non-empty open subset is irreducible.

\Proof. — The equivalence of (i) and (ii) follows by taking complements. Recall from point-set
topology that a set is dense iff it meets every open subset; this is the equivalence of (ii) and (iii)
The equivalence of (ii) and (iv) follows easily by definition.

Now assume (iii). Let U C X be non-empty and open. Every non-empty open subset of U
is dense in X, by assumption, and likewise dense in U. Hence, as we have already shown, U is
irreducible and thus, (v) holds. On the other hand, (v) obviously implies (i) s




VIIL.1. PREVARIETIES 97

Fact VIII.1.2.3. — Let f: X — Y be a continuous map of topological space. If Z C X 1ig
irreducible, then the image f(Z) is irreducible.

Proof. — By proposition VIII.1.2.2; any two non-empty open subsets of f(Z) do not meet since
their preimages do not meet. pig

‘Lemma VIIL.1.2.4. — Let X be a topological space. Then the subspace Y C X is irreducible iff
Y is irreducible. In particular, irreducible components are closed.

Proof. — A non-empty open subset of Y is an open subset of X that meets Y. Moreover, an open

subset of X meets Y iff it meets Y. Through this reduction, we see that two non-empty open subsets
of Y meet if they meet in Y and vice versa. The statement follows from proposition VIII.1.2.2.  dd

Observation VIII.1.2.5. — Let X be a topological space, and fix an open subset U. Suppose
that Z C X is an irreducible closed subset with ZNU # &. Then ZNU is an irreducible open subset,
of Z by proposition VIII.1.2.2 and hence an irreducible closed subset of U. Proposition VIII.1.2.2
also implies that Z N U is dense in Z, so ZNU = Z. With lemma VIII.1.2.4, this establishes a
bijection

{Y C U irreducible closed} «— {Z C X irreducible closed with Z NU # @}
Y Y (in X)
ZNU <+ Z.

Proposition VII1.1.2.6. — Let X be a non-empty topological space. Every irreducible subset]
of X is contained in an irreducible component. In particular, X is the union of its irreducible
components.

\Proof. — The second statement follows from the first since singleton sets are irreducible. The
first statement is an application of Zorn’s lemma. Consider all irreducible subsets of X containing
a distinguished irreducible subset X’ C X. Any chain {Y,}, of irreducible subsets has their
union Ua Y, as an upper bound. Indeed, if Ua Y, = Z, U Z, for proper closed subsets Z; and Z,
then any Y, must be contained in Z; or Z, because Y, is irreducible. In particular, there is some
Y; C Z, meeting Z; \ Z, and some Y, C Z, meeting Z, \ Z;, contradicting the chain condition for
Y; and Y. Thus, Zorn’s lemma shows that X’ is contained in an irreducible component. i

Lemma VIIL.1.2.7. — Let X be a topological space and let X = Uie[ U, be an open covering by
connected open subsets U;.

(i) If X is not connected, then there evists a subset @ # J C I such that U; NU; = @& for al
jedJandalli eI\ J.
(ii) If X is connected and if all U, are irreducible, then X is irreducible.

\Proof. — By assumption of (i), we can write X = V] I, where V] and V, are non-empty, open and
closed. It follows that each U, is either contained in V; or V3, and we may set J:={i € I |U; C V;}
This proves (i).

To show (ii), we will heavily employ proposition VIII.1.2.2. Let V' C X be a non-empty open
subset; our goal is to show that V' is dense in X. It suffices to show that V meets all U, because
then the closure V in X contains each irreducible U; and hence, V = X. So, consider J = {i € I |
V NU; = @}. Suppose that there are j € J and i € I \ J such that U; meets U;. Since V|
meets U;, irreducibility of U; tells us that V' and U; meet inside U;, contradicting j € J. Hence
X = UjE J U UiE N U, is a disjoint union. But X is connected, so J must be empty. pid

Proposition VII1.1.2.8. — Let Z C A™(k) be an affine algebraic set. Then Z is irreducible iff
(Z) is a prime ideal. In particular, A" (k) is irreducible
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\Proof. — By definition, Z is irreducible iff it is not a union of two proper closed subsets. We know
from equation (VIII.1.1.3.1) that closed subsets can be expressed as an intersection of sets V(f)
Hence, the condition of irreducibility is equivalent to the property that if V(fg) = V(f)UV(g) D Z
equality follows from equation (VIII.1.1.3.2)) then V(f) 2 Z or V(g) 2 Z. In other words, Z is
irreducible iff fg € I(Z) implies f € I(Z) or g € I(Z), that is, I(Z) is a prime ideal. ol

Remark VIII.1.2.9. — The bijection in Hilbert’s Nullstellensatz VIII.1.1.17 restricts to

{prime ideals in k[T}, ..., T,]} +— {irreducible closed subsets of A™(k)}.

CzDoe—
Definition VII1.1.2.10. — A topological space X is called quasi-compact if every open covering
of X has a finite subcovering.
Warning VIII.1.2.11. — A closed subspace of a quasi-compact space is again quasi-compact

This need not hold for open subspaces, however.

Definition VIII.1.2.12. — A topological space X is called noetherian if every descending chai
X D Z, O Zy D - of closed subsets of X becomes stationary. This property is equivalent to the
iproperty that every non-empty set of closed subsets of X has a minimal element w. r.t. inclusion.

Lemma VIIL.1.2.13. — Let X be a topological space with a finite covering X = U::l X; by
moetherian subspaces. Then X is noetherian.

Proof. — Let X O Z; D Z, O - be a descending chain of closed subsets. Then (Z; N X;); is a
descending chain of closed subsets of X, so it stabilises starting at, say, index N; > 1. So, starting

at N := max{Ny,..., N,.} the descending chain of X stabilises to U::l(ZN NX,)=2,. yid
Lemma VIII.1.2.14. — Let X be a noetherian topological space.

(i) Every subspace is noetherian.
(ii) Every subset of X is quasi-compact (including X itself).
(iii) Fwvery subset of X has finitely many irreducible components.

\Proof. — Let Y C X be a subspace, and consider a descending chain (Z;), of closed subsets of Y’
Then (Z,), is a descending chain of closed subsets of X, which becomes stationary. Since Z,NY = Z,
the chain (Z;),; becomes stationary as well. This proves (i).

To show (ii), by (i), it suffices to show that X is quasi-compact. Let X = J, U; be an open
covering, and let & be the set of all finite unions of the U;. Since X is noetherian, & must have
a maximal element V. If V # X, then there would be some U; such that V. C VUU, € U
a contradiction. Thus, V' = X is a finite union of certain Uj, i.e., the covering has a finite subcover

Again by (i), it suffices to show that X has finitely many irreducible components in order
to prove (iii). We claim that X is the union of finitely many irreducible subsets. Then, due to
proposition VIIIL.1.2.6, we can write X = U:, X, where the X, are (closed) irreducible components
of X. If Y C X is any irreducible component, then any Y N X, is a closed subset of Y by
lemma VIIL1.2.4, 50 Y = J_ (Y N X;) implies Y =Y N X; for some 4, whence ¥ = X;.

To show the claim, let £ be the set of closed subsets of X that are not a finite union of irreducible
subsets. If £ is non-empty, then there would be a minimal element Z € Z since X is noetherian. Inl
particular, Z would not be irreducible and hence, a union of two proper closed subsets not lying in £
These two subsets are a finite union of irreducible subsets and therefore Z as well, a contradiction
Thus, 2 is empty and, in particular, X is a finite union of irreducible subsets. i

Proposition. VII1.1.2.15. — Any subspace of A™(k) is noetherian
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\Proof. — By lemma VIII.1.2.14, it suffices to show that A™(k) is noetherian. Hilbert’s Nullstel;
lensatz VIIL.1.1.17 says that descending chains of closed subsets of A™(k) correspond to ascending
chains of radical ideals in k[T7, ..., T,]. But we know from Hilbert’s basis theorem I1.5.3.4 that the
latter is noetherian. pi

With the same trick, we can obtain a weak version of the primary composition in noetherian
rings.
Corollary VIIL.1.2.16. — Let a be a radical ideal of k[1},...,T,]). Then a is the intersectio
of finitely many prime ideals that do not contain each other. These prime ideals are uniquel
determined by a.

'VIII.1.3. Category of affine algebraic sets.
Naturally, morphisms between affine algebraic sets should be polynomial.

Definition VIIL.1.3.1. — Let X C A™(k) and Y C A™(k) be affine algebraic sets. A morphism)
of affine algebraic sets X — Y is a map f: X — Y of sets such that there are fi,..., f, €
k[Ty, ..., T, with f(x) = (fi(x),..., f,(x)) for all x € X. We denote the set of morphisms X —Y
with Hom(X,Y).

Observation VIII.1.3.2. — Morphisms of algebraic sets can be always extended to morphisms
A™ (k) — A™(k), although not uniquely unless X = A™ (k). So, if f = (f1,..., f,,): A™(k) — A" (k)
is a morphism, then we obtain a k-algebra map ev,: k[S;, ..., S, | = k[T},...,T,,], S; = f;. For any
closed subset V(a) € A"(k), the preimage f~'(V(a)) = V(ev,(a)) € A™ (k) is again closed. Thus
morphisms of affine algebraic sets are continuous.

Observation VIII.1.3.3. — Let X C A™(k), Y C A"(k) and Z C A" (k) be affine algebraic sets
and let f = (fy,...,f,): X =Y and g =(g1,...,9,): Y = Z be morphisms. Then go f = (hy,...,h,)
where h; € k[T}, ..., T,,] is the image of g; under the map ev;: k[S,, ..., S,] = k[T, ..., T,], S; = f;

Thus, g o f is again a morphism and we obtain the category of affine algebraic sets.

Example VII1.1.3.4. — (i) The map Al(k) — V(T; —T%), z (2%, x) is a morphism. It is even
an isomorphism with inverse (z,y) — y.

(i) The map AY(k) — V(TZ —TE(T; + 1)), # + (2% — 1, 2(2% — 1)) is a morphism. If char k # 2
then it is not bijective because —1 and 1 are both mapped to the origin (0,0). If char k = 2, then
the map is bijective; however, it is still not an isomorphism.

(ili) We can identify Mat,, (k) with A?*(k) so that it has the structure of an affine algebraic set
Then the map Mat,, (k) — Al(k), A+ det A is a morphism.

(iv) The complex exponential function exp: A'(C) — A!(C) is not a morphism as it is not
continuous w.r.t. the Zariski topology: the preimage exp~1(0) = {27ki| k € Z} is not closed by
example VIII.1.1.7.

Warning VII1.1.3.5. — Bijective morphisms are not necessarily isomorphisms. Another|
example includes Al(k) — V(T2 — T3), t + (¢2,¢%), which is a bijective morphism, but not
an isomorphism. Any inverse morphism would be a polynomial f € k[T, T,] with f(t2,t%) = ¢
However, the possible degrees of the monomials of f are 2n + 3m for m,n > 0, and 1 # 2n + 3m.

Motivation VIII.1.3.6. — The notion of affine algebraic sets still has some caveats:

(i) Open subsets of affine algebraic sets are not naturally affine algebraic sets. This prevents us
from gluing affine algebraic sets along open subsets, which is desirable for geometric objects.

(i) We cannot distinguish between V(Y) N V(X) C A%(k) (one point) and V(Y)NV(X? —Y) C
A?(k) (‘two’ points), although the geometric situation is a bit different. We will later see that this
also happens with fibres of morphisms

[GW20] mentions
[AM16, ch. 4, ch. 7].

Show this. It is not
possible to use degrees
due to characteristic.




100 CHAPTER VIII. PRELIMINARIES

(iii) Affine algebraic sets require algebraically closed fields and do not allow polynomial equations
over general rings.

We will solve (i) in the following; the problem arises as affine algebraic sets are embedded into affine
space. Problems (ii) and (iii) will be solved by scheme theory.

Definition VIIL.1.3.7. — Let X C A™(k) be an affine algebraic set. The set of functions
Hom (X, AY(k)) is naturally endowed with a k-algebra structure by pointwise addition and multi
plication, where k corresponds to constant functions. Every f € k[Ty,...,T,] induces a morphis

(function) X — AY(k), x = f(x), so we obtain a k-algebra map k[T, ..., T,] = Hom(X, Al (k)) with
kernel 1(X). We call the k-algebra
[(X) = k[T, ...,T,]/I(X) = Hom(X, Al (k))
the affine coordinate ring of X.
Notation VIIL.1.3.8. — Let X C A"(k) be an affine algebraic set. For z € X, let
m, = {f € I(X) | f(z) = 0}

be the kernel of the evaluation map ev,: I'(X) — k, f — f(x). In other words, it is the image of the
maximal ideal (T} — x4,...,T,, — z,,) under I'(A"(k)) = k[T, ..., T,,] = I'(X). As ev, is surjective

ytn rTn

m,, is a maximal ideal with T'(X)/m, = k.
Definition VIII.1.3.9. — Let X be an affine algebraic set. For any ideal a of T'(X), define the
wanishing set of a as
V(a):={z € X | f(x) =0 forall f €a} =V(ra)NX
where 7: k[T, ..., T,] = ['(X). The vanishing sets over all ideals a define the closed sets of the

r n

Zariski topology on X, which agree with the closed sets of X w.r.t. the subspace topology of]
X C A™(k). For any [ € T(X), further define the principal open subset of f as

D(f):={z € X[ f(z) # 0} = X\ V(f).

Lemma VIII.1.3.10. — The principal open subsets D(f) with f € T'(X) form a basis of the
Zariski topology. Finite intersections of principal open subsets are again principal open.

\Proof. — Since D(f) N D(g) = D(fg) for all f,g € T'(X), the second statement is clear. For the
first statement, let U = X \ V(a) be an open subset for some ideal a. Since I'(X) is noetherian, we
can write a = (fy, ..., f,,) so that V(a) = V(f;), whence U = {J"_ D(f;). i

Proposition VIII.1.3.11. — For an affine algebraic set X, the affine coordinate ring I'(X) is
reduced finite type k-algebra. Moreover, X is irreducible iff T'(X) is an integral domain.

\Proof. — T'(X) = k[T},...,T,]/1(X) is obviously finitely generated. It is also reduced since I(X) is
radical by Hilbert’s Nullstellensatz VIII.1.1.17. Finally, proposition VIII.1.2.8 tells us that X is
irreducible iff I(X) is prime, which is the second statement. i

Theorem VII1.1.3.12. — Associating to a morphism f: X — Y of affine algebraic sets the
k-algebra map

I'(f) = f*: Hom(Y,A'(k)) = I(Y) — Hom(X,Al(k)) = I(X),  grogof
induces an equivalence of categories
T': {affine algebraic sets}°P — {reduced finitely generated k-algebras}.

This restricts to an equivalence of categories

I: {irreducible affine algebraic sets}°® — {integral finitely generated k-algebras}
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\Proof. — We first check that T' is fully faithful, i.e., for affine algebraic sets X C A™(k) and
Y C A™(k) we construct an inverse to the map I': Hom(X,Y) — Hom(I'(Y),I'(X)). Given any
$: T(Y) — I'(X), there exists a lift(VITI1)

KISy, S,] —o k[T, ... T),]
ry) —2 51X
Define f == (¢(S,),...,0(S,)): X = Y as the image of ¢. This is indeed the inverse of I': given
f=(fi, - fn): X = Y, let ¢ = I'(f). Then ¢(g9) = g(fy,.., f,) for all g € k[Sy,...,S,], so
setting g = S; gives ¢(S;) = f;, as desired. Conversely, given ¢: I'(Y) — I'(X), we obtain
f=1(0(Sy),...,6(5,)): X =Y. So, for g € I'(Y) with g € k[S;, ..., S,] this yields

L(f)(9) = 9(#(S1), .., #(S,)) mod L(X) = ¢(g(Sy, ..., S,,)) mod I(X) = (g).

We now show that I' is essentially surjective, i.e., for every reduced finite type k-algebra A there

exists an affine algebraic set X with A = I'(X). Since A = k[T}, ..., T,]/a for a radical ideal a, we can

choose X = V(a) C A"(k) so that I'(X) = k[T, ..., T, /a by Hilbert’s Nullstellensatz VIII.1.1.17.
Finally, the restriction follows from proposition VIII.1.3.11. pid

Proposition VIII.1.3.13. — Let f: X — Y be a morphism of affine algebraic sets, and let

T(f): T(Y) = T(X) be the corresponding map of affine coordinate rings. Then T'(f)~1(m,) = M)
for all z € X.

Proof. — We have g € my,) C T(Y) iff g(f(x)) = T(f)(9)(z) = 0 iff g € T(f)""(m,). sig

'VIII.1.4. Prevarieties.

'We will now introduce a notion due to Séminaire de Chevalley, a precursor to ringed spaces and
alluding to how real smooth manifolds can be described as a topological space with sets of smoothl
functions on each open subset.

Definition VII1.1.4.1. — Let K be a field.

(i) A space with functions over K is defined as a topological space X with a family Oy of
K -subalgebras O (U) C map(U, K) for every open subset U of X satisfying the following properties

(a) Restriction aziom: for U C U C X open and f € Ox(U), the restriction fly €
map(U’, K) lies again in Ox(U’).

(b) Gluing aziom: for U, C X open and f; € Ox(U,) wherei € I f; |UQU fj|UiﬂUj for al
i,j € I, the unique function f: Uid U, = K determined by f|Ui = f; for all i € I lies again i
OX(UiEI U;) °

We will often write X instead of (X,0x).

(i) A morphism of spaces with functions g: (X,0yx) — (Y, OY) is a continuous map
g: X =Y such that for all V- CY open and f € Oy (V) the function f o g|, g_l(V) — K lies

in Ox (g~ (V).

Clearly, spaces with functions over K form a category.

Definition VIII.1.4.2. — Let X be a space with functions, and let U C X be an open subspace
We then denote by (U, Ox|y) the space U with functions Ox|y (V) = Ox (V) for V.C U open.

(VIL1) s, S, is a free k-algebra
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We now specialise to affine algebraic sets.

Definition VIIL.1.4.3. — Let X be an irreducible affine algebraic set, in which case T'(X) is an
integral domain. We call K(X) := QuotI'(X) the function field of X.

Observation VIII.1.4.4. — We want to turn an affine algebraic set X C A" (k) into a space of
functions over k. To this end, the k-subalgebras O (U) will be contained in K(X). If we understand
I'(X) as Hom(X, Al(k)), then each element of K(X) will be of the form f/g for f,g € I'(X) with
g # 0. However, f/g usually does not define a function on X because g may have roots on X, but it
certainly is a function on D(g) (or an even bigger open subset of X depending on whether f/g is
completely reduced).

Lemma VIII.1.4.5. — Let X be an irreducible affine algebraic set, and consider f,/gy, f5/92 €
K(X) such that there is a non-empty open subset U C D(g,9,) with fi(x)/g,(x) = fo(x)/g5(x) fo
all z € U. Then fi/g; = f5/95 in K(X).

\Proof. — From proposition VIII.1.2.2, we know that U is dense in X. Since V(f;95 — fo91)
contains U, it must equal X and hence, f;g5, — f59; = 0 in I'(X). B

Construction VII1.1.4.6. — Let X be an irreducible affine algebraic set. In order to construct
the space (X, Oy ) with functions, we define for each non-empty open subset U C X the set

Ox(U) = (| T(X)m, € K(X)

zeU

where I'(X),, = UfeF(X)\mz ['(X); is the localisation of I'(X) at m,. If U = @, we define
Ox () = {*} as a singleton set.

To see that f € Ox(U) indeed defines a function U — k, note that f € I'(X), . So, we
may write f = g/h with g,h € T'(X) and h ¢ m,. This means that h(z) # 0 and that f(z) =
g(x)/h(x) € k is well-defined. In this way, we obtain a map Oy (U) — map(U, k), which is injective
by lemma VIII.1.4.5, i.e., Ox(U) can be identified with a k-subalgebra of map(U, k).

For non-empty open subsets V. C U C X, we have Ox(U) C Ox(V) by definition, and this
inclusion is precisely restriction of functions by the above identification. Finally, the gluing of]
functions is also possible by definition of Ox(U). Thus, (X,0y) is the space with functions
over k) associated to X.

Proposition VIIL.1.4.7. — Let (X,0x) be a space with functions associated to an irreducible
affine algebraic set X. For all f € T'(X), we have

(as subsets of K(X)). In particular, Ox(X) = T'(X) when taking f = 1.

Proof. — We obviously have I'(X); C Ox(D(f)). Conversely, let g € Ox(D(f)) and set a :=
(T'(X):g9) ={h € T(X) | hg € T(X)}. We need to show that f € /a, in which case g = h/f"
for some h € a and some n > 0. Since y/a = I(V(a)) by Hilbert’s Nullstellensatz VIII.1.1.17, we
only need to check that V(a) C V(f). Let z € D(f). As g € Ox(D(f)) = X\ V(f), we can write
9 = g1/95 with g1, 9, € I'(X) and g, ¢ m,. Of course, g, € a and g,(z) # 0, so necessarily = ¢ V(a)

i

Warning VIII.1.4.8. — For f € Ox(U) with U C X open, we cannot expect f to be globall

of the form g/h with g,h € T'(X) and h(z) # 0 for all z € U. Such a representation is only|
guaranteed locally on U: for any other point 2 € U N D(h), we have h ¢ m,,, so any other
epresentation f = ¢’ /h’ at y is equal to ¢g/h in K(X) and hence in F(X\MT
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However, if T'(X) is a unique factorisation domain, e. g., X = A" (k), then the global representation
is possible. For any two points x,z, € U, suppose that we have representations f; /g, and f5/gy
of f, resp. They are equal to f in K(X), so fig5 = fog; in I'(X). Assuming that f;/g; and f5/go
are completely reduced, we can deduce that f; = f, and g; = g,.

Remark VIIL.1.4.9. — We could have defined (X, Oy) also in a different way by hypothesising

Ox(D(f)) =T(X);

for all f € I'(X) proposition VIII.1.4.7 and recovering construction VIII.1.4.6 with the gluing
axiom. This is possible because the principal open subsets D(f) form a basis of the Zariski topology]
lemma VIII.1.3.10). We would be only left to show that such a space indeed exists, i.e., that it
is well-defined (D(f) = D(g) implies I'(X); = I'(X),) and that gluing is possible. This would be
similar to what we have argued in construction VIII.1.4.6 and proposition VIII.1.4.7. This approach
will be used to define affine schemes.

Remark VIII.1.4.10. — Given an integral finite type k-algebra A, we can recover a space with
functions (X, Oy) of the corresponding irreducible affine algebraic set X (note that X is unique up
to isomorphism by theorem VIII.1.3.12). To do this, set X := MaxSpec A with closed sets

V(a):=={me X|mDa}
where a runs through all ideals of A. For open subsets U C X, we define
Ox(U):= [ An € Quot A.
melU
This approach will be used to define schemes.

Proposition VIII.1.4.11. — Let X and Y be irreducible affine algebraic sets, and let f: X =Y
be a map of sets. Then the following are equivalent:

(i) The map f is a morphism of affine algebraic sets.

(ii) If g e T(Y), then go f € T'(X).

(iii) The map f is a morphism of spaces with functions, i.e., f is continuous and for U CY
open and g € Oy (U), we have go |1 € Ox(f7HU)).

\Proof. — We know from theorem VIII.1.3.12 that (i) and (ii) are equivalent. Moreover, (iii) im-
plies (ii) by proposition VIII.1.4.7 if we take U =Y.

We need to show that (ii) implies (iii). Let f*: I'(Y) — I'(X), h = h o f, which is well-defined
by assumption. For g € T'(Y), we have

f71(D(g)) = {=z € X | g(f(x)) # 0} = D(f*g).

Since the principal open subsets form a topology basis (lemma VIII.1.3.10), this shows that f is
continuous. Next, f* induces I'(Y), = 0y (D(g)) = I'(X) .y, = Ox(D(f*9)), h = ho flp(pq) byl
proposition VIII.1.4.7. This shows the second claim for principal open subsets, and by gluing, the
claim for all open subsets U C Y. i

Corollary VII1.1.4.12. — Construction VIII.1.4.6 defines a fully faithful functor
{irreducible affine algebraic sets} — {spaces with functions over k}.
-  —eCzee—

Of course, not all spaces with functions can be obtained from irreducible affine algebraic sets
but we can obtain a larger class of them through gluing finitely many affine algebraic sets. This
is similar to the definition of differentiable manifolds which can be glued from open subsets of R"
endowed with their differentiable structure
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Definition VII1.1.4.13. — A space with functions (X,0x) is called connected if the underlying
topological space is connected.

(i) An affine variety is a space with functions (X,0x) that is isomorphic to a space with
functions associated to an irreducible affine algebraic set. We will often write I'(X) := Ox(X).

(ii) A prevariety is a connected space with functions (X,0x) such that there exists a finite
open covering X = U?:l U; where (U;,Ox|y,) are affine varieties for all i =1,...,n.

(iii) A morphism of prevarieties is a morphism of spaces with functions.

Recall the convention that the empty space with functions is not a prevariety. This defines the
category of prevarieties.

Remark VIII.1.4.14. — The reason why we call affine varieties not ‘affine prevarieties’ is that
we will later define varieties as separated prevarieties, and that we will see that affine varieties are
always separated.(VI112)

Remark VIII.1.4.15. — That affine varieties are irreducible and that prevarieties are glued from
a finite number of affine varieties are for purely technical reasons. With some more effort, we could
drop both properties to obtain more general affine varieties and prevarieties.

Corollary VII1.1.4.16. — We have the following equivalences of categories:
{integral finite type k-algebras}oP «— {irreducible affine algebraic sets} «— {affine varieties}.
\Proof. — Combine theorem VIII.1.3.12 and corollary VIII.1.4.12. i

Proposition VIIL.1.4.17. — Let (X,0x) be a prevariety. Then the topological space X is
noetherian (in particular quasi-compact) and irreducible.

\Proof. — The first part follows from lemmas VIII.1.2.13 and VIII.1.2.14 and proposition VIII.1.2.15
the second one from lemma VIII.1.2.7. i

Remark VIII.1.4.18. — The standard definition of a differentiable manifold uses charts with
differentiable transition maps. This is in our case, however, impossible as open subsets of affine
algebraic sets are generally not affine algebraic sets as well. Instead, our definition via spaces
of functions is equivalent to the definition in differentiable geometry if applied to differentiable
manifolds.

Given a differentiable manifold X, we define Oy as Ox(U) := C*(U) for all U C X open. Then
X = (X,0y) is a fully faithful functor

{differentiable manifolds} — {spaces with functions over R}.

The essential image are those spaces with functions whose underlying topological space is Hausdorfl
and that have open coverings of spaces with functions (U, Ogn|y) for U C R™ open. Thus, the
category of differentiable manifolds is equivalent to this essential image, and we may take it as the
definition. One can proceed similarly with complex manifolds with holomorphic transition maps.

Lemma VIII.1.4.19. — Let X be an affine variety, and consider the corresponding principa
open subset D(f) C X of some f € T'(X) = Ox(X). Let Y be the affine variety corresponding to the
integral finite type k-algebra I'(X);. Then (D(f),Ox|p(y)) and (Y,0y) are isomorphic spaces with
functions. In particular, (D(f),Ox|p(y) is an affine variety.

(VIIL.2) Thijs terminology was also Grothendieck’s old distinction between preschemes and schemes, which are
ow schemes and separated schemes, resp
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\Proof. — W.l.o.g., let X C A™(k), and let a := I(X) C k[T},...,T,]. We naturally consider
k[Ty,...,T,] C k[Ty,...,T, 1] and define a’ := a + (f7,,,; —1). Then we have I'(Y) = T'(X), =
k[T\,...,T,,1]/a’ and we can identify Y with V(a’) C A" (k).

The projection A"*1(k) —» A" (k) by forgetting the last coordinate induces a bijection

¢: Y ={(,2,,1) € X x Al(k) | 2,41 f(z) =1} — D(f) = {z € X | f(z) # 0}.

We want to show that ¢: (Y,0y) — (D(f), Ox|p(y)) is an isomorphism of spaces of functions. It is
continuous since the projection was continuous. It is open, too, because for all g/f" € T'(Y') with
g € T'(X) we have ¢(D(g/f")) = ¢(D(gf)) = D(gf). Thus, ¢ is a homeomorphism.

It remains to see that for all U C D(f), the map ¢*: Ox(U) — Oy (¢~ (U)), s = so ¢ is
an isomorphism. Note that the principal open subsets of D(f) are D(g) N D(f) = D(fg) where
g € T'(X), and that ¢~ (D(fg)) = {(@,2,,1) € Y | g(z) # 0}. So, by proposition VIII.1.4.7, we have
Ox(D(fg)) =T(X);, =(Y), = Oy (¢~ (D(fg))), and the middle equality is precisely ¢*. ol

Proposition VIII.1.4.20. — Let X be a prevariety and let U C X be a non-empty open subset
Then (U,Ox|y) is an (open) prevariety and the inclusion U < X is a morphism of prevarieties.

Proof. — Since X is irreducible, U is connected (propositions VIII.1.4.17 and VIII.1.2.2). Next
lemma VIII.1.4.19 says that (D(f), Ox|p(s) for f € I'(X) are open affine subvarieties of X. Since X]
is a union of affine varieties and due to lemma VIII.1.3.10, we can cover U by open affine subvarieties
Lastly, since X is noetherian, U is quasi-compact (proposition VIII.1.4.17 and lemma VIII.1.2.14)
so a finite subcover exists. pis

Warning VIII.1.4.21. — Open subprevarieties of affine varieties are generally not affine
e.g., U:=A"(k)\ {0} C A"(k) for n > 2. To see this, suppose that U is affine and consider the
morphism i: U < A"(k). On affine coordinate rings, we obtain

k[T, T — T(U) = Oy (U) = [V BTy, T, € R(TY, - Ty).
xzelU
For any f = g/h € I'(U) with g, h € k[T, ...,T,] and h # 0, we have h(x) # 0 for all x € U. This is
only possible, however, if h € k since n > 2 (the polynomial h(1,...,1,7;,1,...,1) in one variable T

must not have a root, so T, cannot appear in h). It follows that I'(U) = k[T3, ..., T, ], so ¢* is the

identity. By corollary VIII.1.4.16, it follows that ¢ is an isomorphism of affine varieties, contradicting
that 7 is not bijective on the underlying topological spaces.(V!-3)

Construction VIII.1.4.22. — Given a prevariety X, we want to compare the function fields
of any two non-empty open affine subvarieties U,V C X, e.g., those in the finite open covering
of X of affine varieties. Since X is connected, we have U NV # &. By definition of Ox|;, we have
TU)=0x(U) COx(UNV)CK(U), whence Quot Ox(UNV) =K(U). A similar argument shows
that K(U) = K(V'). Thus, we define the function field of X as K(X) := K(U) = K(V).

Warning VII1.1.4.23. — Let f: X — Y be a morphism of affine varieties. Then there is
generally no induced map of function fields K(Y) — K(X) because the map f*: T'(Y) — I'(X)
is generally not injective. In other words, K(—) is not functorial.

However, if f: X — Y is a morphism of prevarieties whose image contains a non-empty open
hence dense by propositions VIII.1.4.17 and VIII.1.2.2) subset of Y, then it will induce a map
K(Y) — K(X). This will follow from a theorem we will prove later (keyword: dominant maps).

Proposition VIII.1.4.24. — Let X be prevariety and let U C X be a non-empty open subset. The
Ox(U) is a k-subalgebra of K(X). If U" C U is another subset, then the restriction Ox(U) — Ox(U")
is the inclusion of subalgebras in K(X). If U,V C X are arbitrary non-empty open subsets, the
Ox(UUV)=0xU)N0Ox(V).

(VIIL3) In fact, Al (k) \ {0} C Al(k) is isomorphic to V(XY — 1) C A%(k), hence an open affine variety.

[GW20] mentions
Thm. 10.19  and|
Exer. 10.1.
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\Proof. — Tt is clear by definition that Oy (U) is a k-subalgebra. Consider any f € Oy (U) C
Hom (U, Al(k)) (note that the k-algebra structure is defined pointwise, in particular on each open
affine subvarieties of U). Then its vanishing set f~1(0) C U is closed because f is continuous and
0} C Al(k) is closed. Therefore, if f|;» = 0, that is, U’ C f71(0), then f = 0 since U’ is dense in U
propositions VIII.1.4.17 and VIII.1.2.2). Thus, the restriction map f + f|; is injective.

For the last statement, the above shows that Ox(U U V) C Ox(U) N Ox(V) for U,V C X
non-empty open. On the other hand, Oy (U) N Ox (V) C Ox (U UV'), where we consider O (U) and
Ox (V) as subsets of O (U NV), by gluing. (7]

Construction VIII.1.4.25. — Let X be a prevariety, and let Z C X be an irreducible closed
subset. We wish to define a prevariety structure on Z: for each U C Z open, define

05 U) = {f € map(U, k)

for each z € U, flyny = 9luny for some g € Ox (V)
where V' C X is an open neighbourhood of z '

In other words, O (U) consists of those functions which, at each point in U, locally agree to some
function of Oy. Hence, (Z,0) is a space with functions.

Lemma VIIL.1.4.26. — Let X be an affine variety and let Z C X be an irreducible closed subset
Then the affine varieties (Z,0,) and (Z,0y) coincide.

[Proof. — We consider (Z,0,,) as an affine subvariety of (X, Oy) by virtue of the morphism Z < X
Let f € O4(U). For each x € U, we have f|yny = glyny for some g € Ox(V) where V ig
an open neighbourhood of z. Since g € Ox(V) C I'(X),, , we also have f € I'(X),, . Hence
Fen, ,T(X)y, =0,(0).

Conversely, let f € O,(U). For each x € U there is some h € I'(Z) such that D(h) C U is an
open neighbourhood of z. Then f[p ;) € Oz(D(h)) = I'(Z);, has the form g/h™ for some n > 0
and g € T(Z). Lifting g and h to §,h € T(X) and setting V := D(h) C X, which is an open
neighbourhood of 2, we obtain §/h" € Ox (V) with f|yny = flom) = g/h" = (G/P™) |y, that is
feoyU). i

Proposition VIII.1.4.27. — Let X be a prevariety and let Z C X be an irreducible closed subset
Then (Z,07) is a prevariety and the inclusion Z < X is a morphism of prevarieties. From now on
we will write always write (Z,0y) instead of (Z,0,).

\Proof. — Let X = U:l: U, be an open covering of affine varieties. Then Z N U, is an irreducible

closed subset of U, (cf. observation VIII.1.2.5), so an affine variety by lemma VIII.1.4.26. Thus
Z = U:.lzl(Z NU,) is a prevariety. -

§ VIIL.2. SHEAVES

'VIIL.2.0.1. — Recall that a space with functions (X, Oy ) over a field K equips a topological
space X with a system Oy of functions U — K where U C X is an open subset. In order to define
schemes later, it is paramount to generalise the notion of systems of functions since we will not deal
with functions proper. As it turns out, the essential operations on functions are restricting and
gluing, rather than evaluating. This leads to the abstract notion of a sheaf on X, although it is still
instructive to think of sections of this sheaf as functions on open subsets of X. Pairing a sheaf of]
rings on X with the topological space X, we obtain the notion of ringed spaces replacing spaces
with functions
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'VIII.2.1. Presheaves and sheaves.

Definition VIII.2.1.1. — Let X be a topological space. A presheaf F on X consists of the data)
(i) a set F(U) for each open subset U C X;
(ii) a restriction map res);: F (V) — F(U) for each pair of open subsets U CV C X;
such that the following condition hold:

(i) resy = idy ) for every open subset U;

(ii) resly = resy; ores{’ for every open subsets U CV C W.

Let 3, and 5, be presheaves on X. A morphism of presheaves ¢: F, — 5 is a family of
maps ¢ F(U) = FH(U) for all U C X open, such that for all open subsets U C V the following

diagram commutes:

FV) =2 G (V)

\4 \4
I'ESUJ/ J{resU

F(U) 2 F(U).

We obtain the category of presheaves on X, denoted PSh(X).

Notation VIII.2.1.2. — Let F be a presheaf on X. If U C V are open subsets, then we write
s|y = resy;(s) for s € F(V). We call elements s € F (U) sections of F over U. Moreover, we also
write I'(U, F) := F(U) for the local sections over U.

Notation VIII.2.1.3. — Let X be a topological space. We define the category of open subsets
Ouvy of X as follows: for open subsets U,V C X, the morphisms are

o] iftU ¢V,

Hom(U,V) = {{UL)V} ifUcCV.

The composition of morphisms is defined by composition of inclusions.

Remark VIIL.2.1.4. — Alternatively, a presheaf is the same as a functor & : Ouvyy — Set. By
replacing Set with arbitrary categories €, we obtain a presheaf & on X with values in €. In this case
F(U) are objects in € and resg are morphisms in €. For instance, € = AbGrp, Ring, R-Mod, R-Alg
etc., give presheaves of abelian groups, presheaves of rings, etc., resp. A morphism of presheaves
J, — 5 with values in € then is simply a natural transformation between morphisms.

oo
Definition VIIL.2.1.5. — Let F be a presheaf on a topological space X, and let U C X be an
open subset with an open covering U = Uie[ U,. Depending on this covering, we define
p: 7 () — [[7 W), st (sly,)is
iel
o: Hff(Uz) - H FU;N;), (si); — (si|U,;ﬂUJ)i,j;
icl ijel
o' H?(Ui) — H F(U;NUy), (8;); — (Sj|U,LﬂUj)i,j'
icl i,jel

The presheaf F is called a sheaf if it satisfies the sheaf condition: for every open covering
U = Uie] U, for an open set U, the diagram

705 [[rw) = [[ 7w,nuy

il o —1,jc1
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is an equaliser.""""Y) This means that p is a bijection onto the set of (s;); € I1,.; 7 (U;) such that
o((s:);) = 0'((s4);)-

In other words, & is a sheaf if for every open covering U = |
following hold:

(1) Locality aziom: if s,s" € F(U) with s|y, = s'|y, for all i, then s = s;
(ii) Gluing aziom: if s; € F(U,) for all i with si|UiﬁUJ_ = sj|UiﬂUj for all i, 7, then there is some
s € F(U) such that sy = s; (this s is unique by locality).

z’eIUi for an open set U, the

Essentially, sheaves are determined by local data and functions can be glued.

Remark VIIL.2.1.6. — Let F be a sheaf on X. Then F (&) is a singleton set since the empty|
covering of the empty set gives the singleton set (terminal object) Hieg F(U;). Hence if X is a

single point, then F is completely determined by F(X); we will sometimes identify & with F(X)

Definition VIIL.2.1.7. — A morphism of sheaves is a morphism of presheaves. We obtai
the category of sheaves on a topological space X, denoted Sh(X). Similarly, we can obtain sheaf]
of abelian groups, sheaf of rings, etc.

Remark VIIL.2.1.8. — Alternatively, we can define sheaves with values in an abelian category

e. g., sheaves of abelian groups, differently. A presheaf F with values in an abelian category is a
sheaf if for all open coverings U = UZ_e s U, of an open subset U, the sequence

0—FW) S I[7w) > [ 7w,n0)

i€l ijel
is exact where
p: F(U) — [[7 W), s = (slu,)is
icl
o: H?(Uz‘) — H F(U; Ny), (si)i = (silv,no, — 3j|UimUj)i,j-
iel ijel

Definition VIII.2.1.9. — Let F be a presheaf on a topological space X, and let U C X be a
open subspace. The restriction of F to U is the presheaf F |y defined by F|, (V) = F (V) fo
every open subset V.C U. If F is a sheaf, then so is F|y.

Example VIII.2.1.10. — (i) Let X and Y be topological spaces. For every open subsets U C
V C X, define F(U) as the set of continuous maps U — Y and define resy; to be the usual restriction
of maps V' — Y to U. Then & is a sheaf.

(ii) Let (X,0Ox) be a space with functions over a field K. Then Oy is a sheaf of K-algebras
on X. In particular, if X is a real C"-manifold and if €% (U) is the set of C"-functions U — R, then
C% is a sheaf of R-algebras on X.

(iii) Let X be a topological space. For every open U C X, define F(U) as the set of bounded
continuous maps U — R. Then &, with the usual restriction, is a presheaf, but generally not al
sheaf.

D o0<c—

By locality and gluing, it actually suffices to define sheaves on a basis B of a topology space X

(VII1.4) This definition works also for C-valued presheaves, assuming that € admits equalisers
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Definition VIII.2.1.11. — Let B be a basis of a topological space X. Considering B as a ful
subcategory of Ouvy, a presheaf on B is a functor F: B°P — Set. FEvery such presheaf can be
extended to a presheaf F' on X by defining

F(V):=< (sp)u € H FWU) | syly = sy for allU' CU in B » = lim F(U)
UeB en
ucv Ucv

for all open subsets V. C X (the inverse system is ordered by inclusion with restriction maps)
A morphism of presheaves on B is simply a natural transformation of functors.

To define the sheaf property for presheaves on B, we encounter the problem that B might not
be stable under finite intersections, i.e., for an open covering U = UiE s U; with elements in B, the
intersections U; N U; might not be in B. However, we can simply cover these intersections.

Proposition VIII.2.1.12. — Let B be a basis of a topological space X. Let F be a presheaf on B
with associated presheaf F’ on X. Then F' is a sheaf iff F satisfies the following: for every U € B
for every open covering U = Uid U; with U; € B, and for every open covering U; NU; = Uk U,
with Uy, € B, the diagram

F0) S [[7w) = [ # W,

icl o ik

is an equaliser. Here, o and o’ are defined as in definition VIII.2.1.5. In this case, F is called
sheaf on B.

IProof. — Suppose that F” is a sheaf, and let U, U;, U, € B be as in the property. In particular
we have F'(U) = F(U) etc. Then the sheaf condition of &’ states that F(U) is in bijection with
elements (s;); € [[,_, F(U;) such that Sz|UﬁU =5, ‘UOU for all 4, j (as sections in T/ (U; N U;))
Restricting this condition further to U, we obtaln sl|U =3, |Ui7‘k for all 4, j, k, as desired.

Conversely, suppose that the stated property for F is satlsﬁed Then F satisfies the locality axiom
as before, and the following modified gluing axiom: if s; € F(U;) for all i with ;[ o \U for all
i, j, k where Uy, € B cover U; NUj, then there is some s € F(U) with s|;, =s; for all 7. Let V CcX
be open with an open covering V' ={J,_, V;. Then '(V) consists of elements ( vu € HUQV (U)
such that s |y = sy for all U C U (here, U, U’ € B), and we similarly denote elements of F'(V;)
resp. F/(V,NV;)) by (sv,)u, € Iy, oy, 7 (Gh) (esp- (s o, € Ty v, 7 (Uig))-

We will check locality and gluing. On the one hand, let (sU)U, (SU) € F(V) with (sy)yly, =
(st)uly, for alli. Then sy [ = sp;y, for all i, so sy = sy, by locality axiom of . On the other hand
let (s i>Ui € F'(V;) with (sU )U |Vm/ = (sU )U |va for all ¢,j. Then s, \U = sUj|Uij for all 4, 7
where U, ;, iterates through all U with U; € U NU;. So, there is some sy, € 3"( ) with sy [y, = sy,
for all ¢ by gluing axiom of F. Hence we have (sU)U e F(V) with (sy)yly = ( o = (sp)u
for all 4. ' s '

Corollary VIII.2.1.13. — The construction F +— F’ is clearly functorial. We obtain a
equivalence of categories

{sheaves on B} — Sh(X).

Remark VIII.2.1.14. — Analogous definitions and proposition VII1.2.1.12 also holds for sheaves
with values in a category € admitting inverse limits
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'VIIL.2.2. Gluing sheaves.

Proposition VIIL.2.2.1 (gluing of sheaf morphisms). — Let X = Uie] U, be an open coverin,
of a topological space X. Let F and G be two sheaves on X. If ¢,: Fly — Gly is a family of
morphisms of sheaves for all i € I such that ¢; and ¢; agree on U; N U; fér all i,}' € I, then the
glue to a unique morphism ¢: F — G, i.e., ¢ and ¢; agree on U; for all i € I.

\Proof. — If such a morphism ¢ exists, then for all U C X open and all s € F(U), we must have

ou(9)lvnw, = ¢ivnv, (Slunw,) (VIIL.2.2.1.1

for all ¢. In fact, this condition uniquely defines ¢: since

d)i,UﬂUi (S‘UMU,;) unu;nU; = ¢i,UﬂUiﬁUj<s|UﬂUiﬂUj)

= ¢j,unu,nu, (S‘UﬂUiﬂUj) = ¢j,UﬁUj (S|U0Uj)|UﬂUiﬂUj
for all i, j, the sheaf property of G gives a unique section which we denote by ¢ (s) € G(U) satislying
equation (VII1.2.2.1.1) for all 4. In particular, equation (VII1.2.2.1.1) gives ¢;; = ¢, ;; for all U C U
open.

It remains to check that ¢ is compatible with restrictions. For all U C V' C X open and all
s € F(V), by equation (VIII.2.2.1.1) we have

¢V(5)|U0Ui = ¢V(5>|VOU,3|UMU1, = ¢i,VﬂUi(5|VﬁUi)|UQUi = ¢¢,UmUi<5|UmU,.) = ¢U<5|U)|U0Ui
for all 7. Hence by locality, we obtain ¢ (s)|; = ¢y (s|y)- oid

Definition VIII.2.2.2. — Let X = Uiel U, be an open covering of a topological space X. A gluing
datum of sheaves relative to (U;);c; consists of:

— a sheaf F; on U; for each i € I;
— an isomorphism ¢,;: ZlUiﬁUj o 5‘;|UiﬂUJ_ for each pair (i,7) € I x I;

such that the cocycle condition holds: the diagram

PDik

®ij %]k'

5’§|UimUij,c

5§|UimUijk 57@|UmU]ﬂUk

commutes for all i,j,k € I.

Proposition VIII.2.2.3 (gluing of sheaves). — Let X = UieIUi be an open covering of

topological space X, and let (F;,¢;;) be a gluing datum of sheaves relative to (U;),c;. Then therd
exists a sheaf F on X and isomorphisms ¢;: F; > F |y for i € I such that the diagram

| i oo
Uy, jlu,nu,

\ / (VII1.2.2.3.1
P, 111_7‘
F

U,

J;

commutes for all i,j € I. We say that I is obtained by gluing the 7 via the ¢,;
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\Proof. — To simplify notation, we will drop the subscript open set from a morphism of sheaves if it
is clear from context. Define the presheaf F by

el

FU) = {(Si)iel € Hﬁi(U NU;) | 9ij(silunv,nu,) = 85lunu,no, for all 4, j € I}

for all U C X open, with the restriction maps induced by those of the J,. We can easily check

locality and gluing axioms for F by restricting to U; and using the sheaf properties of 7, to make

statements about the entry s, in (s;),c; € F(U). Thus, F is a sheaf.
Next, define 1, by

Y FU) — F(U), St (¢ij(5|UﬂUj))j€I
for all U C U; open. We indeed have v, ;(s) € F (U) since, by the cocycle condition,

¢jk(¢ij(5|UﬂUj)|UﬂUjﬂUk> = ¢jk(¢ij(5|UﬂUjﬂUk)> = ¢ik(3|UmUijk) = ¢ik(3\UmUk)|UntmUk-

Moreover, for all U C U; N U; open we have, again by the cocycle condition,

T/)i,U(S) = (¢ik(5|UﬂUk))keI = (¢jk(¢ij(S|UﬁUk)))keI = (¢jk(¢ij(8>|UﬁUk>)kel = wj,U(d)ij(S))a

which is the commutativity of diagram (VIIL.2.2.3.1). To show that 1, ;; is bijective for U C U; open
we construct the inverse map. If (s;),c; € F(U), then we glue the sections ¢;;(s;) € F(U N U;) for
all j to a unique section s € % (U). This is possible since, by definition of F(U),

¢ji(sj)|UﬂUjﬁUk = ¢ji(8j|UﬁUj>|UﬂUjﬂUk = Si|UmUj|UmUijk

= Si|UﬂUk‘UﬁUjﬂUk. = ¢ki(5k‘UﬁUk)|UﬂUjﬂUk, = ¢ki(5k)|UﬂUjﬂUk,'
Now, the inverse map is given by (s;);c; > s. sid
We obtain a universal property of gluing sheaves.

Corollary VIIL.2.2.4 (universal property of gluing sheaves). — Let X = Uie[ U, be an ope
covering of a topological space X, and let (F;, ¢;;) be a gluing datum of sheaves relative to (U;);e;
Let F be a sheaf with isomorphisms 1, T, ~% ?|UL- obtained by gluing the F; via ¢;;. If G is a sheaf
on X and if §;: F; — '9|Ui for all i € I are morphisms, such that &; o ¢,; =&, on U; for all i,j € 1
then there exists a unique morphism £: F — G with £ov, =&, for all ¢ € I. In particular, F is
unique up to unique isomorphism.
In other words: a morphism (%, ¢;;) — (9;, z/JZ-j) of gluing data is defined as a family of morphisms
J; — G, of sheaves for i € I such that the diagram

qbyv
3{|U,.nUJ. — 5[}|UmUj

| |

Vi
Unu; T G;

i

U,NU;

commutes for all i,5 € 1. Then there is an equivalence of categories

Sh(X) — {gluing data of sheaves relative to (U;),cr},
F = (‘T‘Ui)?|Ui|U,iﬁUj i—d> 5F|Uj|U1nt)~

\Proof. — The universal property follows from proposition VIII.2.2.1 by gluing the morphisms
¢ o7t giving €. The functor is fully faithful by proposition VIII.2.2.1 and essentially surjective by
proposition VII1.2.2.3 i
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'VIII.2.3. Stalks and sheafification.

Definition VIIL.2.3.1. — Let F be a presheaf on a topological space X, and let x € X be a point
Then
7, = lim 7 (U),
Usz
where U runs through all open subsets of X, is called the stalk of F in x (the inverse system is
ordered by reverse inclusion with restriction maps). Explicitly, &, consists of equivalence classes off
pairs (U, s) where U C X is an open neighbourhood of x and where s € F(U). Here, (U, s;) an
(U,, s4) are equivalent if there exists an open neighbourhood V-C U; NUy of x such that si|y, = Ssly
For each open neighbourhood U of x, there is a canonical map
FU) — 5,

T

s+ s, = [(U,s)].
The element s, is called the germ of s in x.

Observation VIII.2.3.2. — A morphism ¢: 5 — G of presheaves on X induces a map

¢z::h_r>n¢U:‘5t:’v—>~9w
Usz

of stalks in . We obtain a functor PSh(X) — Set, & — Z,. In other words, for every open subset
U C X and every point € U we have ¢y (s), = ¢,(s,) for all s € F(U).

Now, consider presheaves on X with values in a category €. If € admits direct limits, then the
stalk 7, is an object in €, and we obtain a functor & — %, from the category of presheaves on X
with values in € to the category C.

Example VIII.2.3.3. — Let X = C and let O be the sheaf of holomorphic functions on C, i.e.
Oc(U) is the set of holomorphic functions U — C. This sheaf is a sheaf of C-algebras. Fix z, € C
Two holomorphic functions f; € Oz (U;) and f, € Oz(U,) defined on an open neighbourhood of z,
agree iff they have the same analytic (Taylor) expansion at z,. Hence, 0@20 is the set of power
series Zn> 0 @n (z — #9)™ with positive radius of convergence, and the identity theorem states that

only for connected open neighbourhoods U of z, we have a natural inclusion O¢(U) < O, -

Definition VII1.2.3.4. — A morphism ¢: F — G of sheaves is called injective (resp. surjective
resp. bijective) if ¢,: F, — G, is injective (resp. surjective resp. bijective) for all x € X .(VIIL5)

Proposition VII1.2.3.5. — Let ¢,v: F — G be morphisms of sheaves on X. Then we have the
following:
(i) ¢ is injective iff ¢ F(U) — G(U) is injective for all U C X open. This is also generally
true if G is only a presheaf on X.
(ii) ¢ 1is bijective iff ¢y is bijective for all U C X open.
(iii) ¢ = iff ¢, =, forall x € X.
\Proof. — We claim that for U C X open the map
?(U) — H ‘(}.;cv St (Sx)acEU
zelU

is injective if F is a sheaf. Indeed, given s,t € F(U) with s, = ¢, for all z € U, then there are
open neighbourhood V, C U of each z such that s|;,, =t[y, . Since U = Uer V.., we have s =t by
locality. ) )

(VIIL5) 1p fact, ¢: F — G is a monomorphism (resp. epimorphism resp. isomorphism) in the categorical sense
iff ¢, for any = € X are. This is mainly proven with proposition VII[.2.3.5 (iii)
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Since the diagram
?(U) — HzeU‘Srz

%l lnm b

GU) —— 1,y 9e

commutes, we already have (iii) (that ¢ = ¢ implies ¢, = ¢, for all z is trivial) and the ‘only|
if’ direction of (i). On the other hand, since the direct limit of injective (resp. surjective) maps
is injective (resp. surjective) (this can be checked instantly, also cf. proposition 1.2.9.9), the ‘if
directions of (i) and (ii) are true, too.

In order to show (ii), it remains to see that if ¢ is bijective, then ¢ is surjective. To this
end, let t € G(U). Since ¢, is surjective, there is an open neighbourhood U* C U of z and
s? € F(U®) such that ¢p.(s*), = ¢,((s*),) = t,. Then there exists an open neighbourhood
Ve C U of & such that ¢y.(s”|ye) = dy«(s")ly= = tly.. In particular, U = |J _, V* and
Dvenv (8T lvenve) = tyveave = dyenyu(s?|venyy) for all z,y € U. Since dy.qyy is injective by (i)
we obtain s |yeqyy = $Y|yznyy. By the gluing axiom, there is some s € F (U) such that s|y« = $7|y
for all z € U. Hence, ¢y;(s), = dy=(s7), =t, for all z € U and thus, ¢;;(s) =t by the above claim
g

Remark VII1.2.3.6. — We have also shown in the proof of proposition VIII.2.3.5 that ¢ is
surjective iff for every U C X open and every t € G(U) there exists an open covering U = Ul U;
depending on ¢ and sections s; € F(U;) such that ¢y (s;) =t[y , that is, ¢y is locally surjective.

Warning VII1.2.3.7. — However, if ¢ is surjective, then we do not have that ¢;; is surjective

for all U C X open (although the converse is true). For example, let X = C\ {0} and let Oy
resp. 0%) be the sheaf of holomorphic (resp. non-vanishing holomorphic) functions on X. Then
o: Ox — O%, f = expof is certainly surjective on stalks since each non-vanishing holomorphic
function has a logarithm locally (on any branch), but not globally on X: there is no function
f € Ox(X) such that expof =idy. Otherwise, f'(z) =1/z on X, so 0 = §C 1/ (2) dz = 271 where
C' C X is the unit circle.
Another example is D: Oy — O, f + f’ which takes derivatives. This morphism is surjective

on stalks since for any z € X, a holomorphic function on a simply connected neighbourhood of 2
has an anti-derivative (since any contour integral on this neighbourhood vanishes). However, the
function 1/z € Ox(X) has no anti-derivative on X.

Definition VII1.2.3.8. — Let & and G be presheaves (resp. sheaves) on X such that F(U) C G(U)
for all open subsets U C X, and such that the restriction maps of F are induced by those of G
Then F is called o subpresheaf (resp. subsheaf) of G.

——-0 (D O~ s

Proposition VIIL.2.3.9 (universal property of sheafification). — Let F be a presheaf on
topological space X. Then there exists a sheaf F on X together with a morphism Lty I — F
such that: if G is a sheaf on X and if ¢: F — G is a morphism, then there is a unique morphis
b: F — G such that the following diagram commutes:

F 2T

@
k' ¢
3.

The sheaf F is called the sheafification of F. Moreover, we have the following:
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(i) The map vy, : Fp — . on stalks is bijective for all x € X.

5 (~11) For every presheaf G on X and every morphism ¢: & — G, there exists a unique morphism,
¢: F — G such that the diagram

% ¥ (VIIL.2.3.9.1

commutes. In particular, PSh(X) — Sh(X), F +— F is a functor.

\Proof. — For U C X open, we define

j(U) = {(Sw)zeU € H ‘9;

zeU

for all x € U, there is an open neighbourhood W C U of «
and some t € F (W) such that s, =t,, for all w e W '

Conceptually, the elements in F (U) are those families (s, ), of germs which locally (on W) give rise
to a section ¢ of F. The restriction maps 7 (V) — F(U) where U C V' C X open are induced by
the projection ngv T = 11,y Tz This turns F into a presheaf. i

To show that & is a sheaf, suppose that U = Uie] U, is an open covering and that (st), € F (U;)
with si = s} for all 2 € U; N U; and all i, j. Defining s, := s, for all z € U; and all 4, we see that
(8, )zep is the unique section of F over U such that (82)zlu, = (i), for all i.

For U C X open, we define 14 ;: F(U) — F(U), s+ (8,)zep- By definition of F, we have
F, =, and 15, = id for all z € X. This shows (i).

To show (i), let G be a presheaf and let ¢: & — G be a morphism. We define the morphism é
by ¢y F(U) = G(U), (8,), = (6,(8;)), for every U C X open so that diagram (VIIL.2.3.9.1
commutes. Passing to stalks, we have ¢, = ¢, for all x € X by (i). Hence, proposition VIII.2.3.5
shows that ¢ is unique.

By (i), ¢g is bijective (on stalks). If we additionally assume that G is a sheaf in diagram (VII1.2.3.9.1
then v is an isomorphism by proposition VIII.2.3.5. Thus, Lgl o ¢ is the desired unique morphism
in the universal property. pid

Remark VIII.2.3.10. — In other words, the universal property give the adjoint pair = - For|
where For: Sh(X) < PSh(X) is the forgetful functor. In particular, as always with universal
properties, the sheafification of a presheaf is unique up to unique isomorphism.

Corollary VIIL.2.3.11. — Let F be a presheaf and let G be a sheaf, both on X. Then G = F iff]
there is some morphism v: F — G such that 1, is bijective for all x € X.

\Proof. — Suppose that there is a morphism ¢: & — G as stated. By the universal property of
sheafification, there is a unique morphism ¢: ¥ — G of sheaves such that G o L7 = t. Passing to
stalks, we see that ng is bijective for all € X, so ¢ is an isomorphism by proposition VIII.2.3.5
The converse follows from proposition VIII.2.3.5, too.

Definition VIII1.2.3.12. — Let E be a set and let F be the presheaf on X defined by F(U) := E
for any open subset U C X (the restriction maps being the identity). Then the sheafification E := E
of F is called the constant sheaf with value E. The set E(U) consists of locally constant functions
U — E.

Remark VIIIL.2.3.13. — Proposition VII1.2.3.9 and corollary VIII.2.3.11 also hold for presheaves 7|
with values in a category C. It is then clear that the sheafification F will also be a sheaf with values
in @
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'VIII.2.4. Direct and inverse images.

If f: X — Y is a continuous map of topological space, it is natural to ask how we can transport
sheaves from X to Y, or vice versa, along f.

Construction VII1.2.4.1. — Let f: X — Y be a continuous map of topological spaces. If & is
a presheaf on X, then define a presheaf on Y by

LFWV) =T (f7HV)

for all V' C Y open and the restriction maps are given by those of &. We call f,.F the direct image
of F under f.

If : F — G is a morphism of presheaves, the maps (f,¢)y = ¢y1(y) for V- C Y open define a
morphism f,¢: f,.F — f.G. Thus, we obtain a functor f,: PSh(X) — PSh(Y).

Fact VIII.2.4.2. — Let f: X =Y be a continuous map.

(i) If & is a sheaf on X, then f,.F is a sheaf on'Y, too. Thus, we obtain a functor f,: Sh(X) —
Sh(Y).

(ii) Let g: Y — Z be a continuous map. Then g,(f.F) = (go [),F which is functorial in F .
Proof. — (i) follows from the facts that if U = [J,_, U; is an open covering, then LU =
_1 . . _1 _ _1 _1 .o
Uie[ f7(U;) is an open covering as well, and that f~(U; NU;) = f~(U;) N f~H(U;). For (ii), use
the fact that f~1og™t = (go f)~ . i

Fact VIII.2.4.3. — Let f: X =Y be a continuous map, and let F be a presheaf on X. Then
for all x € X, we have

([ F)fa) = T2

which is functorial in F .

\Proof. — By definition,

_ -1 1 _
(.7 =t F(F(V) = lim F(U) = 7. o
Vs f(x) Uszx
Construction VIII.2.4.4. — Let f: X — Y be a continuous map of topological spaces. If G is a

presheaf on Y, then define the presheaf f*G on X by

Fr9(U) = lm (V)

V2 f(U)

for all U C X open, where V runs through all open subsets V' C Y, and the restriction maps are

induced by those of G. The idea is that, since we cannot evaluate G(f(U)) as f(U) is not necessarily|

open, we approximate f(U) by open sets (cf. construction VIII.1.4.25 on closed subprevarieties).
Note that f*G is generally not a sheaf even if G is. Hence, we call the sheafification f~1G of f+g

the inverse image of G under f.

Certainly, f*G and hence f~13 is functorial in G, i. e., we obtain a functor f~*: PSh(Y') — Sh(X)

Notation VIII.2.4.5. — If f: X < Y is an inclusion of a subspace X and if G is a sheaf on Y
then we also write G|y := f~1G. If X is an open subspace, then this coincides with the restriction|
of G to X (see definition VIIT.2.1.9, the direct limit becomes trivial).

Lemma VIII.2.4.6. — Let f: X =Y be a continuous map, and let G be a presheaf on Y. The
for all x € X, we have

(f7'9) 0 = G

which is functorial in G
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\Proof. — With proposition VIII.2.3.9, we have

(F719), = (7*9), = i f*5(U) = lim 1l §(V) = lim §(V) = Gy, @
Usx Uz VO f(U) V> f(x)

Fact VII1.2.4.7. — Let f: X =Y and g: Y — Z be two continuous maps, and let H be
presheaf on Z. Then

FHg ) = (ge /)T
which is functorial in F.

\Proof. — Fix an open subset U C X. For an open subset W C Z, we have W 2 g(f(U)) iff
W D g(V) for some open subset V C Y with V' O f(U): indeed, set V := g~*(W). We thus obtain

PR HW) = tim lm V)= lim (W) = (ge fIHIHD),
V2f(U) W2g(V) W2g(f(U))
ie., fT(gtH) = (go f)TH. Sheafifying yields f~1(g"H) = (go f) 1 7.

The canonical map f~'egige: [ (gt H) — [~ (g7 ) induces (g7 H) ) = (97 H) 0y o0
stalks for any x € X by virtue of lemma VIII.2.4.6. The map on stalks is bijective by propo-
sition VIII.2.3.9, so f‘lbg+9{ is an isomorphism by proposition VIII1.2.3.5. Thus, (go f) 1 ==
g™ a0). 0

—_— o e————————

Proposition VIII.2.4.8 (direct image-inverse image adjunction). — Let f: X — Y be a continu;
ous map. Let F be a sheaf on X and let G be a presheaf on Y. Then there is a bijection

Homg, x) (719, 7) <= Hompgyy (9, £.F),
¢ ¢,
Y1,
functorial in F and G. In other words, we have the adjoint pair f~1H f,.

Proof. — We first construct the two maps. Let ¢: f~1G — F be a morphism in Sh(X), and let
V C Y be open. Since V 2 f(f~1(V)), there is a canonical map G(V) — f.(f*G)(V) given by the
direct limit. We define ¢’ by

Bri GV) s LFOV) — LU0 I Law).

Conversely, let ¢: G — f,F be a morphism in PSh(Y). To define v*, it suffices to define
a morphism of presheaves f*G — F, which we will also denote by v*, and then sheafify. Let
U C X be open and let s € ftG(U). Let V D f(U) be open such that s is represented by some
sy € G(V) in the direct limit. Note that ¢y (sy) € f,.F (V) and f~1(V) D U. Hence, define
wt}](s) =Yy (sy) |y € F(U), which clearly does not depend on the choice of V.

To check that they are mutually inverse is straightforward and hence omitted. In accordance withl
the construction of 9%, one should instead consider ¢: f*G — F by pre-composing f'G — F with
the canonical map tp.g: f*G — f7'G. Then @ is given more succinctly by ¢ — f.(f*G) — f.7F.

It remains to check that both maps are functorial in & and §. This is quite cumbersome and
hence omitted. pid

Alternative proof of fact VIII.2.4.7. — Let f: X — Y and g: Y — Z be continuous maps. For a
presheaf J on Z, proposition VII1.2.4.8 and (g o f), = g, ° f, give the bijection

Homg, x((g HHT) = HomSh(X)(f71<gil‘7{)a F)

unctorial in 7. By the Yoneda lemma, we obtain the isomorphism f=!'(g=' %) =~ (go f)~1J
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Alternative proof of lemma VIII.2./.6. — Let f: X — Y be a continuous map, and let G be a
presheaf on Y. Observe that if i: {x} < X is the inclusion of a point = € X, then i~'F = 7, for
any presheaf F on X by definition. Since the diagram

{z} —— X

S

(@)} ==Y
commutes and since f|, is a homeomorphism, we have
(f19)e =i (f71G) 2 (foi) "G = (o fl.) 9 =G = G- =

Remark VIII.2.4.9. — We will almost never use the concrete construction of f~*G. The typical
setting is that of a continuous map f: X — Y, a sheaf # on X and a presheaf G on Y. Given a
morphism of presheaves 1): § — f,7, we have the morphism 1*: f~1G — 7 of sheaves and it is
usually sufficient to understand the maps

on stalks for each x € X (the identification is lemma VIII.2.4.6). This is constructed as follows by
the proof of proposition VIII.2.4.8: for every open neighbourhood V' C Y of f(x), we have

¥
§V) = LFWV) = F(FHV) — 7,
and taking the direct limit over all such V' yields % : Gf(z) = lim SV)— 4,
——Vaf(x)

Remark VII1.2.4.10. — It is clear that if & is a sheaf with values in a category C, then f, 7 is
a sheaf with values in € as well. The same is true for f~1G. Moreover, proposition VIII.2.4.8 is also
true in this setting (with the same proof) if € is concrete.

o<

Definition VII1.2.4.11. — Let X be a topological space and let i: {x} < X be the inclusion of
point. For any set E, we call i*E{x} the skyscraper sheaf in x with value E. In other words, fo

every U C X open we have

E ) U
iBU) =47 Tre
{x} ifz¢U.
Fact VII1.2.4.12. — Let i: {a} < X be the inclusion of a point into a topological space, and lel

E be a set. Then for all y € X, we have

(1.B), = {E e fah
{=} ify ¢ {=}.

Proof. — There exists an open neighbourhood, say, U of y not containing z iff y ¢ {z}. In this
case, i, E(U) = {*} and the statement follows from the definitions. g

Corollary VII1.2.4.13 (stalk-skyscraper adjunction). — Let i: {z} < X be the inclusion of
point into a topological space. Let E be a set and let F be a sheaf on x. Then there is a bijection

Homg (7, E) < Homg, x) (FiE).

n_other words, taking stalks is the left adjoint of constructing skyscraper sheaves
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\Proof. — Since {x} is a singleton set, we have the obvious bijection
Homg, (7, E) «— Homgy (5} (%, E).

Observe that i 1F = 4, by definition, so the statement is a consequence of proposition VIII.2.4.8
i

'VIIL.2.5. Locally ringed spaces.

Definition VIIL.2.5.1. — A ringed space is a pair (X,0x) of a topological space X and d
sheaf Oy of (commutative) rings on X. We call Oy the structure sheaf of (X,0x) and ofte
write X instead of (X,0x).

If (X,0x) and (Y,0y) are ringed spaces, then a morphism of ringed spaces is a pai
(f, ) (X,0x) = (Y,0y) consisting of a continuous map f: X — Y and a morphism f*: Oy —
1.Ox of sheaf of rings on Y. Instead of f°, the same datum can be given by the morphis
' f710y — Ox of sheaf of rings on X by proposition VIII.2./.8. We will often write f instead of
(f, 1) or (f, ).

The composition of morphisms of ringed spaces is defined as usual (using (go f), =g, f, 0
(go f)~t = ftog™). Thus, we obtain the category of ringed spaces.

Motivation VIII.2.5.2. — Recall that we think of a sheaf on X as a system of functions on
subsets of X. The structure sheaf Oy, in particular, should be thought of as the system of all
permissible’ functions within the current context, e. g., of all continuous, differentiable, holomorphic
polynomial, etc. functions. Moreover, a morphism (f, f°) should transport a permissible function on
any open subset V C Y to a permissible function on f~!(V) C X by pulling back along f. Since
the sections are not actual (permissible) functions, we instead have maps f3,: Oy — f,Ox (V) for
every open subset V C Y.

IVIII.2.5.3. — Recall that a map ¢: (A,m,) — (B, mp) of local rings is local if ¢(m,) C mp.

Definition VIII.2.5.4. — A locally ringed space is a ringed space (X,0x) such that the
stalk Ox , is a local ring for all x € X. We call Ox , the local ring of X in x, and denote by m,
the mazximal ideal and by r(x) = Ox ,/m, the residue field of O ,. For an open neighbourhoo
U C X of x and for a section f € Ox(U), the value f(x) denotes the image of f under the canonica
map Ox(U) — Ox , — k().

A morphism of locally ringed spaces is a morphism (f, f*): (X,0x) — (Y,0y) of ringe
spaces such that the map fo: (f' 0y )y = Oy sy = Ox . on stalks (see remark VIII.2.4.9) is a loca
ring map for all x € X. Composition is defined as usual, giving rise to the category of locally ringed
spaces.

@ Warning VIIL.2.5.5. — If (X,0y) and (Y, 0y ) are locally ringed spaces, then a morphism
(X,0x) = (Y,0y) of ringed spaces might not be a morphism of locally ringed spaces, i. e., the
map on stalks might not be local. In other words, the category of locally ringed spaces is not a ful
subcategory of the category of ringed spaces. A counterexample is postponed when affine schemes
are introduced.

Motivation VII1.2.5.6. — Why locally ringed spaces (X, 0x)? Recall that we think of sections

of O as functions on an open subset of X, and of germs in the stalk O , as (equivalence classes of

functions defined on an open neighbourhood of x € X. In classical settings, we want that functions

which do not vanish at x to be locally invertible. In other words, all germs not contained in the

ideal of functions vanishing at = are units in Oy .. Hence, Ox , is a local ring and this ideal is the
aximal ideal m /
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Now, consider a morphism (f, f’): (X,0x) — (Y,0y) of ringed spaces where (X,0y) and
(Y, Oy) are locally ringed spaces. If a function on an open subset of Y vanishes at f(x) for some
x € X, then the pullback along f must vanish at z. In other words, fﬁ: Oy f(@) = Ox,, must
map my ., into m,. Since sections are not functions in general, we must put locality in our definition
explicitly.

Example VIII.2.5.7. — Let (X,Cy) be the ringed space of R-valued continuous functions on a
topological space X, i.e., for U C X open, Cx(U) is the R-algebra of continuous functions s: U — R

Fix a point z € X. The stalk Cx , is the ring of germs [s] of functions s defined on a
neighbourhood of x. Let m, = {[s] € Cx, | s(z) = 0}, which is obviously a proper ideal. Let
[s] € Cx_, \m, be arbitrary with representative s. Since s is continuous with s(x) # 0, there is a
small) neighbourhood U of z such that s(u) # 0 for all u € U. Hence, the inverse [1/(s|;)] of [s]
exists and therefore, Cy , is a local ring, whence (X, Cy) is a locally ringed space. Moreover, the
evaluation map Cx , — R, [s] = s(z) is obviously surjective with kernel m,, whence x(z) = R.

If f: X — Y is a continuous map, then we obtain a R-algebra maps f3,: Cy (V) — Cx(f1(V))
t > to f for every V C Y open. This defines the morphism f°: Cy — f,Cx of sheaves. The induced
map of stalks is f5: Cy tz) = Cx gz [t] = [t o f]. Obviously, fi(mf(z>) C m,, whence (f, f°) is 4
morphism of locally ringed spaces.

Example VIII.2.5.8. — Let (X,y) be a prevariety over an algebraically closed field k, i. e., for]
U C X open, Ox(U) is a k-algebra of certain continuous functions U — A!(k) w.r.t. the Zariski
topology. As in example VIIL.2.5.7, we show that m, = {[f] € Oy, | f(z) = 0} is the unique
maximal ideal of Ox , (use f~'(A'(k)\{0}) in place of U). Hence, (X, Ox) is a locally ringed space
Moreover, the evaluation map Oy , — k, [f] = f(x) is surjective, since (X, Oy) is locally an affine
variety (U, Ox|) with 2 € U and since Oy (U) contains all constant functions. The kernel of the
map is m,, so we obtain x(x) = k for all x € X.

o<

We now study a prime example of the algebro-geometric perspective algebraic geometry offers: the
connection between connected components and idempotents. However, we first make the following
observation.

Lemma VIIL.2.5.9. — Let F be a sheaf on a topological space X. If s,t € F(U) are two sections
with U C X open, then {x € X |s, =t,} is open in U.

\Proof. — If s, =t, for some x € X, then there is some open neighbourhood V' C U of x such
that s|y, = t|;,. Hence s, =t, for all y € V, that is, V' is an open neighbourhood of z in {z € X |
Sy =1y} g

Proposition VIIL.2.5.10. — Let (X,0Ox) be a locally ringed space. Then there is a bijection

{open and closed subsets of X} — {idempotents of T'(X,0x)},
Ur— ey

where e; € T'(X,0x) is the unique global section such that eyl = 1 for all V. C U open an
euly =0 for all V.C X\ U open.

IProof. — Note that e;; exists since the local sections 1 € T'(U,0y) and 0 € T(X \ U, Ox) glue to a
unique global section e;;. Moreover, for U, U" C X both open and closed, we have egerr = eyqyr
on the open subsets X \ U, X \ U’ and U NU’, and hence we have ey e = eynyr in I'(X,Ox). In
particular, for U = U’, we see that e;; is idempotent.

As for whether the inverse map, consider

U:={zecXl|le =1}<«He
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Note that U, is open by lemma VIIL.2.5.9. On the other hand, we have e, € {0,,1,} since the
image of an idempotent is again idempotent and since the idempotents of the local ring Oy , are
trivial. Hence, X \ U, = {z € X |e, = 0,,} which is also open by lemma VIII.2.5.9, i.e., U, is closed

One easily verifies that both maps are mutually inverse map. pid

Corollary VIIIL.2.5.11. — Let (X,0x) be a non-empty locally ringed space. Then the following
are equivalent:

(i) X s connected;
(ii) the idempotents of T'(X,O0x) are trivial;
(iii) there is no decomposition I'(X,Ox) = A X A, into non-trivial rings A, and A,.

Proof. — The equivalence of (i) and (ii) is proposition VIII.2.5.10. On the other hand, the
equivalence of (ii) and (iii) is purely algebraic.

Write A :=T'(X,0x). If e € A is a non-trivial idempotent, then we have a non-trivial decompor
sition A = eA x (1 —e)A as an A-module. Since e and 1 — e are idempotents, eA and (1 —e)A are
in fact, rings. Conversely, if A = A; X A, is a non-trivial decomposition as a ring, then (1,0) and
(0,1) are non-trivial idempotents in A. st
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CHAPTER IX

SCHEMES

§ IX.1. SPECTRUM OF A RING

Motivation IX.1.0.1. — Let k be an algebraically closed field. Recall that we have attached for|
any subset M C k[T, ..., T,] the affine algebraic set V(M) C A"(k) = k™. If this set X = V(M) ig
irreducible, then we attach to it the space of functions (X, Oy) called affine varieties. Gluing finitely|
many of them, we obtain prevarieties.
In light of motivation VIII.1.3.6, we will generalise this by constructing, given any ring A
the topological space Spec A whose underlying set consists of the prime ideals of A. This is a
generalisation insofar that an affine variety X corresponds to a topological space MaxSpec A whose
underlying set consists of the maximal ideals of a ring A (more precisely, A is an integral finitely]
generated k-algebra, see remark VIII.1.4.10). In short, Spec A has more points. The advantage is
that Spec gives a functorial construction, since prime ideals are stable under contractions, while
maximal ideals are generally not.
However, we cannot recover the ring A from Spec A alone, as opposed to the correspondence
between coordinate rings I'(X) and affine varieties X (cf. theorem VIII.1.3.12). Indeed, Spec K is
the singleton for any field K, but if K is a finite field extension of an algebraically closed field &
then K = k. This is why we endow Spec A with ‘functions’ via a sheaf O 4 of rings on Spec A
[Together, (Spec A, Og,e. 4) is an example of a locally ringed space which we call affine schemes
Gluing them will give the basic object in modern algebraic geometry: schemes.

IX.1.1. Spectrum of a ring as a topological space.

Definition 1X.1.1.1. — Let A be a ring. Recall that Spec A is the set of all prime ideals p of A
\For every subset M C A, we denote

V(M) :={p € SpecA|p D M}.
Obviously, V(M) = V((M)). Moreover, we will write V(f) instead of V({f}) for any f € A.

Lemma I1X.1.1.2. — The map a = V(a) on the set of ideals of A is inclusion reversing. Moreover
we have the following:

(i) V(0) = Spec A and V(1) = @;
(11) fOT’ every fam”y (ai)iej Of ideals

V(U ai> :V<Z Cll) == ﬂV(aI),
il il iel
(iii) for two ideals a and o

V(aNna) =V(aad) =V(a)UV(a)
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Proof. — (i) is obvious. For (ii), note that (U,_, a;) = >_,_; a;. For (iii), we have V(ana’) C

V(aa’) C V(a) UV (a’) by the prime avoidance lemma 1.1.3.9. sid

Definition 1X.1.1.3. — Let A be a ring. The set Spec A with the topology whose closed sets are
V(a), where a runs through all ideals of A, is called the prime spectrum or simply spectrum
of A. The topology is called the Zariski topology on Spec A.

Notation IX.1.1.4. — For a point x € Spec A, we will also write p, instead of  to emphasize
that x is a prime ideal of A.

Remark IX.1.1.5. — This is analogous to definition VIII.1.1.1 where A = k[T, ..., T, ] for an
algebraically closed field k& and where V(a) corresponds to the mazimal ideals of A containing a. We
will later see that maximal ideals suffice when considering finitely generated algebras over a field.

Definition 1X.1.1.6. — For a subset Y of Spec A, we define
I(Y):=[)p.
peYy

By definition, 1(&) = A.

Fact 1X.1.1.7. — The map Y = I(Y") on the power set of Spec A is inclusion reversing. Moreover:
we have /1Y) =1(Y).

\Proof. — Prime ideals are radical, and taking radicals commutes with arbitrary intersections. &I

Proposition 1X.1.1.8 (cf. Hilbert’s Nullstellensatz VIII.1.1.17). — Let A be a ring. Then wd
have the following:

(i) I(V(a)) = v/a for all ideals a of A;
(i) VA(Y)) =Y for all subsets Y of Spec A.

Thus, there is the bijection

v
{radical ideals of A} == {closed subsets of Spec A}.
I

In particular, for x € Spec A we have {x} = V(p,).

Proof. — (i) is proposition 1.1.3.17. For (ii), observe that a closed set V(b), with b some ideal
contains Y iff b C p for every p € Y, that is, b C I(Y"). Hence, V(I(Y)) is the smallest closed subset
of Spec A containing Y (any even smaller closed subset V(b) would satisfy b € I(Y)). sif

Definition 1X.1.1.9. — Let A be a ring. For f € A,

D(f) :=DA(f) := Spec AN V()
is the open set of prime ideals not containing f and is called a principal open set of Spec A.

Fact 1X.1.1.10. — We have D(0) = & and D(u) = Spec A for all units u € A*. By definition of
prime ideals, we have

D(f)nD(g) =D(fg)
for all f,g € A.

Lemma IX.1.1.11. — Let (f;);c; be a family of elements in A and let g € A. Then D(g) C
U,.; Do) iff 9" € (fisi € 1) for some n > 1. In particular for g =1, it follows that |J,_, D(f;) is
an._open. covering of Spec A iff (f;,i € I) is the unit ideal
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Proof. — Let a = (f;,;i € I). We have D(g) C U,_,D(f;) iff V(g9) 2 ,_, V(fi) = V(a) iff

g € I(V(a)) = v/a by proposition IX.1.1.8. nid

Proposition 1X.1.1.12. — Let A be a ring. Then the principal open subsets D(f) for f € A
form a basis of the Zariski topology of Spec A. Moreover, D(f) is quasi-compact, and in particular
Spec A is quasi-compact.

\Proof. — By lemma IX.1.1.2, every closed subset V(a) can be written as UfEGV(f). Taking
complements yields the first statement.

For the second statement, let D(f) C Uie[ D(g;) with g, € A be an open covering. By
lemma IX.1.1.11, we have a finite sum f" = Zie[ a;g;, for some n > 1 and a; € A where al

most all a, are zero. If J C I is the finite subset of indices for which a; #+ 0 for all j € J, then we
have D(f) C UngD(gj>’ again by lemma IX.1.1.11. yig

Proposition 1X.1.1.13. — Let A be a ring. A subset Y C Spec A is irreducible iff p :=1(Y') is
prime. In this case, {p} is dense in Y.

\Proof. — Suppose that Y is irreducible. If fg € p =I(Y), then Y C V(fg) = V(f) UV(g). Since
Y is irreducible, we have Y C V(f) or Y C V(g), so f €por g € p.

Conversely, suppose that p be prime. Then proposition IX.1.1.8 implies that Y = V(I(Y)) =
V(I({p})) = {p}. Since {p} is irreducible, lemma VIII.1.2.4 says that Y as its closure is irreducible
and that Y as a dense subset of Y is irreducible as well. i

Warning 1X.1.1.14. — Note that for irreducible subsets Y the prime ideal I(Y) is certainly,

a point in Y, but not necessarily in Y. This is clearly true if Y is closed or, more generally, if Y
is locally closed: by definition, Y being locally closed means that Y \ 'Y is a closed subset of Spec A
so I(Y) € Y \ 'Y would give the contradiction Y = {I(Y)} = Y \ Y.

Corollary I1X.1.1.15. — The map

Spec A — {irreducible closed subsets of Spec A},
p— V(p) = {p}
s a bijection. This further restricts to the bijection

{minimal prime ideals of A} +— {irreducible components of Spec A}.

\Proof. — This map is the restriction of the bijection in proposition 1X.1.1.8 by virtue of proposi
tion 1X.1.1.13. i

Definition 1X.1.1.16. — Let X be an arbitrary topological space.

(i) A point x € X is called a closed point if {x} is closed.

(ii) A point n € X is called a generic point if {n} is dense in X.

(iii) Let x,2" € X. We say that = is a generisation of ' or that ©’ is a specialisation of x|
if o € {z}. -

(iv) A point x € X is called a maximal point if {x} is an irreducible component of X.
Thus, n € X is generic iff it is the generisation of every point of X. By lemma VIII.1.2.}, X ig
irreducible if it has a generic point.

Example 1X.1.1.17. — Let X = Spec A for a ring A. Recall that the closure of a point z € X is
Vip,)-

(i) A point z € X is closed iff p_ is a maximal ideal
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(ii) A point n € X is generic iff p,, is the unique minimal prime ideal. Hence a generic point
exists iff nil A = ﬂpespeCA p is prime iff, by proposition IX.1.1.13, X is irreducible.

(iii) A point z is a generisation of a point =’ iff p,, C p,/.

(iv) A point € X is maximal iff p,, is a minimal prime ideal by corollary IX.1.1.15.

IX.1.1.18. — Recall that if ¢p: A — B is a ring map and if q is a prime ideal of B, then the
contraction ¢~ 1(q) is a prime ideal of A. We obtain an induced map Spec ¢: Spec B — Spec A

a6 (a).
Proposition 1X.1.1.19. — Let ¢: A — B be a ring map.
(i) For every subset M C A, we have

(Spec §)~H (V(M)) = V(¢(M)).

In particular, (Spec ¢) 1 (D(f)) = D(¢(f)) for all f € A. Hence, Spec ¢ is continuous and we obtain
a functor Spec: Ring®® — Top.
(ii) For every ideal b of B, we have

V(¢7H(b)) = (Spec¢)(V(b)).

In particular, V(ker ¢) = im Spec ¢ for b = 0. In other words, Spec ¢ is dominant (i. e., has densd
image in Spec A) iff ker ¢ C nil A.

Proof. — (i) follows from the observation that a prime ideal q € Spec B contains ¢(M) iff
(Spec8)(a) = ¢~(a) contains M C ¢ (o(M)).

To show (ii), we can write (Spec¢)(V(b)) = V(I((Spec¢)(V(b)))) by proposition IX.1.1.8
However,

I((Specd)(V(b)) = [ ¢ (a) =o' (Vb) = /¢ 1(b)

qeV(b)
by laws for contractions. Since V(1/¢~1(b)) = V(¢~1(b)) by definition, (ii) follows. sid
Proposition 1X.1.1.20. — Let A be a ring.

(i) Let a be an ideal of A and let p: A — A/a be the canonical projection. Then Spec ¢ induces
a homeomorphism Spec(A/a) = V(a).

(ii) Let S be a multiplicative subset of A and let ¢: A — S™1A be the canonical map. The
Spec ¢ induces a homeomorphism Spec(S™tA) 2% {p € Spec A | SNp =g} = ﬂfeS D(f).

\Proof. — Let ¢ be any of the two maps. We already know that Spec ¢ induces the stated bijections
so we only need to check that these are closed maps. If q is a prime ideal of B and if b is an
ideal of B, then q D b iff ¢~ 1(q) D ¢~ (b). Hence (Spec ¢)(V(b)) = V(¢ (b)) Nim Spec ¢ and the
induced maps are closed. i

Example I1X.1.1.21. — (i) If A = {0}, then Spec A = &.
(ii) If A is a field or any ring with a single prime ideal, then Spec A is a singleton set.
(iii) If A is an artinian ring, then Spec A is finite and discrete (see propositions I.5.4.1 and 1.5.4.3)

Example 1X.1.1.22. — Let A be a principal ideal domain, e.g., A =Z or A = k[T for k a field
The prime ideals are (0) and the maximal ideals (p) for p € A a prime element. Hence, the closed
points of Spec A are all (p) (where (p) = (p’) if p” = up for some u € A*), and the generic point is
n=(0).

Moreover, every closed subset of Spec A is of the form V(f) for some f € A. If f is non-zero
i.e., V(f) is proper, write f = pi'--p;" for non-associate prime elements p, p, (with r > 0) an
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e; > 1. Then V(f) = {(py1),.--, (p,)}. Hence, the closed subsets of Spec A are the finite sets of closed
points and Spec A itself.

If g € A is another non-zero element, then V(f) N V(g) = V(f,g) = V(ged(f,g)) and V(f) U
Vg) = V() N (9)) = Vllem(f, g)).

If (A,m) is a local principal ideal domain but not a field, i.e., if A is a discrete valuation ring
then Spec A consists of two points: the generic point n with p, = (0) and the unique closed point z;
with p, = m. The only non-trivial open subset of Spec A is {n}.

Figure IX.1: SpecZ with the generic (dense) point (0).

Example 1X.1.1.23. — Let k be an algebraically closed field. Recall from theorem VIII.1.3.12
that there is a contravariant equivalence between the category of integral finitely generated k-algebras
and the category of affine varieties. If V' is an affine variety with corresponding k-algebra I'(V'), then
the maximal ideals of A correspond to the points of V. We can therefore consider V' as a subset of]
Spec (V). The definition of the Zariski topology of V' shows that it coincides with the subspace
topology of V' in SpecT'(V).

Example 1X.1.1.24. — Let A = R[T] for R a principal ideal domain which is not a field; otherwise
see example 1X.1.1.22. Let X = Spec R[T]. Then R[T], like R, is a unique factorisation domain
The prime elements of R[T] are of the prime elements p € R or the primitive polynomials f € R[T]
which are irreducible in (Quot R)[T] (such f are also irreducible in R[TY).

Let p € R be a prime element. By proposition IX.1.1.20, the closure of {pR[T]} is V(pR[T]) =
Spec(R/pR)[T] where R/pR is a field so that (R/pR)[T] is a principal ideal domain with infinitely
many non-associate prime elements (cf. example 1X.1.1.22). In particular, pR[T] is not maximal
and V(pR[T]) consists of pR[T] and all maximal ideals (p, f) where f € R[T] which are irreducible
modulo p.

The case of primitive irreducible f € R[T] is more complicated. If f is monic, then the Euclidean
algorithm for division by f is possible, and therefore R[T]/fR[T] is a free R-module of rank deg f
In particular, fR[T] is not maximal since R is not a field. On the other hand, fR[T] might also be
maximal, e.g., if R has finitely many prime elements. If a € R is a non-zero element divisible by all
prime elements of R, then for f := aT — 1 we have R[T]/fR[T] = R[a~!] = Quot R, so in this case
fRIT] is a maximal ideal.

IX.1.2. Spectrum of a ring as a locally ringed space.

Motivation IX.1.2.1. — Like in the case of prevarieties, the topological space Spec A is not
sufficient to describe geometric objects. Recall that we defined prevarieties by attaching a system of
functions to it. The entire functions on the prevariety constitute the affine coordinate ring.

We now want to work backwards, in a certain sense: we start with a ring A and associate to
it a topological space Spec A. This means that we should interpret elements of A as functions o
Spec A.

Strictly speaking, this is not possible. However, if f € A and = € Spec A, then we defined f(z) €
r(x):= A, [p,A, astheimage of fin k(z) via A — A, — k(x), see definition VIIL2.5.4. This is
exactly what happens in the case of prevarieties, cf. construction VIII.1.4.6. The caveat is that f is
not a function on Spec A proper with well-defined target, but a function f: Spec A — Hwespec N K(x)
with f(z) € k(x). Nevertheless, this geometric point of view is still useful, e. g., D(f) is the set of

points with f(z) £ 0 (f f ¢ p_, then f€ A and f(z) = fe rlx)\{0})

Insert reference, Gaufl
theorem.
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going up (A — B then
A field iff B field).
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i.e., complete descrip;
tion of Spec R[T.
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To circumvent this problem, we will replace A by the structure sheaf Og .. 4 of Spec A. How
should it be defined? We certainly want Og. 4(Spec A) = A. Moreover, if 1;: A — A denotes the
canonical morphism of localisation for f € A, then Spect; is a homeomorphism Spec Ay = D(f) by
proposition [X.1.1.20, so it seems natural to define Og,.. 4(D(f)) = A (also cf. proposition VIII.1.4.7
in the prevariety case). We should think of the elements A, as functions with poles along V(f)
Since the principal open subsets D(f) form a basis of the topology of Spec A by proposition 1X.1.1.12
this is already sufficient to define the structure sheaf.

IX.1.2.2. — Recall that a locally ringed space (X, Ox) consists of a topological space X together
with a structure sheaf Ox of rings on X with local rings Ox , for all z € X. A morphism of locall
ringed spaces (f, f*): (X,0x) — (Y, 0y ) consists of a continuous map f: X — Y and a morphism
' Oy — f.Ox of sheaves on Y such that the map fh Oy @) = Ux,, on stalks is local for all
r e X.

Construction 1X.1.2.3. — Let X = Spec A for a ring A. Let B = {D(f) | f € A}, which is a
basis of the Zariski topology of X by proposition 1X.1.1.12.

We make the following observations. Suppose that D(f) C D(g) for f,g € A. By lemma IX.1.1.11
this is equivalent to f" € (g) for some n > 1, that is, g/1 € A¥. By the universal property, the
canonical map A — Ay factors through the unique ring map py A — Ay. Again by the universal
property, we have p; o p,, = p; ), whenever D(f) C D(g) C D(h) In partmular if D(f) = D(g)
then p; , is an isomorphism and we identify A, = A;.

Hence, define the presheaf Oy of rings on B by

for all f € A, which is well-defined. The restriction maps are given by the p, ;. In particular
resD 12 Ox(X) = A — Ap = Ox(D(f)) is the canonical map. For each « € X, the stalk at x is the

local rlng

H
D(f)>z fén,
Theorem IX.1.2.4. — The presheaf Ox is a sheaf on B, which extends to a sheaf on X b

proposition VIII.2.1.12, also denoted by Ox. Thus, (X,0x) = (Spec A, Ogpec 4) is a locally ringe
space, which we will often abbreviate with Spec A.

\Proof. — Let D(f U D(f;) be a covering of principal open sets. Luckily, Oy has values in the
category of rings and the mtersectlon of principal open sets is principal open. Hence, it suffices to
check these two sheaf properties:

(i) locality: if s € Ox(D(f)) with s|ps) =0 for all i € I, then s = 0;
(ii) gluing: if s, € Ox(D(f;)) for i € I with 5i|D<f,.fj) = Sj‘D(fi,fj) for all i,5 € I, then there is
some s € Ox(D(f)) such that s|p;) = s foralli € I.

Since D(f) is quasi-compact by proposition I1X.1.1.12, we may show the properties for a finite
subcover instead. Then (i) is also true in its generality. For (ii), we show this only for a finite
subcover and we then obtain 3|D(f = s for all i € I by (i). Thus, w.l.o0.g., I is finite.

By restricting Ox to Ox|p(f), W.1. 0. g. we may assume that f =1 so that Ay = A and D(f) = X
Let n > 1. Since D(f;) = D(f"), we have X = UieID(fi”) and hence ( i",i € I) = A. In other]
words, there are b; € A such that

D b =1 (IX.1.2.4.1
il

To show (i), let s € A such that s/1 =0in A, for all i. Since I is finite, there exists n > 1 such

that fs = 0 for all i. By equation (IX.1.2.4.1) we obtain s = (Y‘ +bi f”\s =0
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To show (ii), let s; € Ay with s; = s, in Ay, g, for all i,j. Since I is finite, there exists n > 1
and suitable a; € A such that s, = a;/f!* for all i. By assumption, there exists m > 1 such that
(fif))™(ffa; — fira;) = 0 for all 4, j. Passing to s; = (f{"a;)/f{"™" for all i instead, we may replace
fi"a; by a; and m +n by n to obtain fl'a; = fi'a; for all i, j. Set s:= > or bja; € A where the b;
are those in equation (IX.1.2.4.1). We obtain fI's = Zjel biflla; = (Zjel b;fi)a; = a;. Thus

s/l =a;/f]'=s;in Ay for all i, as desired. o

Definition I1X.1.2.5. — A locally ringed space (X, Ox) is called an affine scheme if there exists
a ring A such that (X,0x) is isomorphic to (Spec A, Ogpec 4). A morphism of affine schemes
is a morphism of locally ringed spaces. We obtain the category of affine schemes Aff.

Theorem 1X.1.2.6. — If ¢: A — B is a ring map, define a morphism Spec ¢: Spec B — Spec A
of affine schemes by

?s
(Spec QS)?)(S) OSpccA(D(s>) = As — BqS(S) = f*OSpccB<D(s>)

for all s € A. Conversely, if (f,f"): (X,0x) = (Y,0y) is a morphism of ringed spaces, define

ring map
b

Iy
L(f): D(Y,0y) = Oy (Y) — £Ox(Y) =T(X,0x)
on global sections. These functors give an equivalence of categories

Spec
Ring®? — Aff.
r

IProof. — We should note that (Spec gf))b for a ring map ¢: A — B is obviously compatible with|
restriction maps. Moreover, for every x € Spec B the map

(Spec @)% = dy1(p,) Ospec  (spec @) = Agi(p,) — By, = Ospec s (IX.1.26.1

on stalks is obviously local, whence Spec ¢ is indeed a morphism of locally ringed spaces.
The functor Spec is essentially surjective by definition. Hence, to show the equivalence it suffices
to show that for any two rings A and B we have mutually inverse bijections

Spec
Homgy,, (A, B) = Hompg(Spec B, Spec A).
r

Let ¢: A — B be a ring map. Then I'(Spec ¢) = (Spec (b)?)(l) = ¢; = ¢. Conversely, let f: X :=
Spec B — Y := Spec A be a morphism of affine schemes. For every point x € X, the universal
property of the stalk Oy ;) = Apf(x) shows that fi is the unique map such that the diagram

¢t
A T(f)=rx B

| l (IX.1.2.6.2

P () P

commutes. By the universal property of the localisation Apﬂz)’ the image of I'(f)(A\ pys))
in B, is contained in By = B, \p,B, . In other words, I'(f)(A\ pys,)) € B\ p, and hence
r'(f)~"t(p,) C P f(z)- On the other hand, f4 islocal, so L(f)(®fz)) € P, and hence L(f)(p,) = Pfa)
It follows that SpecT'(f) = f as continuous maps. Next, by equation (IX.1.2.6.1), (Spec F(f))i;
also makes diagram (IX.1.2.6.2) commute, so (SpecT'(f)): = f% for all z € X. We deduce

(SpecT'(f))* = f* by proposition VIII.2.3.5. Thus, SpecI'(f) = f as morphisms of affine schemes
g
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IX.1.3. Applications.

Definition IX.1.3.1. — Let R be a ring. Then A, := Spec R[T}, ..., T, is called the affine
space of relative dimension n over R.

Example I1X.1.3.2 (integral domains). — Let A be an integral domain, let K = Quot A and let
X = Spec A. The zero ideal of A is prime, so denote 7 := (0) € X. Then {n} = X and hence 7 is a
generic point. The local ring in 7 is Ox ,, = A) = K.

We identify any localisation of A as a subring of K. Recall that Oy (D(f)) = Ay for all f € A. For
all other open subsets U C X, we have Oy (U) = lim ; Ox(D(f)) = ﬂDmCU Ay by definition.

—D(f)C

On the other hand, we claim that A, = ﬂpeDm A,. Indeed: let g € ﬂpeD(f) A, and a = (A:g)
For all p € D(f), we have a € p as g € A,. In other words, f € p for all prime ideals p D a, so
f € a. Thus, g € Ay, as desired. (Cf. the proof of proposition VIIT.1.4.7, but we do not use
Hilbert’s Nullstellensatz VIIT.1.1.17.)

As A, =0x, for all z € X, we obtain

Ox(U) = () Ox.

zeU

for all non-empty open subsets U C X.

Construction 1X.1.3.3 (principal open subschemes of affine schemes). — Consider the affine
scheme Spec A. For any f € A, let j: Spec Ay — Spec A be the morphism of affine schemes
corresponding to the canonical map A — A;. Then j induces a homeomorphism Spec A, 2% D(f)
by proposition IX.1.1.20. Under this identification, we have j°, A, == <Af)Px on stalks for all

x € D(f), so 7’ is an isomorphism by proposition VIII.2.3.5. Hence, (4, ;) induces an isomorphism
Spec Ay 2 (D(f), Ospec alp(f))-

Construction 1X.1.3.4 (closed subschemes of affine schemes). — Consider the affine scheme
Spec A. For any ideal a of A, let i: Spec A/a — Spec A be the morphism of affine schemes
corresponding to the canonical map A —» A/a. Then 4 induces a homeomorphism Spec A/a =% V(a)
by proposition 1X.1.1.20 again. Under this identification, we have 4’, : A, — (A/a); on stalks for
all z € V(a). Using the induced homeomorphism i: Spec A/a = V(a), we endow V(a) with the
structure of a locally ringed space given by Spec A/a.

We will later define the notion of a closed subscheme such that the notion coincides with V(a).

Example 1X.1.3.5. — Let B be a ring and let b be an ideal of B. Since a prime ideal of B
contains b iff it contains b™ for some n > 1, the closed subset V(b™) C Spec B is independent of n
But as an affine scheme, V(b™) = Spec B/b™ depends on n.

We explain this by the example B = k[T] and b = (T) for k an algebraically closed field. Then
the closed points (i.e., maximal ideals) of A} = Speck[T] correspond to elements of k with b
corresponding to 0. Set A = k[T]/(T™) and X = Spec A. Then X is a single point z, and we have
Ox(X) =0x, = A, m, = (T) (which is non-zero if n > 1) and £(x) = k. We think of X as a ‘closed
subscheme’ of A}C which is the single point (T") or, under the correspondence with k, ‘concentrated
in 0.

We identify Al with the affine variety A'(k) by virtue of example 1X.1.1.23, so that X is a
closed subvariety (point in 0). The affine coordinate ring is I'(A!(k)) = k[T] = B. The restriction of
functions on Al(k) to X is given by k[T] — I'(X) = k[T]/(T") = A. If n = 1, then this restriction
is evy: K[T] — k, f — f(0), but for n > 1, we keep the higher order terms of the ‘Taylor expansion
of fin 0. Through this picture, we should imagine X as a slightly fuzzy or fat point within A}

whose infinitesimal ‘radius’ is divided into n.— 1 segments
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Ezample 1X.1.3.6. — Here another picture of this kind. Consider the affine space A? =
Spec k[T, U] for k an affine algebraic field, which we visualise as the plane k?, corresponding to
the maximal ideals of k[T, U]. The ideals a; := (U) and a, := (U —T™) define closed subvarieties
X, = Speck[T,U]/a;, which are X; = {(u,t) € k? | u = 0} (constant line) and X, = {(u,t) € k?|
u=1t"} (nth power curve). We have X; N X, = {(0,0)} as a set, but it should make a difference
that X, and X, intersect tangentially if n > 1.

We will later define X; N X, = Spec k[T, U]/(a, + a,) as affine schemes. Under the identification
k[T,U]/ay = E[T], we have k[T, U]/(a; + ay) = k[T]/(T™). So, from the point of view of affine
schemes, we retain more information in the intersection X; N X,.

§ IX.2. SCHEMES

IX.2.1. Definitions.

Like prevarieties are obtained by gluing affine varieties, schemes are obtained by gluing affine
schemes.

Definition 1X.2.1.1. — A scheme("™") is a locally ringed space (X,Oy) which admits an open
covering X = Uie] U, such that the locally ringed spaces (Ui’0X|Ui) are affine schemes. Such

covering is called an affine open covering of X. We will usually denote (X,0x) simply by X
A morphism of schemes is a morphism of locally ringed spaces. Thus, we obtain the category
of schemes denoted by Sch. Clearly, affine schemes are schemes.

Definition 1X.2.1.2. — Fiz a scheme S. An S-scheme or a scheme over S is a scheme X
together with a morphism X — S of schemes. This morphism X — S is called the structural
morphism of X and often dropped from notation, and S is called the base scheme of X.

The morphism X — Y of S-schemes is a morphism X — Y of schemes such that the followin
diagram commutes:

X — Y

NS

S.

Thus, we obtain the category Sch/S of schemes over S.
If the base scheme S = Spec R is affine, then we say R-schemes or schemes over R.

IX.2.1.3. — Recall from construction 1X.1.3.3 that if X = Spec A is an affine scheme and if f € A
then (D(f), Ox|p(s)) = Spec Ay is a principal open affine scheme.

Proposition 1X.2.1.4. — Let X be a scheme.

(i) Let U C X be an open subset. Then the locally ringed space (U, Ox|y) is a scheme called an
open subscheme of X. If U is affine, then it is called an affine open subscheme.
(ii) The underlying sets of all affine open subschemes of X form a basis of the topology of X.

\Proof. — The scheme X can be covered by open affine subschemes by definition, and each of
these affine schemes has a basis of its topology consisting of principal open affine subschemes by
proposition IX.1.1.12 and construction 1X.1.3.3. Hence, the underlying principal open sets form al
basis of X, and U can be covered by principal open affine subschemes. pid

(IX-1) Originally, Grothendieck coined the terms scheme and prescheme, which we nowadays call separate

chemes and schemes, resp

Insert chapter where
intersections are def
fined.
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Construction 1X.2.1.5. — Let X be a scheme, and let U be an open subscheme of X. Let
j: U < X be the inclusion as topological spaces. The restriction maps of the structure sheaf Oy
induce ring maps

F i T(V,0x) — T(VNU,0x) =T(H(V), 0xly) =T(V, 4.0x|y)

for all V' C X open. Hence, if we speak about the inclusion morphism of an open subscheme U — X
then we mean (j,7°): U — X.

Lemma 1X.2.1.6. — Let X be a scheme, and let U and V be affine open subschemes of X. The
for all x € UNV, there exists an open subscheme W of UNV with W > x such that W is principa
open in U and in V.

\Proof. — W.l.0.g., by replacing V' with a principal open subset of U containing x, we may
assume that V' C U. Choose f € I'(U,Oy) such that z € D(f) C V, and set W := D(f). Then
W =Dy (f) =Dy (f|y) (since W CV C U) is principal open in U and in V. (By definition of affine
schemes, we even have I'(U, Ox); = I'(W,0x) = I'(V,0x) ¢, -) ol

IX.2.2. Gluing schemes.

Proposition 1X.2.2.1 (gluing of scheme morphisms). — Let X and Y be locally ringed spaces
Then assigning to open subsets U C X the set of morphisms Hom, rs((U,Ox|y),Y) of locally ringe
spaces defines a sheaf of sets on X.

In other words, if X = Uid U, is an open covering, then a family (U, —Y),c; of morphisms
such that any two morphisms agree on intersections U; N U; glues to a unique morphism X —'Y.

\Proof. — We know that the continuous maps on topological spaces can be glued. Moreover, the
morphisms (f*10y)|Ui — Oxly, of sheaves also glue by proposition VIIL2.2.1. g
Definition 1X.2.2.2. — A gluing datum of schemes consists of the following data:

— a family (U;);ep of schemes;

— an open subscheme U;; CU; for all i,j € I;

— an isomorphism ¢,;: U;; = U;; of schemes for all i,j € I;
such that

(i) U, =U; for all i € I (for simplicity);

(ii) ¢ij(Uij NU) C Uy, for all i, j, k € I;

(iii) the cocycle condition holds: the diagram

ik

Pij %Jk

Uji N Ugy,

Ui N Ui Ui N Uy

commutes for all i,5,k € I.
In particular, for i = j = k the cocycle condition implies ¢;; = ¢;; © ¢;; and hence ¢,; = idUi

\Moreover, for i = k the cocycle condition implies ¢]§-1 =0
Ui N Ui, =2 Uj; N U

i and hence ¢,; induces an isomorphism)

Proposition 1X.2.2.3 (gluing of schemes). — Let (U;,U,;, ¢;;) be a gluing datum of schemes
Then there exists a scheme X together with morphisms 1;: U, — X such that:

— 1. yields isomorphisms onto open subschemes of X for all i € I;
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—pjody; =1 on Uy foralli,j€I;

- X=U,%);

= () N;(U;) = ¢;(Uy;) = o;(Uy;) for all i,j € 1.
We say that X is obtained by gluing the U; via ¢,;.
\Proof. — To define the topological space X, set

X = H UL/N
icl
as a set. Here, for z; € U; and z; € U; we define z; ~ x; iff z; € U,;, ; € Uj; and x; = ¢;;(7;)
[This is an equivalence relation: reflexivity and symmetry follow from ¢;; = id;; and ¢;; = ;]1 For|
transitivity, suppose that z; € U;, z; € U}, x, € Uy and x; ~ x;, x; ~ xp,. Then x; € U;; N Uy,
so x; = ¢ (x;) € Uy, and z), = ¢jy.(x;) € Uy, since ¢,; and ¢ are isomorphisms U; N Uy, =%
Ui N Uy 2 Uy, N Uy, Finally, ), = ¢;;.(2;) by the cocycle condition, whence z; ~ .

The set X comes with natural injections ¢, : U; < X satisfying ¢, (U;;) = ¢,;(U;) N;(U;) and
;o ¢,y =1, for all 4,5 € I by definition of ~. Endow X with the quotient topology, i.e., a subset
U C X is open iff ;7 1(U) is open in Uj for all i. In particular, the 1); are continuous and open, since
for all V' C U; open we have 45 (¢,(V)) = ¢,;(V NU,;) for all j € I, so ¢;(V) is open in X. Thus
the 1, are homeomorphisms onto open subsets of X.

To turn X into a locally ringed space, we need to glue the structure sheaves on U; to a sheaf Oy
on X. The isomorphisms ¢;; induce isomorphisms v; ,¢;;: (¢, .0y.) () =2 (wi,*OUj”wj(Uﬁ) of|
sheaves on 1, (U;)N;(U;). Like the ¢, ;, these satisfy the cocycle condition. By proposition VIIL.2.2.3
the sheaves ¢, .0y, glue to a sheaf Ox on X with isomorphisms v; .0y =% 0X|wi<Ui) for all i € I
which are compatible with the gluing morphisms v, , ;.

We obtain a locally ringed space (X, Oy). Moreover, the construction of Oy also turns v, : U; =
(4:(U;), Oxly, v,)) < X into a morphism of locally ringed spaces for all i € I. Since X is covered by
schemes U;, each of which admits an affine open covering, X is a scheme as well. pid

Corollary 1X.2.2.4 (universal property of gluing schemes). — Let (U, U;;, ¢;;) be a gluing datum
of schemes, and let X be the scheme with morphisms 1;: U; — X obtained by gluing the U; via ¢;;
If T is a scheme and if &;: U, — T for i € I are morphisms that induce isomorphisms onto ope
subschemes of T', such that §;o ¢;; =& on U;; for all i,j € I, then there exists a unique morphis
&: X — T with Eovp, =&, for all i € 1. In particular, X (together with (v;),c1) is unique up t
unique isomorphism.

\Proof. — This follows by gluing the morphisms &; o 1; ! on 9,(U;) C X (proposition IX.2.2.1).  dg
Remark 1X.2.2.5. — The notion of gluing data can be defined for topological spaces or (locally

ringed spaces, too. Gluing this data yields a new object in the respective category, which satisfies a
universal property as above.

CzDoe————————
Definition 1X.2.2.6. — The disjoint union of schemes (or locally ringed spaces) (U;);cr 19
given by the topological space ]_[ie[ U, with the ‘obvious’ structure sheaf U Hiel Oy, (UNT;).
We can obtain the disjoint union from proposition 1X.2.2.3 as well by setting U;; = & for al
t,j €1.
Example 1X.2.2.7. — If X; = SpecA, for i = 1,...,n are affine schemes, then I_[?:l X, =
Spec H?Zl A, =+ X is again affine. Indeed, this is true on the level of topological spaces, see
proposition 1.1.3.8. Moreover, for all i and all f € A;, we have O;» x (Dx (f)) = O, (D(f)) 5
Ox (D (f)) where f = (0,...,0, f,0,...,0) € H?Zl A;. Since the principal open subsets D x (f) form
a_basis of X, we have the claimed equality on the level of sheaves




[GW20] mentions
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Warning IX.2.2.8. — For an infinite family (X,),c; of affine schemes X; = Spec 4;, the
disjoint union X = J[,_, X; is not affine anymore. The reason is that X is not quasi-compact
but affine schemes are quasi-compact by proposition 1X.1.1.12.

Example IX.2.2.9. — In the special case of two schemes U; and U,, open subschemes U;, C U,
and Uy, C U, with an isomorphism ¢: U, =% U, yield a gluing datum. Let X be the scheme
obtained by gluing U; and U, along ¢, and we consider U; and U, as open subschemes of X. The
structure sheaf is then given by

L(V,0x) ={(s1,5,) e (VNU;,0p,) x TV Ny, O,) | ¢b(52|U210V) = s1lu,,nv}
for all V' C X open, cf. proposition VIII.2.2.3.

Example 1X.2.2.10 (affine line with two origins). — As an example for example 1X.2.2.9, let
U, = U, = Al = Speck[T] for k a field. Fix a closed point z € Al e.g., x = (T), and set
U, = Uy \ {z} and Uy; = Uy \ {z}. The gluing isomorphism ¢: U5 =% Uy, is the identity. We
should think of the scheme X obtained by gluing as an affine line with the point = doubled.

IX.2.3. Morphisms into affine schemes, morphisms from field spectra.

Morphisms from schemes to an affine scheme are easy to understand. We will use the following
lemma shortly.

Lemma 1X.2.3.1. — Let (X,0x) be a locally ringed space. For any f € Ox(X), the subsel
D(f):={z € X | f(z) # 0} is open in X. Moreover, f|py is a unit in Ox(D(f)).

Proof. — Note that D(f) = {z € X | f, € 0%, } by definition. So, for z € X there is some inverse
9. € Ox, of f,. Hence, there exists a representative g € Ox(U) of g, for a suitable open subset
U C X such that f|;g =11in Ox(U). Tt follows that f,g, = 1in Ox , for all y € U and therefore
U C D(f) is an open neighbourhood of z. Thus, D(f) is open.

Next, suppose that there is an open cover D(f) = (J, U; such that f[y; has inverse g; € Ox(U;)
Since inverses are unique, we obtain g,| v,nu, = gj‘UmUj for all 4, 7, whence we can glue the g, to a
unique g € Ox(D(f)). Similarly, the sections f[;; g; = 1 must glue to f|p g = 1. o

Proposition 1X.2.3.2 (global sections-Spec adjunction). — Let (X,0Ox) be a locally ringed space
and let Y = Spec A be an affine scheme. Then we have a canonical bijection

HomLRS<XaY) — HomRing(AaF<Xa OX))v (fvfb) — fgf

functorial in X and A. In other words, we have the adjunction I' 4 Spec (note that Spec: Ring®® —
Aff and T' are contravariant).

Easy proof if X is a scheme. — There is an easier proof if we assume that X is a scheme. By
definition, there is an affine open covering X = [J, U;. We know from theorem 1X.1.2.6 that

Hom g (U;, Y) — Homgipg (A, T'(U;, Ox))

is a bijection for all . By functoriality of I, we have the following commutative diagram for all
affine open subschemes V' of U; N U;:

Hompg(U;, V) —— HomRing(Avr(Uia@X))

! !

Hompg(V,Y) —— HomRing<Av L'(V,0x)).

v gluing the sheaves U = Hom (U, Y), see proposition IX.2.2.1, we obtain the statement. 0D
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General proof. — For the general case, we first construct an inverse map Homg,,, (A4, T'(X,0x)) —
Hom, gs(X,Y). Given a ring map ¢: A — I'(X, Oy ), we need to construct a morphism (f, f°): X —
Y. We first define the map f: X — Y of topological spaces. For any z € X, let p := {a € A|
¢d(a)(z) = 0in k(x)}. Then A/p is a subring of the field k(x), so p is a prime ideal of A. Set
f(x) := p. Furthermore, for any s € A we have f~1(D(s)) = {z € X | ¢(s)(z) # 0} =: D(¢(s))
By lemma [X.2.3.1, D(¢(s)) is open in X, whence f is continuous, and ¢(s)|pg(s) is a unit in
I(D((s)), O).

We next define the morphism f”: 9y — f,0x of sheaves agreeing with ¢ on global sections. For
any s € A, we hence define f]g(s) as the unique map such that the diagram

F<Y30Y) =A— F( ( )70}’) A

q{ I

I'(X,0x) —— T'(D(6(5)),0x)

S

commutes by the universal of localisation, since s € A is mapped to ¢(s)|p(s) € I'(D(#(s)), Ox)*
Furthermore, for any x € X we have ffo: Oy tz) = Ay — Ox, on stalks where p = f(z). By
definition of f, we have ¢(a) € m, for all a € p where m, is the maximal ideal of O ,. Hence
d(pA,) Cm, and ff_« is local for all z € X. Thus, (f, f°) is a morphism of locally ringed spaces.

It remains to show that the two constructions are mutually inverse. If ¢ € HomRing(A7 I'(X,0x))
and if we construct the associated (f, f°) € Hom,gs(X,Y), then flb/ = ¢ by definition. Conversely
let f € Hom gs(X,Y), let ¢ = f{,, and let g: X — Y be the morphisms associated to ¢. Since fi is

local, we have a map
£

IY,0p)=A— Oy f(z) —* k(f(x)) <f—1> K(x)
for all x € X. Note that f(x) € Y, a prime ideal, is the kernel of A — x(f(x)), Hence, f(x) agrees
with the definition of g(x) above, and we have f = g as continuous maps. Moreover, for any = € X|
both f” and ¢’ induce A, — Oy, on stalks where p = f(x) = g(x). Since both fﬁ and gi; satisfy|
the commutative diagram

A—— A

/|

N'(X,05) — Ox o>
we must have fﬁ = gi by the universal property of localisation (since p = f(z) = g(z), we have

p(A\p) C Ox ). Thus, we have f* = ¢* by proposition VIII.2.3.5. sl

Corollary 1X.2.3.3. — If X is a locally ringed space, then there exists a unique morphis
X — SpecZ of locally ringed spaces. In particular, SpecZ is the final object in Sch.

\Proof. — This follows from proposition 1X.2.3.2 and the fact that Z is an initial object in Ring
i

Observation 1X.2.3.4. — Proposition 1X.2.3.2 also says that I' is a representable functor with
representation Spec Z[T:

Hom, gs(X, Spec Z[T]) = HomRing(Z[T] ['(X,0x)) =T(X, 0x).
In particular, for each R-scheme X we have

Homsch/R(XaAﬁ?,) :HomR—AIg(R[ [, [(X,0x)) = I(X, Ox).

[Thus, global sections of Oy can be identified with morphisms from X to the affine line Al




Maybe explain more
category theory.
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Construction 1X.2.3.5. — Proposition 1X.2.3.2 also gives the unit c: id gg — Speceol of the
adjunction. For every locally ringed space X, we call the morphism

cx: X — SpecT'(X, Ox)

of locally ringed spaces canonical.

Czoe—

Construction 1X.2.3.6. — Let X be a scheme. Let z € X and let U C X be an affine open
neighbourhood of z, say, U = Spec A. Let p be the prime ideal of A corresponding to x. Thenl
Ox o = 0Oy, = A, and the canonical map A — A, induces the morphism

Jot SpecOx , = Spec A, — Spec A=U «— X

of schemes. This is independent of the choice of U: for arbitrary f € A\p, the map A — A, factors
through Ay, so Spec Oy , — Spec A factors through Spec Ay, which is homeomorphic to D(f) C U
by proposition 1X.1.1.20. Hence, Spec Ox , — Spec A agrees with SpecOy , — SpecA;. As a
consequence, if j, and j/ are defined with affine open neighbourhoods U and U’, resp., then they
agree with j7 defined with an affine open neighbourhood U” C UNU’ of z (see proposition 1X.2.1.4)
We remark that j, induces a homeomorphism onto the subspace Z = {p’ € U|p € V(p')} =)
where V' runs through all open subsets of X, by proposition 1X.1.1.20.

Hence, the canonical map Oy , — k(z) induces a morphism

Vaoz 4

i,: Speck(r) — SpecOx , i> X
called canonical. By definition of j,, we have i,((0)) = 2 where (0) is the unique point in x(z).
Proposition 1X.2.3.7. — Let Spec K = {p} and X be schemes for K a field. There is a bijection
Homg, (Spec K, X) = {(z,¢) |z € X,¢: k(z) = k(p) = K},
fe= (). £3)

where the map ﬁ,: k(f(p)) — k(p) on residue fields is induced by the local map f;: Ox, 1) —
Ospec i.p = K on stalks. The same is more generally true for local rings (R, p):

Homg,(Spec R, X) — {(=, ¢) |z € X, local ring map ¢: O, — R, = R},
I (F). £3)-
\Proof. — Note that a morphism f: Spec K — X is the same as

Spec ﬁ) iy
Spec K — Speck(z) — X

where = f(p). For the converse map, we map (z,¢: k(z) — K) to the morphism

Spect iy
Spec K — Speck(x) — X.

These two maps are obviously mutually inverse.

The general case is proven similarly. Suppose that f: Spec R — X is given. Let U C X be an
affine open neighbourhood of = f(p). Then the image of f is contained in U because f~(U) is
an open neighbourhood of p in Spec R and because p is the unique closed point in Spec R. Hence
f factors through Spec R — U. Furthermore, this Spec R — U factors as by the equivalence
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between affine schemes and rings, see . Under the equivalence Ring®? = Aff (theorem IX.1.2.6), this
Spec R — U corresponds to the ring map A := I'(U,Oy) — R. If the prime ideal p of A denotes the
contraction of p in R, where p also corresponds to x € U, this ring map factors as A — A, — R
where A, — R is a local map of local rings. Passing to affine schemes gives the factorisation

Specfgj
Spec R — SpecOx, — U

of Spec R — U. Thus, f factors as

Spec f} I
Spec R — SpecOx , — X.

The inverse map is constructed as in the case of fields K. pid

IX.2.4. Basic properties of schemes.

IX.2.4.1. — A topological space is quasi-compact if every open covering admits a finite subcovering
A topological space is irreducible if it is non-empty and if it is not the union of two proper closed
subsets.

Definition 1X.2.4.2. — A scheme is called connected, quasi-compact or irreducible, resp.
if the underlying topological space has this property.

Example IX.2.4.3. — For example, affine schemes are quasi-compact by proposition 1X.1.1.12. On
the other hand, infinite disjoint unions of non-empty schemes are not quasi-compact. This example
is rather trivial; there are connected and even irreducible schemes which are not quasi-compact.

Definition 1X.2.4.4. — A morphism f: X — Y of schemes is called injective, surjective o
bijective, resp., if the continuous map X — 'Y of the underlying topological spaces has this property
We similarly call f open, closed, or a homeomorphism, resp., if the continuous map X — 'Y has
this property.

A morphism f: X =Y of schemes is called dominant if the image f(X) is dense in Y.

@ Warning 1X.2.4.5. — Homeomorphisms are not isomorphisms in general.
—_—> = —

We will now generalise the notion of noetherian rings to schemes, which is an important finiteness
condition.

Definition 1X.2.4.6. — A scheme X is called locally noetherian if it admits an affine ope
covering X = UZ U, such that the rings of sections T'(U,,Ox) are noetherian. If X is additionally
quasi-compact, then X is called noetherian.

Lemma 1X.2.4.7. — FEvery locally noetherian scheme admits a basis for its topology consisting off
noetherian affine open subschemes. The local rings (stalks) of a locally noetherian scheme are al
moetherian.

\Proof. — Let X be a locally noetherian scheme, and let X = Ui U, be an affine open covering
such that A; := I'(U;, Oy) is noetherian. For each U,, the principal open subschemes D(f) of U
with f € A; have ring of sections I'(D(f),0x) = (4;), which is noetherian as a localisations of
a noetherian ring. The principal open subschemes are, furthermore, noetherian since they are
quasi-compact by proposition IX.1.1.12. They form the desired basis for the topology of X.

For the second statement, note that for x € Uj, the local ring Oy, = (4;), is again noetherian
as a localisation of a noetherian ring pi

[GW20, p. 76] ref;
erences Exer. 3.2
and 3.26.

See [GW20, Exer. 3.6
and 12.21].
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We need the following lemma for the proof after it.

Lemma 1X.2.4.8. — Let M be an A-module. Suppose that A = (fy,...,f,), i e., the unit ideal is
finitely generated. Then M is finitely generated iff My is a finitely generated Ay -module for all i

Proof. — Suppose for all i that M is finitely generated over A; , say by m;;/ fln “ where m;; € M
n;; > 0and j =1,...,7,. Then N := (m,;;4,7) is a finitely generated A-submodule of M with

i

Ny = My for all i. Now, since for any prime ideal p of A there is some f; not contained in p
we have (M/N), = ((M/N);), = 0. By proposition [.3.2.13, we have M/N =0, i.e., M = N is
finitely generated. The converse is clear. pi

Proposition 1X.2.4.9. — An affine scheme X = Spec A is noetherian iff A is a noetherian ring

Proof. — By definition, X is noetherian if A is. Conversely, suppose that X is noetherian, and let
a C A be an ideal. We claim that a is finitely generated. By assumption, there is a finite affine open
covering X = UZL: D(f;) of principal open subschemes with f; € A such that all ['(D(f;),0x) = Ay,
are noetherian. Then the extended ideals a; = Afia in Af,- are finitely generated, and so the
statement follows from lemma [X.2.4.8. i

Lemma 1X.2.4.10. — For any noetherian scheme, the underlying topological space is noetherian)
and thus has finitely many irreducible components.

\Proof. — A noetherian scheme X can be covered by finitely many noetherian affine open subschemes
whose underlying topological space is noetherian by proposition 1X.2.4.9. By lemma VIII.1.2.13
the underlying topological space of X is noetherian and, by lemma VIII.1.2.14, has finitely many|
irreducible components. pid

Warning IX.2.4.11. — In general, a scheme whose underlying topological space is noetherian

is not noetherian. For example, let A = k[x,,z,,...]/(23,23,...) for k a field. Then m =
(Z1,Zy,...) is a maximal ideal of A, but also contained in rad A since each z; is nilpotent. Hence
Spec A as a topological space consists of a single point and is, in particular, noetherian. However
by proposition 1X.2.4.9, Spec A as a scheme is not noetherian because the ring A is not noetherian.

Corollary 1X.2.4.12. — An open subscheme of a (locally) noetherian scheme is (locally) noethe
rian.

IProof. — The locally noetherian case follows from (the proof of) lemma IX.2.4.7. Hence, we only|
need to show that an open subscheme of a noetherian scheme is quasi-compact. Since the underlying
topological space of a noetherian scheme is noetherian, this follows from lemma VIII.1.2.14. pid

_— e ee—————

Motivation 1X.2.4.13. — Usually, schemes have many points that are not closed; in fact, schemes
are far from being Hausdorff. Instead of seeing this as a pathology, we should think of this as anl
advantage. Since the closure @ of non-closed points = are quite large, the study of some properties
can be reduced to considering the ‘generisation’ x.

IX.2.4.14. — Let Z be a subset of a topological space X. Recall that a point z € Z is a
eneric point of Z if {z} is dense in Z. Moreover, since the closure of irreducible sets is irreducible
lemma VIII.1.2.4), Z is irreducible if it admits a generic point. We will now show that the converse

is true for schemes X as well.

Proposition 1X.2.4.15. — For a scheme X, the map
X — {irreducible closed subsets of X},

z+— {x},

is_a bijection, i. e., every irreducible closed subset of X has a unique generic point
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\Proof. — We already know from corollary IX.1.1.15 that this is true for affine schemes. Let Z C X|
be irreducible closed and let U C X be affine open such that Z N U is non-empty. Then Z NU = Z
because Z is irreducible; otherwise, we would have Z = ZNU U (Z\ U). By lemma VIII.1.2.4
Z N U is irreducible. Restricting to the affine subscheme U, we see that Z N U admits a unique
generic point, which is also a generic point of Z.

On the other hand, any generic point of Z must be contained in any open subset of X which
meets Z. So, if Z has two generic points, then they are both generic points of Z N U and hence
coincide. i

Observation 1X.2.4.16. — Let X be a scheme. Recall that a maximal point of X is the generic
point of an irreducible component of X. For every point € X there exists a maximal point n € X
such that n is a generisation of x, that is, x € {n}.

The question whether points have closed points as specialisations is more subtle.

Warning 1X.2.4.17. — There are non-empty irreducible schemes which do not contain closed
points.
Lemma 1X.2.4.18. — Let X be a quasi-compact scheme. Then any point x € X has a close

point £ € X such that £ is a specialisation of x, that is, £ € {x}.

\Proof. — We first show that X contains a closed point if X is non-empty. Consider a finite affine
open covering X = Uzl: , Ui such that U; € Uj i U, for all i (we need quasi-compactness only for
this irredundancy condition). Since X \ U?;z U, is a non-empty closed subset of Uj, it contains a
closed point in U; by Krull’s theorem 1.1.3.12. This point is also closed in X because X \ U:LZQ U, is
a closed subset of X.

Finally, if Z C X is a non-empty closed subset, then the above shows that Z contains a point
closed in Z, which is also closed in X because Z is closed. This applies in particular to sets Z = {z}
for x € X a point. i

Remark 1X.2.4.19. — This lemma [X.2.4.18 is also true for so-called schemes locally of finite
type and, more generally, for arbitrary locally noetherian schemes.

[GW20, §3.12].
[GW20, Exer. 5.5].
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PART V

REPRESENTATION THEORY
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introduction for more general results. Then Milne algebraic groups.

Notation 1X.2.4.21. — — The normal tensor product ® is assumed to be over a field k, i.e.
VoW =V, W for k-vector spaces V and W.
— For a group G, the conjugacy class of g € G is Cl(g).

The goal of representation theory is to study group actions on vector spaces, which are ubiquitous
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CHAPTER X

INTRODUCTION

§ X.1. REPRESENTATION THEORY OF ALGEBRAS

X.1.1. Algebras.

'We will recall basic notions for algebras, but now in a generally non-commutative setting and over a
field.

Definition X.1.1.1. — (i) An (associative) ring (with unit) is a ring A in the sense of defini
tion 1.1.1.1, but not necessarily commutative.

(ii) The opposite ring of a ring A is the ring A°P where multiplication *: A°P x AP — A°P {4
defined by axb:=0b-a.

(iii) Let k be a commutative ring. An (associative) k-algebra (with unit) is a ring A togethe
with a (unital) ring map ¢: k — A whose image lies in the centre of A w. r.t. multiplication, i. e.
d(N)a = ap(N) for all X € k and all a € A. In other words, it is a k-module A together with
multiplication operation -: A x A — A such that (ab)e = a(be) for all a,b,c € A and such that
Aa = a for all A € k and all a € A.

Convention X.1.1.2. — In the context of representation theory, we almost always assume k to
be a field. The reason is that we want to study the action of the k-algebra on k-vector spaces, an
the theory of linear algebra is well-understood.

Remark X.1.1.3. — From a categorical standpoint, we can equivalently define a k-algebra as a
k-algebra object in the category of k-vector spaces k-Vect. More precisely, a vector space A € k-Vect
is a k-algebra if there exist morphisms multiplication m: A ® A — A and unit u: k — A such that

(i) associativity holds, i.e., the following diagram commutes:

ARARA ™Y A0 A

o] |

m

AQA —™ 4 A
(ii) unit laws hold, i.e., the diagram
koA 2 A9 Al Agk

SOh

commutes where the isomorphisms are the canonical ones: k@ A~ A, AQat> daand AQk ~ A
1R A= da
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By convention, we write 1 := u(1) and ab := m(a ® b) for all a,b € A, and bilinearity of m is
automatic. Moreover, commutativity is expressed as m = mo7 where 7: AQ A — A® A is the
twisting morphism 7(a ® b) = b ® a.

Definition X.1.1.4. — Let A and B be two k-algebras. A k-linear map f: A — B is
homomorphism of k-algebras or simply k-algebra map if it is also a ring homomorphism, 1. e.
f(1) =1 and f(ab) = f(a)f(b) for all a,b € A. The notions isomorphism, endomorphism and
automorphism are inherited from the notions for k-vector spaces. We denote the Hom-set of al
k-algebra homomorphisms between A and B by Homk,Ng(A, B), and the category of k-algebras
by k-Alg.

Remark X.1.1.5. — Again, the categorical view defines a homomorphism of k-algebras as a
morphism f: A — B in k-Vect such that the following diagrams commutes:

fef

ARA —— B®B A—T1 B
mAl lmB \ /
A—~L B
Remark X.1.1.6. — Compare these definitions with definitions 1.1.1.1, [.2.8.1 and 1.2.8.3 from

commutative algebra. The only difference is that algebras are now allowed to be non-commutative
In particular, constructions like the following work identically to the commutative case.

(i) The tensor product of k-algebras A and B is the k-vector space A ® B with multiplication
(a®b)(a’ @) = aa’ @bb’ for all a,a’ € A and b,b” € B. This is again a k-algebra via k =2 k® k —
A® B and the unitis 1® 1 € A® B. Note that AQ B= B® A as k-algebras.

(ii) A field extension K /k can be naturally interpreted as a k-algebra via the inclusion k < K
The extension of scalars or base change of a k-algebra by K /k is the tensor product K ® A. This
becomes a K-algebra via K =2 K ® k — K ® A. Thus, we obtain a functor K ® —: k-Alg — K-Alg
for any field extension K /k.

Example X.1.1.7. — (i) The archetypical example is the k-algebra End V' of all k-linear endo;
morphisms of a k-vector space V. Multiplication is given by composition, and k acts on End V' by
A = Aidy,. If V s finite-dimensional, any choice of basis gives an isomorphism End V' = Mat,, (k) of
k-algebras.

(ii) Of course, any k-algebra from commutative algebra is a k-algebra, e.g., the polynomial
k-algebra k[z;,i € I].

Definition X.1.1.8. — The free k-algebra k{x;,i € I) over the variables (letters) (z;);c; has
the monomials (finite words) x; --x; as a basis. Note that the variables x; are non-commutative
and the empty monomial is 1 € k(az 1 € I). Multiplication of monomials is given by concatenation,
of words. We will also just write k{(xq,...,x,) in case of finitely many variables.

The free k-algebra has the universal property that any k-algebra map f: k(x;,1 € I) — A iy
already defined by the values f(x;) € A for all i€ I.

Definition X.1.1.9. — A subalgebra of a k-algebra A is a linear subspace B of A that is also q
subring of A, which means that 1 € B and ab € B for all a,b € B. Then B is again a k-subalgebr
and the canonical inclusion v: B < A is a k-algebra map.

Definition X.1.1.10. — Let A be a k-algebra. A left ideal in A is a linear subspace a in A
such that Aa C a. Similarly, a right ideal in A is a linear subspace a in A such that aA C a
A two-sided ideal is a linear subspace a in A that is both a left and right ideal.

Let S be a subset in A. Then

(S) = ﬂ a = span(ASB)

two-sided ideals aJS
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is the two-sided ideal generated by S, which is the smallest two-sided ideal containing S. Similarly
(S); := span(AS) and (S), := span(SB) are the left and right ideals generated by S, resp.

Ezample X.1.1.11. — The trivial (two-sided) ideals in a k-algebra A are 0 and A.

Remark X.1.1.12. — Like in the commutative case, we can define left, right and two-sided
maximal ideals. In the same way as Krull’s theorem 1.1.3.12, every non-zero algebra has a maximal
ideal of any kind.

Construction X.1.1.13. — Let A be a k-algebra, and let a be a two-sided ideal in A. Then the
additive quotient group A/a inherits a k-algebra structure by virtue of the canonical projection
m: A= A/a,at> a+a,ie., (a+a)(b+a) =ab+a. By using that a is a two-sided ideal, one easily]
checks that this multiplication is well-defined (it does not depend on the chosen representative)
The k-algebra A/a is the quotient algebra of A by a.

Example X.1.1.14. — If f,,..., f,, € k(z,...,z,) are free polynomials, then the k-algebra
k{xy, ..., xn)/{f1, - [mm) is the algebra generated by z, ..., z, subject to defining relations f; =
- = f,, = 0. A specific instance is the polynomial k-algebra

klz;,i € Il = k(x;,i € I) /(w25 — wz;0,5 € ).

iTis
Another one is the first Weyl algebra k(x,y)/(yx —xy — 1).

Homomorphism theorem X.1.1.15. — Let f: A — B be a k-algebra map. Then the kerne
ker f is a two-sided ideal of A and the image im f is a subalgebra of B. Moreover, there exists
canonical isomorphism

A/ker f =5 im f
induced by f.

X.1.2. Tensor algebra.

Construction X.1.2.1 (universal property of the tensor algebra). — Let V be a k-vector space
'We construct a k-algebra Ten V with a k-linear map V' — Ten V such that the following universal
property is satisfied: for any k-linear map f: V — A into a k-algebra A, there exists a unique
k-algebra map Ten V' — A such that the following diagram commutes:

V —— TenV

iﬂ
f <+

A.
Indeed, we first define the nth tensor power V®" of V| recalling that a basis is given by
elementary tensors v; ® -+ ® v,, for vy,...,v,, € V. These tensor powers give rise to the tensor
algebra

TenV := @ yen
n>0
of V' where multiplication of elementary tensors is given by taking their tensor product. Observe
that TenV is, in fact, a graded ring, i.e., for v € V& and w € V®™, we have v @ w € V®n+m)
The elements in V®° = k of degree zero are the scalars and the elements in V®' = V of degree one
generate Ten V. In fact, any basis of V already generates Ten V.

To check the universal property, let f: V' — A be a linear map into a k-algebra A. Thenl
eVt = A (vy, .. ,v,) B f(vg) o f(v,) is multilinear and hence induces f®™: V®* — A. Taking
the direct sum gives Eano f®": TenV — A, as desired. Uniqueness follows from (@nzo )y =
and the fact that V generates Ten V.

Maybe remove exam;
ple of Weyl algebra.




Insert reference on hof
mogeneous polynomis
als giving graded quos
tients.

Maybe simplify this
part with reference to
commutative algebra

on graded rings.

146 CHAPTER X. INTRODUCTION

Example X.1.2.2. — The free k-algebra is an incarnation of a tensor product: we have a k-algebra
isomorphism k(z;,i € I) = Tenspan(x,,i € I).

Construction X.1.2.3 (universal property of symmetric algebras). — Like for tensor products
we can construct a k-algebra in the commutative case. Let V be a k-vector space, and consider the
two-sided ideal

a=(ww—w®uv € TenV;v,we V)

in Ten V. Since a is homogeneous, we obtain the graded symmetric algebra

SymV :=TenV/a = @ Sym" V

n>0

of V' where
Sym"V =Ve®"/anVe = Ve /span{v; @ - ® v, —o(v; ® - Quv,)|c € &,}

is the nth symmetric power of V. Note that a N V®! = {0} by degree reasons, so the canonical
map V < TenV — Sym V is an inclusion. The symmetric algebra Sym V' is clearly commutative
We often write vy -+-v,, € Sym" V for the image of v; ® - ®v,, € V®™ in Sym" V.

Symmetric algebras satisfy the following universal property: for any k-linear map f: V — A
into a commutative k-algebra A, there exists a unique k-algebra map SymV — A such that the
following diagram commutes:

V.— TenV —— SymV

N

This universal property follows from combining the universal property of tensor algebras (construcy
tion X.1.2.1) and quotients (we used that a is in the kernel of the induced map TenV — A because
A is commutative).

-
-
-
-

P
-
=l

e

P

Example X.1.2.4. — The polynomial k-algebra is an example of a symmetric algebra: we have a
k-algebra isomorphism k[z;,7 € I] = Symspan(x,;,i € I).

Construction X.1.2.5. — We can also construct an algebra in the same way as symmetric
algebras, but for anti-commutative k-algebras. Let V' be a k-vector space, and consider the two-sided
ideal

a=@wuveTenV,veV)

in Ten V. We obtain the graded alternating algebra or exterior algebra

AltV = AV :=TenV/a = (P A" V

n>0

of V where
Sym" V = A"V = V& /[an V" = Ve /span{v; ® - ® v, | v; = v; for some i # j}

is the nth alternating power or exterior power of V. We often write v; A+ A v, € Alt" V for
the image of v; ® - ®v,, € V™ in Alt" V.

The alternating property v A v for v € V implies that v Aw = —w A v for all v,w € V
More generally, for homogeneous elements a,b € AltV, we have ab = (—1)4°€29°8%hq  which ig
anti-commutativity (hence the name alternating)
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Observation X.1.2.6. — All three constructions X.1.2.1, X.1.2.3 and X.1.2.5 are functorial. Let
f:V — W be a linear map. Then f®": V&* — W®" is given by f(v; ® - ®uv,,) = f(v;) @ ® f(v,,)
Taking the direct sum gives the graded k-algebra map Ten f: TenV — Ten W. We thus obtained
a functor

Ten: k-Vect — k-Alg.

Moreover, let a and b be the defining ideals of the symmetric algebras of V and W, resp., so
that SymV = TenV/a and Sym W = Ten W /b. Then Ten f: TenV — Ten W sends a to b, so it
descends to the k-algebra map Sym f: SymV — Sym W. In fact, Sym f is graded since it restricts
to maps Sym” V' — Sym"™ W for any n > 0. We thus obtained a functor

Sym: k-Vect — k-CommAlg.
Similarly, we can obtain a functor
Alt: k-Vect — k-Alg.

Remark X.1.2.7. — Let V be an n-dimensional vector space with basis (eq, ..., e,). Then the
various powers are also finite-dimensional.

(i) The standard basis of V®™ is given by elementary tensors e, ®Qe; forindices 1 <
i1y by < . Thus, dim V™ = p™,

(ii) The standard basis of Sym™ V is given by monomials €]"* - e,™ with my + - +m, = m
Thus, dim Sym™ V = (m;ffl) using stars and bars.(X-1)

(iii) The standard basis of Alt™ V' is given by e; A - Ae; for indices i; < -+ < d,,. Thus
dim Alt™ V' = (). In particular, note that dim Alt™ V = 0if m >n = dim V.

(iv) By (iii), the exterior algebra Alt V has finite dimension, which is different from Ten V' and
Sym V. Indeed, dim ALtV =37" () = 2"

X.1.3. Modules.

Definition X.1.3.1. — Let A be a (not necessarily commutative) ring.

(i) A left A-module M is defined verbatim as in definition 1.2.1.1, in particular with a lefi
A-action -+ A x M — M. Equivalently, a left A-module is a (unital) ring map A — Endyg,, (M)
with some abelian group (M, +).

(ii) For completeness sake, a Tight A-module M is defined like in definition 1.2.1.1, but with
right A-action -: M x A — M. In particular,

m(ba) = (mb)a, ml=1.
[Equivalently, a right A-module is a (unital) ring map A — Endppg,,(M)P.

Definition X.1.3.2. — Let M and N be two left A-modules. A left A-module homomorphism
or a left A-linear map f: M — N is defined as in definition 1.2.1.3. In particular, f(av) = af(v)
for all a € A and all v €V, or as a diagram:

Mt N

|k
M —— N.

(X-1) We choose a multiset of m vectors (stars) from {ej, ..., e, }. Since ordering does not matter, we can
group the vectors into powers and insert bars between each power. This gives a sequence of m +n — 1 stars and bars
and we need to choose the position of the n.— 1 bars
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We write Hom 4 (M, N) for the set of all A-linear maps M — N, and End 4 M := Hom 4 (M, M)
\Hence, we obtain the category of left A-modules A-LMod.

Likewise, given right A-modules M and N, we define a right A-module homomorphisms o
a right A-linear maps f: M — N, which satisfies f(ma) = f(m)a for all a € A and all m € M
\Hence, we obtain the category of right A-modules A-RMod.

Fact X.1.3.3. — There is an equivalence of categories A-RMod =2 A°P-LMod.

\Proof. — If M is a right A-module, then it can be endowed with a left A°°P-module structure vial
A x M — M, am :=ma, and vice versa. Alternatively, if A — Endpg,,(M)°P is a right A-module
then AP — (Endpyg,,(M)°)°P = Endapg,, (M) is a left A°-module. Hence, the right A-modules
are in bijection with the left A°P-modules. This extends to hom-sets, so we obtain an equivalence of]
categories pis

Convention X.1.3.4. — Because of fact X.1.5.3, A-modules are always assumed to be left
A-modules, unless otherwise specified. Furthermore, we will always say A-module map instead of]
left) A-module homomorphism.

Remark X.1.3.5. — All constructions and notions like submodules, quotients, finitely generated
noetherian, artinian, etc. from commutative algebra can be defined for this more general notion of]
left or right modules.

Homomorphism theorem X.1.3.6. — Let f: M — N be an A-module map. Then ker f an
im f are submodules of M and N, resp., and [ induces an isomorphism

M/ker f = im f.

Remark X.1.3.7. — If A is a k-algebra, then a left A-module V' is automatically a k-vector space
and both addition and scalar multiplication are k-linear. In this case, End 4 V' is a k-subalgebra of
End, V.

Convention X.1.3.8. — Henceforth, we will always work with modules over k-algebras, unless
otherwise specified.

Remark X.1.3.9. — We can equivalently define an A-module as an A-module object in k-Vect
Let A be a k-algebra together with multiplication m: A® A — A and unit u: £k — A maps. A vector|
space V € k-Vect is an A-module if there is a morphism u: A ® V' — V such that the diagrams

A®A®V'm®idVA®V ]€®Vu®idv ARV
idA@#l lﬂ \ lﬂ
AV —E2 v, 1%

commute. By convention, we write av := pu(a ® v) for all a € A and v € V. Observe that from the
tensor-hom adjunction Hom, (A ® V,V) = Hom, (A, End, V), we obtain the equivalent definition
p: V — End, V from pu.

Similarly, a k-linear morphism f: V — W of A-modules is A-linear if the following diagram|
commutes:

AV 448l Aow

| [

v f W
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Definition X.1.3.10. — Let A and B be (not necessarily commutative) rings. An (A, B)-bi
module is an abelian group M which is both a left A-module and a right B-module such thal
(am)b = a(mb) for alla € A, b€ B and all m € M.

A map f: M — N between (A, B)-modules is an (A, B)-bimodule homomorphism if it is both
left A-linear and right B-linear. We denote the category of (A, B)-bimodules by (A, B)-BMod.

Fact X.1.3.11. — There is an equivalence of categories (A, B)-BMod = (A ® B°P)-LMod.

\Proof. — An (A, B)-bimodule M is completely described by its left and right module structures
A — Endppg,(M) and B°® — Endp,g,,(M). By the universal property of tensor products off
Z-algebras, these ring maps are in bijection with ring maps A ®; B°? — Endg,,(M). Hence, we
have the bijection on the level of objects. Functoriality of tensor products shows that this bijection
extends to hom-sets. pid

Remark X.1.3.12. — Henceforth, let us work over k-algebras. Observe that A-modules are
(A, k)-bimodules and right A-modules are (k, A)-bimodules.

Bimodules allow us to endow tensor products and hom-spaces with an A-module structure.

Construction X.1.3.13. — Let V be a (B, A)-bimodule and let W be an (A, C')-bimodule. We
define the tensor product of M and N over A as

Vo, W=V, W)/ (vauw—vQaw|veV,weW,ae A).

This is a (B, C)-bimodule. We denote the image of the elementary tensor v® w € V ®, W by
V&4 w.

Construction X.1.3.14. — Let V be an (4, B)-bimodule and let W be an (A, C')-bimodule. We
can endow the hom-space Hom 4(V, W) with a (B, C)-bimodule structure given by (bfc)(v) :=
f(vb) - ¢ for all f € Hom,(V, W), be Band c € C.

As a special case, to simply notation, let V' be an A-module V" and let W be a B-module. Then
the hom-space Hom(V, W) = Hom,(V, W) is a (B, A)-bimodules defined by (bfa)(v) = bf(av) for
all f € Hom(V,W),be Band a € A.

Tensor-hom adjunction X.1.3.15. — Let U be an (A, B)-bimodule, let V be a (B, C)-bimodule
and let W be a (A, D)-bimodule. Then we have an isomorphism

Hom 4 (U ® 3 V,W) = Homg(V,Hom 4(U, W)),
fr—= (= f(=®pv)),
(u®p v f(v)(u)) «— f

of (C, D)-bimodules.

\Proof. — Check directly. i

Representation theory roughly studies symmetries of vector spaces by letting an algebraic object
act on it. It all started with the representation theory of finite groups, expounded by Frobenius
in 1896. The general flavour of representation theory is mon-commutative, a prime example for|
non-commutative structures being endomorphism rings or algebras. The main objective is to
study when a given algebra (resp. representation) can be decomposed into simpler algebras (resp

epresentations), and to classify alls of these simpler algebras (resp. representations)
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X.1.4. Representations.

Definition X.1.4.1. — Let A be an algebra over a field k.(5?)

(i) A representation of A or a left A-module is a k-vector space V' equipped with a (unital
k-algebra map p: A — End, (V) = End, e (V). We write av := p(a)v for all a € A and allv eV
By abuse of language, we will often not mention the map p although different choices of p yield
different representations.

(ii) For completeness sake, a right A-module is a k-vector space V equipped with a (unital
k-algebra map p: A°® — End, (V). We write va := p(a)v for all a € A and all v € V. In particular
v(ab) = (va)b for all a,b € A and all ve V.

Remark X.1.4.2. — Whether scalars in A are written on the left or right of V' is just a matter off
convention. For example, a right A-module satisfies (ab)v = b(av) for all a,b € A and all v € V if]
scalar multiplication is written on the left.

Remark X.1.4.3. — If A is a commutative k-algebra, then the notions of left and right A-modules
agree: if V' is a left A-module, define va := av to turn it into a right A-module, and vice versa. This
is true even more more general commutative Z-algebras A, i.e., commutative rings.

Definition X.1.4.4. — A representation p: A — End, (V) of a k-algebra A is faithful if p is
injective.

Convention X.1.4.5. — If not explicitly mentioned, we will always assume left A-modules, i. e.
representations.
Example X.1.4.6. — (i) The trivial k-vector space V = 0 is a representation for any k-algebra.

(ii) For any k-algebra A, the trivial representation is any k-vector space V with av = v for
alla € Aand v € V, i.e., A acts by the identity on V.

(iii) For any k-algebra A, the algebra V = A itself defines the regular representation
p: A — End,;, A given by the usual multiplication p(a)v = av in A.

(iv) Let A = k(zq,...,z,) be a finitely generated free k-algebra. Then any representation
p: A — End, V of A is given by a k-vector space V' together with an arbitrary collection of k-linear
maps p(zy),...,p(z,): V= V.

Definition X.1.4.7. — Let A be a k-algebra. A homomorphism of representations o
A-linear map between two representations V. and W of A is a k-linear map ¢: V. — W such tha
d(av) = ap(v) for all a € A and all v € V. In other words, the following diagram commutes:

v 2w

|
Vv — W.

We denote the space of homomorphisms between two representations V. and W as Hom 4(V, W)
This is again a k-vector space by pointwise operations. If V. = W, then we denote the space of]
endomorphisms by End 4 (V).

If ¢: V. — W is an isomorphism of k-vector spaces, then it is an isomorphism of represen-
tations. In this case, ¢~ is an isomorphism as well and we say that V and W are isomorphic
written V = W.

Fact X.1.4.8. — For a k-algebra A, we have the isomorphism A°P =% End 4(A) mapping a € A
to right-multiplication by a.

(X-2) The definitions works verbatim also for any algebra over a commutative ring R. Just replace k-vector
paces V by R-modules M
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\Proof. — Let ¢ be this map. Note that it is well-defined: for any a € A, the map ¢(a) is left
A-linear because ¢(a)(bv) = bva = bg(a)(v) for all b,v € A. Moreover, ¢ is clearly k-linear, and ¢ is
also a ring homomorphism since ¢(a *b)(v) = v(axb) = v(ba) = (vh)a = ¢(a) o p(b)(v) for all v € A
Finally, the inverse map of ¢ is given by evaluating f € End 4(A) at 1 to give f(1) € A. This is
clearly k-linear, and it is a ring homomorphism since go f(1) = g(f(1)) = f(1)g(1) = g(1) * f(1)

i

Definition X.1.4.9. — Let V be a representation of a k-algebra A. A subrepresentation of V
is a k-linear subspace W C V' which is stable or invariant under A, i.e., aw € W for all a € A
and all w e W. Then W is again a representation of A, and the canonical inclusion v: W <V ig
a homomorphism of representations.

FEzxample X.1.4.10. — If V is a representation, then 0 and V are the trivial subrepresentations

Construction X.1.4.11. — Let V be a representation of a k-algebra A, and let W be a subrepres
sentation of V. Then the quotient space V /W inherits a left A-module structure by a(v+W) = av+W
for all @ € A and all v € V. The canonical projection 7: V' = V /W, v = v+ W is a homomorphism
of representations, and V' /W is the quotient representation of V by W.

Homomorphism theorem X.1.4.12. — Let ¢: V — W be a homomorphism of representations
of a k-algebra. Then the kernel ker ¢ is a subrepresentation of V and the image im ¢ is
subrepresentation of W. Moreover, there exists a canonical isomorphism

V/ker ¢ = im¢
induced by ¢.

Definition X.1.4.13. — A non-zero representation V is irreducible or simple if the only
subrepresentations are the trivial ones: 0 and V.

Remark X.1.4.14. — Any non-zero finite-dimensional representation V' has an irreducible subreps
resentation. For example, if V' is not irreducible, already, then there is a proper subrepresentation W/
of V with dim W < dim V. By induction, W and hence V has an irreducible subrepresentation.

Warning X.1.4.15. — If V is infinite-dimensional, irreducible subrepresentations might not
exist. For example, take V' = k[z] to be the regular representation of k[x]. Then subrepreseny
tations of V are just ideals of the principal ideal domain k[z], and any non-zero ideal (f) of k[x]
properly contains the ideal (zf).

Definition X.1.4.16. — Let V and W be two representations over a k-algebra A. The direct
sum of V and W is the k-linear direct sum V ®W endowed with the obvious left A-module structure
given by a(v, w) = (av,aw) for all a € A and all v €V and w € W.

Definition X.1.4.17. — Let V be a non-zero representation of a k-algebra A. If V is isomorphid
to a direct sum W @ W’ of two non-zero representations of A, then W @ W’ is a decomposition
of V. Otherwise, V is indecomposable.

Warning X.1.4.18. — Irreducible representations are obviously indecomposable, but inde;
composable representations are generally not irreducible, as example X.1.4.24 shows.

Definition X.1.4.19. — The degree or dimension of a representation V is its k-dimensio
dim V.
Example X.1.4.20. — One-dimensional representations are automatically irreducible.

—_— s o ee—————
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Schur’s lemma X.1.4.21. — Let ¢: V — W be a homomorphism between representations of
k-algebra.

(i) If V is irreducible, then ¢ is either injective or zero. If W is irreducible, then ¢ is eithe
surjective or zero. Thus, if V and W are both irreducible, then ¢ is either an isomorphism or zero

(ii) Suppose that k is an algebraically closed field, and suppose that V- =W is a finite-dimensiona
irreducible representation. Then ¢ = Xidy, is homothety by some X\ € k.

\Proof. — For v € ker ¢, we have ¢(av) = ap(v) = 0, so av € ker ¢ and ker f is stable under G. If
V' is irreducible, then we either have ker ¢ = 0 or ker ¢ = V. The latter case implies ¢ = 0, the form
case implies that ¢ is injective. A similar argument for im ¢ shows that ¢ is surjective, proving (i)

Now, suppose that V = W is irreducible of finite dimension and that & is algebraically closed
Let A be an eigenvalue of ¢, which must exist since the characteristic polynomial det(¢ — Aidy,) has
a root over k. Consider the homomorphism f — Aidy, of representations. Since its determinant is
vanishes, it cannot be isomorphic, and (i) shows that f — Midy, = 0, as desired for (ii). B

Corollary X.1.4.22. — Let A be a commutative k-algebra with k algebraically closed. Then ever
finite-dimensional irreducible representation of A is one-dimensional.

\Proof. — Let V be a finite-dimensional irreducible representation of A. Any a € A defines a
homomorphism V' — V of representations, because a(bv) = (ab)v = (ba)v = b(a(v)) for all b € A
and all v € V. Then Schur’s lemma X.1.4.21 says that any a € A is a homothety on V', and hence
any linear subspace of V' is already stable under A. By irreducibility, V' must be one-dimensional
note that V' # 0). st

Example X.1.4.23. — Let A = k. Then the representations of A are precisely the k-vector
spaces V. The only irreducible or indecomposable representation is V = A.

Example X.1.4.24. — Let A = C[z] (or A = k[z] for any algebraically closed field k), which is al
commutative C-algebra. Recall that it suffices to give a linear operator x: V — V in order to define
a representation V' of Clx].

By corollary X.1.4.22, the finite-dimensional irreducible representations V of C[x] are one-dimeny
sional, say, V = C, and a linear operator x: C — C is a number x € C. Thus, the finite-dimensional
irreducible representations of C[z] are V;, = C with & = Aid for any A € C (up to isomorphism).

To classify all finite-dimensional indecomposable representations V' of C[z], recall that we can
bring a linear operator x: V' — V into Jordan normal form by some base change. More specifically
i is equivalent to a diagonal matrix consisting of Jordan blocks

acting on C™ where A € C. So, if V is finite-dimensional and indecomposable, then = can only|
consist of a single Jordan block. Thus, the finite-dimensional indecomposable representations of C[z]
are V) , = C" with x = J, ,, for any A € C. These are pairwise non-isomorphic since the Jordan
normal form is unique up to permutation of Jordan blocks.

We even have the following generalisation of Schur’s lemma X.1.4.21.

Corollary X.1.4.25 (Dixmier). — Let A be an algebra over an uncountable algebraically close
field k, e.g., k= C, and let V be an irreducible representation of A with countable basis. Then an:
omomorphism ¢: V_ — V is a homothety
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\Proof. — By Schur’s lemma X.1.4.21, D = End 4(V) is a division algebra, i.e., D* = D \ {0}
and it is of countable dimension because V is. By way of contradiction, suppose that ¢ is not a
homothety, i.e., ¢ ¢ k. Since k is algebraically closed and since D has no zero-divisors, ¢ must,
be transcendental over k. Hence, {1/(¢ — A) | A € k} is an uncountable linearly independent set
over k and the transcendental extension k(¢)/k is of uncountable degree. However, D was of only|
countable dimension. i

X.1.5. Ideals, quotients and tensor products of algebras.

Remark X.1.5.1. — Left ideals in A are precisely the subrepresentations of the regular repre;

sentation of A. Right ideals in A are precisely the subrepresentations of the regular representation
of A°P.

Definition X.1.5.2. — A non-zero k-algebra A is simple if the trivial 0 and A are the onl
two-sided ideals.

Example X.1.5.3. — If a is a left ideal of a k-algebra A, then it is also a subrepresentation of the
regular representation A, so A/a is the quotient representation of A by a. This is usually not an
algebra since a is not two-sided.

Definition X.1.5.4. — Let V be a non-zero representation of a k-algebra A. If v € V aloneg
enerates V', i.e., Av =V, then v and V are called cyclic.

Fact X.1.5.5 (properties of cyclic representations). — Let V be a non-zero representation of
k-algebra A.

(i) V is drreducible if and only if all non-zero vectors of V are cyclic.
(ii) V is cyclic if and only if V = A/a where a is a left ideal in A.

IProof. — (i) follows easily from the definitions. For (ii), let V' be cyclic, say, V = Av for some
w e V. Then ¢: A - V, a — av is a surjective homomorphism of representations, so we obtain
an isomorphism A/a =% V where a = ker ¢ is a left ideal. Conversely, let ¢: A/a =~ V be an
isomorphism of representations with a a left ideal in A. Then ¢(1) € V is cyclic since ¢ is A-linear
and surjective. i

Counterexample X.1.5.6. — Let A = C[x,y]/(2?%,y?, 2y), so that A has a basis (1, x,). Consider
the three-dimensional representation V' = A* = Hom(A,C) of A given by af(b) = f(ba) for all
b € A. Then (1*, 2%, y*) is a basis of V' with action za* = yy* = 1* and z1* = zy* = y1* = yz* =0
So for a general element f = A\1* + px* + vy* € V, we have xf = pl1* and yf = v1*. Hence, the
subrepresentation Af is at most two-dimensional and thus, V' is not cyclic.

On the other hand, suppose that V=W @ W’ is a decomposition. Write 1* = w + w’ with
w e W and w' € W’. For any f € W in the form above, we have zf = pu(w + w’) € W and
yf =v(w+w') € W,so u=v=0. Since W # 0, we must have W = span(1*). The same argument
yields W’ = span(1*), a contradiction. Thus, V' is indecomposable.

X.1.6. Examples.

The representation theory of algebras can be applied to other, more specialised representation
theories. We will give examples how representations of other objects are defined in terms of algebras

Example X.1.6.1. — For a group G, define the group algebra A = k[G] over k as the k-vecton
space with basis (ag)geG and multiplication given by a,a; = ay,. Then a group representation of G
is a representation p: k[G] — End, V of the group algebra k[g|. Note that, since elements of G are
invertible, the representation is a k-algebra map p: k[G] —» GL, V
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Example X.1.6.2. — A quiver is just a directed graph Q = (I, E), allowing loops and multiple
edges, where I is the set of vertices and where F is the set of edges. For example,

L
!

A quiver representation of () assigns to each vertex i € I a k-vector space V, and to each edge
e: e/ — e” a k-linear map f.: V,, — V.,.

To pass to algebras, define the path algebra of a quiver ) as the k-algebra I, whose basis ig
given by (a,,), where p runs through all oriented paths in @, including the trivial paths p; at each
vertex ¢ € I, and multiplication of paths is given by concatenation. By convention, the product ad
of two paths a and b in @ is read right-to-left: first traversing b, then a. If two paths cannot be
connected, then their product vanishes. Observe that Zie P = 1 is the unit in F, if @ is finite. In
fact, I, is generated by trivial paths p; for i € I and edge paths a, for e € E' with defining relations

(1) X, P =15

(ii) p? = p; and p;p; = 0 for all i # j;

(iii) a,p. = a, and a,p; =0 for all i # ¢’ and all e: ¢’ — ¢”;
(iv) pera, = a, and pja, =0 for all j # ¢” and all e: " — €”.

One can show that there is a correspondence between representations of a finite quiver @ and
representations of the path algebra [,. Let V' be a representation of the path algebra F,. Define
V.:=p,Vforielandf, = ae|pe/vz PerV — porV where a, € F, is the path corresponding to e € £
Then (V;, f.);crccr is a representation of Q. Conversely, let (V;, f,);cs .cp be a representation of the
quiver ). Define V := 691 ; Vi define p;: V.=V, < Vfor i € I and define a.: V = Vo, — Vo < V]
for e € E induced by f.. 6ne easily checks that these constructions are mutually inverse.

We can further define homomorphisms ¢: (V,, f.)icrecr = (Wi, 9e)icrecp Of Tepresentations of
quiver @ by a family of maps (¢;: V; = W}),c; such that g, o ¢, = ¢ » o f, for all edges e € E, i.e.
such that the ¢, are compatible with the linear maps. The correspondence between representations
of @ and of 7, is even an equivalence of categories.

FErxample X.1.6.3. — A Lie algebra over a field k is a k-algebra g whose multiplication is given
by a Lie bracket [—,—]: g X g — g, which satisfies anti-symmetry [a,b] = —[b, a] and the Jacob
identity [[a,b], c] + [[b, ], a] + [[¢, a], b] = 0. The prototypical example is the endomorphism algebral
g = gl(V) = EndV of a k-vector space V. Its Lie bracket is given by the commutator [a, b] = ab—ba
IAnother important example is the space Der A of derivations of a k-algebra A, i.e., k-linear maps
satisfying the Leibniz rule D(ab) = D(a)b + aD(b). A Lie algebra representation of a Lie algebra g
over k is a representation p: g — End, V.

The theory of Lie algebras is closely related with the study of Lie groups (historically, Lie
algebras were just a device to study Lie groups), which are smooth manifolds with smooth group
operations. One can associate to a Lie group G a Lie algebra g, which is the tangent space of G at
1 € G and whose elements are derivations that are invariant under the action of G. This association
is, in fact, bijective for isomorphism classes of simply connected Lie groups and finite-dimensional
real Lie algebras over. We obtain a similar correspondence between Lie algebra and Lie group
representations.

X.1.7. Semisimple algebras.

Definition X.1.7.1. — A representation of a k-algebra is semisimple or completely reducible
if it is a direct sum of irreducible subrepresentations
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FExample X.1.7.2. — Let V be an n-dimensional irreducible representation of a k-algebra A
Then End V is a representation of A by left multiplication (post-composition). If (eq,...,e,) is a

basis of V, then we obtain an isomorphism End V' 2% V& f s (f(ey), ..., f(e,)) of representations
so End V' is semisimple.

Remark X.1.7.3. — Let A be an algebra over an algebraically closed field k. Any finite-dimeny
sional semisimple representation V of A admits a canonical isomorphism

@HomA(X,V)®XL>V, f®zi— f(z)
(X]

of representations where [X] runs through all isomorphism classes of irreducible representations
of A. Here, A acts on X in Hom 4 (X,V)® X.

Indeed, if this is an isomorphism for finitely many representations V,, then it is also an isomorphism
for the finite direct sum V = @ V.. Hence, w.1.0.g., let V be irreducible. By Schur’s lemma X.1.4.21
we have Hom 4 (X, V) = k if X'=V and Hom 4 (X, V) = 0 else. This shows that the domain of the
map is isomorphic to k® V = V| as desired.

Proposition X.1.7.4. — Let A be an algebra over an algebraically closed field, and let V' be
a finite-dimensional semisimple representation of A, say V = @7 V;@ni where Vi,..., V. are
pairwise non-isomorphic irreducible representations of A. Then a subrepresentation W of V is
isomorphic to @m V@Ti for some r; <mn,;, and the inclusion v: W < V is a direct sum of inclusions

VGBT < VGB given by v; (v, - vri)T =X; (v, - vri)T where the (n; X r;)-matriz X, has
full column mnk T

\Proof. — We prove this by induction on n = Zm n;. The case n = 1 is clear, in which case
V' is irreducible. For the induction step, let W 71 0 be a subrepresentation of V, and let P be
an irreducible subrepresentation of W (which exists by remark X.1.4.14). Then the inclusion
t|p: P < V can be composed with projections V —» Vie;n"'. By Schur’s lemma X.1.4.21, there is
some ¢ such that P — V —» Van" is injective, whence ¢|p factors through Vie;ni. By the same
argument with a projection Viean,- — V., we may identify P =V in which case ¢|p: P =V, & Vani
is given by v - (qlv q”iv)T with ¢; € k not all zero. ]

X.1.8. Definitions.

X.1.8.1. — Let V be a complex vector space and let GL(V') be the group of automorphisms of V
called the general linear group. If (eq, ..., e,,) is a finite basis of V, then any linear map a: V' — V can

be expressed by the square matrix (a,;);; € Mat,, (C) where a(e;) = 3" a;;e;. Then a € GL(V) if
and only if det a = det(a,;);; # 0. Thus, we obtain an isomorphism GL(V') = GL,,(C) of groups.

Definition X.1.8.2. — Let G be a finite group and let V' be a complex vector space. A represen
tation of G in V is a group homomorphism p: G — GL(V), i. e., we have p(st) = p(s) o p(t) fo
all s,t € G.

Then V' obtains a G-module structure by virtue of p: by abuse of notation, gv := p,(v) := p(g)(v)
for all g € G and all v € V. In particular, 1 € G is idy, and g(hv) = (gh)v for all g,h € G and al
v e V. By abuse of language, V' is called the representation space or just representation of G
The dimension (or degree) of a representation V' of G is the complex dimension dimg V.

Remark X.1.8.3. — We mostly deal with finite-dimensional representations V. This is, however
not a serve restriction. Most applications involve only finitely many elements vy, ...,v,, € V, and we
can restrict to a finite-dimensional subrepresentation st)angtu(avl ey gU, ).
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Remark X.1.8.4. — Let G be a finite group, and let V be a finite-dimensional representation
of G. By choice of a basis (e, ...,e,) of V, we can associate a matrix R, € GL,,(C) to g: V =V
Then R, = R R, for all g,h € G. Conversely, given matrices R, € GL,,(C) for each g € G such
that R, = R R, then these matrices define a representation G — GL,, (C). This is what we mean
we give a representation ‘in matrix form’.

Definition X.1.8.5. — An equivariant map or G-linear map ¢: V. — W between two
representations p: G — GL(V) and o: G — GL(W) is a linear map ¢: V. — W such thai
0(s) = ¢ toa(s)og for all s € G. In other words, the linear map ¢ is compatible with the G-module
structures, and the following diagram commutes:

v 2w

|
v 2w
If ¢ is a linear isomorphism, then we say that V and W are isomorphic representations.

Example X.1.8.6. — A one-dimensional representation of a finite group G is a group homomor
phism p: G — C*. Since the order of any g € G is finite, p(g) € C* is a root of unity. In particular

Io(s)] = 1.

Example X.1.8.7. — A representation V of a finite group G with g = idy, for all g € G is the
trivial (or unit) representation.

Example X.1.8.8. — Let n = #G be the order of a group G, and let V' be an n-dimensional
vector space with basis (e,) e indexed by the elements of G. For each g € G, define ge;, := e,
This gives the regular representation of G, whose dimension is the order of G.

Since e, = ge;, the images of e; form a basis of V. Conversely, if W is a representation of G
with a vector w € W such that (gw),c is a basis of W, then W is isomorphic to the regular

representation, namely via ¢: V — W, e, i gw.

Example X.1.8.9. — More generally, suppose that a group G acts on a finite set X. This means
that each g € G defines a permutation of X, satisfying 1o = z and g(hx) = (gh)z for all z € X and
all g,h € G. If V is a vector space with basis (e,),cx indexed by the elements of X, then it is also
a representation of G via ge, = e , for all g € G. This is the permutation representation of X

CzDoe—

Definition X.1.8.10. — Let p: G — GL(V) be a representation of G, and let W be a linea
subspace of V.. Then W is stable or invariant under G if gw € W for all w e W and all g € G
Then the restrictions py|y, € GL(W) again define a representation ply,: G — GL(W) of G. We
call ply or W a subrepresentation of V.

Example X.1.8.11. — Let V be the regular representation of G (example X.1.8.8), and let
W = span(zgec e,) which is a one-dimensional subspace of V. Since h deG e, = deG g, We see
that W is stable under G and hence defines a subrepresentation of V. Note that W is isomorphic to

the trivial representation.

X.1.8.12. — Let V be a vector space with two subspaces W and W’. Then V is the direct su
W oW’ of W and W’ if any v € V is uniquely of the form v = w + w’ with w € W and w’ € W’
This is the same as saying that W N W’ = {0} and that V = W + W’. In this case, W’ is the
complement of W in V.

The direct sum comes with a projection 7: W W' — W, w+w’ + w. Note that 7 is surjective
and that m|,, = idy,. Conversely, if 7: V — W is a surjective linear map with 7|y, = idy;,, then
V = W @ker 7 is a direct sum decomposition of V. We obtain a correspondence between projections
V_— W and complements of W in V/
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Maschke’s theorem X.1.8.13. — Let V be a representation of a finite group G, and let W be
subspace of V that is stable under G. Then there exists a complement W' of W in V that is stable
under G.

\Proof. — For an arbitrary complement of Win V,let m: V=W & W’ — W be the corresponding
projection. Consider the average

' (v) = # > gn(glv)

geG

of all conjugations of 7 by elements of G. Since W is stable under GG and since 7 is a map V — W
we see that 7’ is a linear map V' — W as well. Moreover, since 7|y, = idy,, we have 7’|, = idy,
again. Thus, 7’ is a projection and defines a complement W’ of W. A direct computation shows
that 7" is even G-linear:

g’ (g7 1v) = # Z ghm(h=tgtv) = # Z hr(h=tv) = 7’ (v).

heG heG

Therefore, for any w’ € W’ = ker 7’ and any g € G, we have 7’ (gw’) = gn’(w’) =0, i.e., gw’ € W’
and W’ is stable under G. yig

Alternative proof. — Suppose that V' comes with a complex inner product (—,—) on V| i.e.
a positive definite hermitian form. For example, pick any basis of V' and define the inner product by
asserting that this basis is orthonormal. We can then replace the inner product by a G-invariant one
by considering (v, w) = Zg€G<gv,gw>. This means that (gv,gw) = (v,w) for all v,w € V and all
g € G, or in other words, the matrix corresponding to g is unitary. Then the orthogonal complement
W+ of W in V is stable under G. s

Definition X.1.8.14. — Let V be a representation of a finite group G. For a subrepresentation W
of V', let W’ be the complementary subrepresentation of W in V.. We call V. =W @ W’ the direct
sum of W and W’ or a decomposition of V into W and W’.

Remark X.1.8.15. — The G-module structure is compatible with this decomposition: writing
v € V uniquely as v = w + v’ with w € W and w’ € W', we can uniquely write gv = gw + gw’
with gw € W and gw’ € W’. Alternatively, if the action of g on W and W’ is given by matrices
R, and Ry, resp., then the action of g on V' is the matrix diag(R,, R}).

Definition X.1.8.16. — A representation V of a finite group G is irreducible or simple if
V' £ 0 and if there are no non-trivial subrepresentations of V' (the trivial ones being 0 and V itself)
In other words, V is cannot be non-trivially decomposed into a direct sum of two representations.

Corollary X.1.8.17. — Any representation is a direct sum of irreducible representations.

\Proof. — Let V be a representation of a finite group G. We perform induction on dim V. If dimV =
0, the V' = 0 is the empty direct sum. Suppose that dim V' > 1. If V is irreducible, then we are
done. Otherwise, by Maschke’s theorem X.1.8.13 write V. = W @ W’ with dim W,dim W’ < dim V/
and W and W’ are a direct sum of irreducible representations by induction hypothesis. s

Motivation X.1.8.18. — Given a representation V' with its decomposition V=W, @---@ W, into
irreducible representations, we may ask if this decomposition is unique. This is generally not true
if V' is the trivial representation, then there are many decompositions into lines W,. However, the
decomposition is unique up to isomorphism, i. e., any decomposition of V' is essentially a permutation
of the direct summands.
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X.1.8.19. — Let V and W be two vector spaces. Then a bilinear map V x W — V@ W is a
tensor product if it satisfies the following universal property: if ¢: V x W — T is a bilinear map
then there is a unique factorisation

VXW — VW
=
T.

One can show that tensor products exist. If (e;); and (f;); are bases of V and W, resp., then e; ® f;
is a basis of V@ W, and dim(V @ W) = dim V dim W'.

Construction X.1.8.20. — Let V and W be two representations of a finite group G. We want to
endow the tensor product V ® W of vector spaces with a G-module structure such that the canonical
map ¢: VxW — VW is also G-linear. This means that g(v®w) = gé(v, w) = ¢(gv, gw) = gvRgw
for all v € V and w € W. The representation V' ® W of GG thus obtained is the tensor product of
the representations V and W.

Remark X.1.8.21. — Let V and W be two representations of the group G, and let (e;); and (f},)4
be some bases of them, resp. Then for any g € G, its matrix form on V is (r;;);; and its
matrix form on W is (sj)y. In other words, ge; = >-.ryje; and gf; = 3, sp fi. This implies
9(e; ® fi) = ge; ® gfy =32, TijSme; ® fi. W.r.t. the basis (e; ® fi,);, of V ® W, the matrix form
of g is the Kronecker product (r;;);; ® (Sy;) k-

Warning X.1.8.22. — The tensor product of two irreducible representations is in general not
irreducible. One can determine the decomposition into irreducible representations by character|
theory.

Example X.1.8.23. — We specialise to the tensor product V@ V. Let : VQV =V ®V be
the automorphism defined by 6(v ® w) = w ® v (this can be constructed by choosing a basis of V|
and defining 6 on this basis accordingly), which is an involution, i.e., #? = 1. From linear algebra
we obtain the decomposition V@ V' = ker(0 —id) @ im(6 — id). If (e;); is a basis of V, then the
symmetric square Sym? V := ker(f —id) has the basis (e; ®e;+e;®¢;),<; and the alternating square
Alt? V := im(f—id) has the basis (e, ®e;—e;®e¢;); ;- Their dimensions are dim Sym?V = in(n+1)
and dim Alt* V = in(n—1) where n = dim V.

Both Sym? V and Alt? V are clearly stable under G, and thus define the symmetric square
and alternating square representations.

—_— e ———————

X.1.8.24. — Let Hom(V, W) be the hom space between two vector spaces V and W. In particular
this is again a vector space and satisfies the tensor-hom adjunction(*)

Hom (U, Hom(V,W)) — Hom(U @ V, W), = (L@ v+ ¢(u)(v)).

Construction X.1.8.25. — For representations U, V and W of a finite group G, we again want
the tensor-hom adjunction to be a bijection between Hom-sets of equivariant maps. The map
u® v ¢(u)(v) being G-linear means that gé(u)(v) = ¢(gu)(gv). On the other hand, ¢ being
G-linear means that (go(u))(v) = ¢(gu)(v) where go(u) is still undefined. Replacing v by g~ 1v in
the first equation, we obtain (g¢(u))(v) = ¢(gu)(v) = gé(u)(g~ v).

(X-3) Categorically, we want Hom(V, W) to still be an internal hom in the category of representations of G
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Thus, for representations V and W of a finite group G, we endow the Hom-space Hom(V, W)
of vector spaces with a G-module structure via (gf)(v) = gf(g~tv) for all f € Hom(V, W) and all
v € V. In other words, the following diagram commutes:

v 1w

| ls

v - w

The representation Hom(V, W) of G thus obtained is the Hom-space between the representations
V and W.

Warning X.1.8.26. — The space Homq(V, W) of G-linear maps is not the same as the space
Hom(V, W) of complex linear maps, which caries a G-module structure.

FExample X.1.8.27. — If we specialise to the case where W = C is the trivial representation
of G, then we obtain the dual representation V* = Hom(V, C) of the representation V of G. Its
G-module structure is given by (gf)(v) = f(g~tv) for all f € V* and v € V.

Recall that the dual space V* admits a natural pairing (—, —): V*xV — C, (f,v) = f(v). Then
the G-action preserves this pairing: (gf, gv) = (f,v) for all f € V* and all v € V.

Remark X.1.8.28. — Let V be a representation of G’ with a basis (e;);. Then e;: e; = §;; is &
basis of V*. For any g € G, suppose that the matrix from of g~' on V'is (r;),;, i.e., g 'e; = >k ThiCk
-1

Then gej(e;) = ej(g7"e;) = 2, ryje(e) = 735, s0 gej = Zj r;7€;- Thus, the matrix form of g

on V* w.r.t. the basis (e}); is given by the transpose (r};),;-

§ X.2. CHARACTER THEORY

X.2.1. Basic properties.

X.2.1.1. — Let V be a finite-dimensional vector space with a (in fact, any) basis (e, ..., e, ). For
an endomorphism a: V' — V, the trade of a is given by tra = tr(a;;);; = > | a;; where (a;;),; is
the matrix representation of a w.r.t. the basis. The trace does not depend on the chosen basis and
is the sum of the eigenvalues of a (counted with multiplicities, look at the characteristic polynomial)

n
=1

Definition X.2.1.2. — Let p: G — GL(V) be a representation of a finite group G in a vecto
space V. The character of p is x: G — C, x(g) = trp,, i.e., its trace.

Fact X.2.1.3 (properties of characters). — Let x be a character of a representation V. Then we
have the following:

(i) x(1) =dimV;

(i) x(g7') = x(g) for all g € G;
(iii) x(hgh™t) = x(g) for all g,h € G.

\Proof. — (i) holds since x(1) = tridy, = dimV. For (ii), let A,..., A, be the eigenvalues of
g € G, counted with multiplicities. Since ¢#¢ = 1, we also have )\?G =1, so |A;] = 1. Thus
X(g) =trg = Y A= At =trgt = x(¢7!). Finally, the trace satisfies tr(ab) = tr(ba)
whence y(hgh™') = tr(hgh™) = tr g = x(g), which is (iii). i

Fact X.2.1.4. — Let V and W be two representations of a finite group G, and let x and 0 be
their characters. Then the following hold:

(i) the character of the direct sum representation V. W is x + 0
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(ii) the character of the tensor product representation V@ W is x8.
(iii) the character of the dual representation V* is X.
(iv) the character of the representation Hom(V, W) is X0.

Proof. — Let g € G, and let R, and S, be the matrix form of g on V and W, resp. Then the
representation in V @& W is given by diag(Rg7 Sg), whence the character is g = tr Rj + tr S, =
x(g) + 6(g). This shows (i).

Likewise for (ii), if R, = (r;;);; and S, = (8};);, then the action of g on V' ® W is given by the
Kronecker product Ry ® S,. Then the character is g = tr(R, ® Sy) = 3= | 750 = X(9)0(9).

For (iii), the action of g on V* is given by (R;')". Hence, the character is g — tr(R,")" =
x(g7') = x(g)-

Finally, (iv) follows from the isomorphism V* @ W = Hom(V, W), f @ w = (v f(v)w) for
finite-dimensional vector spaces. pid

Proposition X.2.1.5. — Let V be a representation of a finite group G and let x be its character
Let x2 and X2 be the characters of Sym?V and Alt? V', resp. Then for each g € G, we have

2 2 2 2
xl9)” +xlg xX\9)” —Xx\g
X3(g) = X0)” + x(s7) 5 ) Xalg) = Xo)” —xls”) 5 ) X: +xa = x>
\Proof. — Let g € G. Recalling the alternative proof of Maschke’s theorem X.1.8.13, g is unitary
and the spectral theorem says that g is diagonalisable with eigenvalues (Aq, ..., A,,) (counted with
multiplicities) and the corresponding eigenvectors (eq,...,e,,) is a basis of V. This means that

ge; = Nieg, 50 x(g) = 251 Ay and x(¢%) = 27 | A7, Recall that (e; ® e; +e; ® ¢;);; is a basis
of Sym? V' and that (e; ® e;j—e;®e;);.; is a basis of Alt? V. The eigenvalues of these vectors is
gle; ®e;+e;®e;) = \Aj(e; ®e; £e;®e;), and hence

X9 =D AN =D N +Y NN = (A +35,M _ x(9)® + x(g*)

— ‘s 2 2
1<) 1<)
(2,2 =22 x(9)? — x(g?)
2 = . . = it it == . iJ'!
1<)

Remark X.2.1.6. — The formula x2 + x2 = x? mirrors the decomposition V@ V = Sym?V @
ALt V.
Corollary X.2.1.7. — Let x and 0 be the characters of two representations. Then we have

(X+02=x3+02+x0,  (x+0)7=x2+0;+x0.
\Proof. — Let g € G. We calculate

(x+0)%(g) = XF 0)(g9)? J2r (x+0)(g*) _ x(9)*+0(9)* + QXZ(!J) +x(g%) +0(g%)

= x3(9) +63(9) + x0(9)
and similarly for (x + 6)2(g). nid

Alternative proof. — Let x and 6 be the characters of the representations V and W, resp. It
suffices to show that Sym*(V @ W) = Sym* V @ Sym* W @ V @ W. Let (e;); and (f;), be bases of
V and W, resp. Then a basis of the right-hand side consists of the bases of Sym? V and Sym? W
and additionally (e; ® f;);s- A basis of the left-hand side consists of the bases of Sym? V and
Sym? W, but additionally (e; ® f), + f, ® €;);.. Hence, we obtain the isomorphism of vector spaces
Moreover, this isomorphism is equivariant, so we have an isomorphism of representations and the
ormula for characters follows. A similar argument works for Alt*(V @& W) s
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I~ —
Corollary X.2.1.8. — Let V and W be two irreducible representations of a finite group G. Let
f: V. — W be a linear map of vector spaces, and put
frov—w, fU nglf gv)-
geG

Then the following hold:
(i) If VW, then f" =0.
(ii) If V.=W, then f’ is a homothety of ratio tr f/dim V.

\Proof. — Firstly, f’ is equivariant since

WL f (b D g flghv) = f'(v)
#G geG
for all h € G and all v € V. By Schur’s lemma X.1.4.21, we have f’ =0 in (i), and f" = Aidy, in (ii)

Moreover, in the latter case where [’ = /\101‘/7 we have

AdimV =tr f/ = Ztr g ltofog)=trf,
gEG’
whence A = tr f/dim V. st
Corollary X.2.1.9. — Let V and W be two irreducible representations of a finite group G

Suppose that the representations are given in matriz forms (r;;(g));; on V and (s(g))g on W fo
each g € G. Then we have the following:

(i) If V. W, then (1/#QG) deG skl(g_l)rﬁ(g) = 0 for any indices i, j, k, 1.
(ii) If V=W, then (1/#G) dec 8kl<gil>rji(g) = 005/ dim V.

\Proof. — In order to apply corollary X.2.1.8, suppose that a linear map f: V — W is in matrix
form (x;,;);; and write f’ in matrix form (xfﬂ)kl such that

Ty = Zskl xl] 7;i(9)-

geG
L,j

In (i), we have z;, = 0 for any given f, which is only possible if (i) holds. In (ii), we have
T = O tr f/dimV with tr f = > ; 6;;715- Since this hold for any given f, both expressions for x}

must have the same coefficients in z;;, i.e., (i) holds. sif

X.2.2. Inner product and uniqueness of decompositions.
Notation X.2.2.1. — For functions ¢,1: G — C, we define
Za 20
geG
which is an inner product: it is linear in ¢, anti-linear in 1, hermitian and positive definite. Moreover

we define
Z bg7") Z b9

geG gEG

which is a symmetric positive-definite bilinear form
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Remark X.2.2.2. — If x: G — C is a character so that x(g7!) = x(g), then (¢,x) = (¢, x)
for all functions ¢: G — C. In this case, both products agree. If  is also a character, thenl
(x,0) = (0,x) = (0, x) = (x,0) and the product (x, ) is real. In other words, the inner product of|
two characters is symmetric.

Orthogonality relations X.2.2.3. — (i) Two characters x and 0 of non-isomorphic irreducibld
representations are orthogonal, i. e., (x,0) = 0.
(ii) Any character x of an irreducible representation has norm one, i.e., (x,x) = 1.

Proof. — Let (r;;(9));; and (sy(g))x, be the irreducible representations V' and W in matrix form
corresponding to the characters x and ¢, resp. Then corollary X.2.1.9 becomes (sy;,7;;) = 0 if
VW and (sy, 1) = 6;;0;;/ dim V if V.= W. Since x(g) = >_, 7;;(g), this implies that

5.
(x,0) = (x,0) = Z(Tiiaskk) =0, x6x) = 06x) = Z(Tinji) = L dirflJV =1 a0z

i,k 2%

The following statement proves the uniqueness of the decomposition into a direct sum of|
irreducible representations, cf. Maschke’s theorem (motivation X.1.8.18).

Theorem X.2.2.4 (uniqueness of decompositions). — Let V' be a representation of a finite group G|
with character x, and let V=W, @ --- ® W, be a decomposition into irreducible representations. If
W is an irreducible representation of G with character 0, then the number of W, isomorphic to W|
is equal to (x,0) = (x,0). This number is the same for any decomposition of V.

\Proof. — Let x, be the character of W,. Then (x,0) = (x{,0) + -+ (x%,0), and (x,,0) € {0,1
i i 1 k i

depending on whether W, = W by the orthogonality relations X.2.2.3. pid
Corollary X.2.2.5. — Representations of G with the same character are isomorphic.
\Proof. — Given two representations V and W with the same character, their irreducible subrepre;

sentations are in one-to-one correspondence to each other. Thus, up to isomorphism of the direct
summands, the decompositions of V' and W are just permutations of the same direct summands
]

Definition X.2.2.6. — A character x of a representation V of a finite group G is irreducible if
V' is irreducible.

Irreducibility criterion X.2.2.7. — Let x be the character of a representation V of G. The
{x,X) € N. Moreover, {x,x) =1 if and only if V is irreducible.

\Proof. — Write V' = VVan1 DD Wkean"’ where W, ..., W, are mutually non-isomorphic irreducible
representations of G and where nq,...,n;, € N. If y; is the character of W}, then (x, x;) = n,. The
orthogonality relations X.2.2.3 imply that (x, x) = Zle 2 € N. Moreover, (x, x) = 1 if and only if
we have n; =1 for exactly one i and n; = 0 for all other j. This means that V' = W] is irreducible

by theorem X.2.2.4. i

Lemma X.2.2.8. — The character p of the regular representation of G is p(1) = #G an
p(g) =0 for all g € G\ {1}.

Proof. — Recall that R admits a basis (e,),ec such that ge, = ey,. If g € G\ {1}, then
p(g) =trg=0.If g =1, then p(1) = dim R = #G. s

Corollary X.2.2.9. — FEvery irreducible representation of G is isomorphic to a subrepresentation
of the regular representation of G, whose multiplicity equals its dimension. In other words, the regula
representation R has the decomposition R = I/Vdeim Mig..o VV,fB dm W ohere the W, represent al
mutually non-isomorphic irreducible representations of G up to isomorphism. In particular, there
are_only finitely many irreducible representations
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\Proof. — Let p be the character of R. Let R = I/Van1 S B VV,?"’c be the decomposition of R into
mutually non-isomorphic irreducible representations W,. Let W be an irreducible representation
with character x. By lemma X.2.2.8, we have

(p:x) = (p,x) = # > plg™Hxlg) = x(1) = dim W,

geG
so there is some ¢ with W, =2 W and n; = dim W by theorem X.2.2.4. i
Corollary X.2.2.10. — Let W, ..., W, be the mutually non-isomorphic irreducible representations

of G with characters xq,...,X,- Then we have the following:

(i) XF  (dimW,)? = #G;
(i) Y°F  (dimW,)x,(g) =0 for all g € G\ {1}.

\Proof. — Firstly, the regular representation R has the decomposition R =2 I/VfB dim W, ea---EBW,fB dim W,
Then the character p of R is p = Zle(dim W;)x;- Then #G = p(1) = Zle(dim W;)? and
0=plg) =YF , (dimW;)x,(g) for all g # 1. ad

Remark X.2.2.11. — This can be used to make sure that we found all irreducible representations
of a finite group G. Suppose that we have constructed k& mutually non-isomorphic irreducible
representations of dimensions n, ...,n;. Then these are all irreducible representations if and only if
n2 4+t 2 = #G.

X.2.3. Class functions.

Definition X.2.3.1. — A function ¢: G — C is a class function of G if f(hgh™') = f(g) fo
all g,h € G. The set of all class functions of G is denoted by Class G; it forms a complex vecto
space.

FExample X.2.3.2. — Characters are class functions.

Lemma X.2.3.3. — Let ¢: G — C be a class function, and let V' be an irreducible representatio
of G with character x. Then the endomorphism deG #(g)g on V is a homothety of ratio

1 G
o Y blne) = T (o)
geG

Proof. — Let p = dec @(g)g. Then

Wlp(ho) = dlg)hlghv = Y ¢(hgh™gv =" d(g)gv = p(v)

geG geh~1Gh 9eG

for all h € G and all v € V since ¢ is a class function, so p is equivariant. By Schur’s lemma X.1.4.21
we see that p is a homothety of ratio A € C. Taking traces gives

Adim V' = tr(Xidy) = trp =Y é(g)x(9) = #G(6,X)- pie
geG
Proposition X.2.3.4. — The irreducible characters xy,..., Xy form an orthonormal basis of

Class G
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\Proof. — By the orthogonality relations X.2.2.3, we know that the characters (xq, ..., x;) form an
orthonormal system. Then it is automatically linearly independent, e.g., x5, = A\ x1 + - + A\ Xw
with A, € C implies A\; = (xy, x;) = 0 for all 4. It remains to see that the characters generate all of]
Class G. To this end, let ¢ € Class G such that (¢, ;) = 0 for all ¢, and we need to show that ¢ =0

Let V be a representation of G, and define p = deG @(g)g. Since ¢ is orthogonal to all X; and
since p restricts to any irreducible subrepresentation of V' by the direct sum decomposition, we
see that p = 0 by lemma X.2.3.3. In particular, if V is the regular representation with standard
basis (e,),cq, then p(e;) = deG ¢(g)e, = 0. It follows that ¢(g) = 0 for all g € G. sig

X.2.3.5. — Recall that two elements g,g’ € G are conjugate if g = hgh™! for some h € G. This
defines an equivalence relation, and the equivalence classes are called conjugacy classes. These
partition G into disjoint sets.

Theorem X.2.3.6. — The number of irreducible representations of G is the number of conjugacy
classes of G.

\Proof. — Let Cy, ..., C;, be the distinct conjugacy classes of G. Then the class functions Class G are
precisely the functions f: G — C that are constant on each C;. Hence, Class G = C*. On the other
hand by proposition X.2.3.4, dim Class G is the number of irreducible representations of G. i

The following generalises corollary X.2.2.10 beyond g = 1.

Proposition X.2.3.7. — Let x1,..., Xy, be the irreducible representations of G. Then we have the
following:

(i) Y8 xi(9)xi(9) = #G/#Cl(g) for all g € G;
(if) Zi:l Xi (g)xi(h) = 0 whenever g,h € G are not conjugate.

\Proof. — Let 1¢y, € ClassG be 1 on Cl(g) and 0 anywhere else. By proposition X.2.3.4, we can

write . .
1
Loy = 2 (Lo XX = Z Z Xi (h)x; ##ég)in(g)xi

i=1 i=1 heCl(g

since x; is also constant on conjugacy classes. We obtain (i) from 1, (g) = 1 and (ii) from
1cy(g)(h) = 0 for all & ¢ Cl(g). sig

Example X.2.3.8 (character tables). — Recall that G = S5 is the permutation group of three
objects. It is generated by a rotation ¢ and a transposition 7, i.e., 72 = ¢ = 1 and 70 = o?7. Thus
Sy = {1,0,02,7,07,0%7} is of order 6.

Since one-dimensional (hence irreducible) representations agree with their characters, the one-di
mensional (irreducible) characters x are group homomorphisms G — C*. The relations imply|
X(7) € {£1} and x(0) € {1,e?™/3 ¢*™/3} 1 {0,1} = {1}. Thus, the only one-dimensional characters
are the unit character y; = 1 and the sign x, = sgn with x,(7) = —1.

Since there are three conjugacy classes Cl(1) = {1}, Cl(1) = {r, 07,027}, Cl(0) = {0, 02}, there
is a third irreducible character @ by theorem X.2.3.6. If its dimension is n, then 1+ 1+ n? = 6 by
corollary X.2.2.10, so n = 2. By corollary X.2.2.9, the character of the regular representation is
X1 + X2 + 260, which is explicitly described by lemma X.2.2.8. Thus, table X.1 shows the character
table of S;.

For an explicit representation realising , consider the action of G on {(z,y,2) € C?|x+y+2z=0
permuting the variables.
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1
|1 1 1
o |1 -1 1
9 2 0 —1

Table X.1: Character table of S;.

Proposition X.2.3.9. — Let W, ..., W, be the mutually non-isomorphic irreducible representations
of G with characters xy,...,X;. Let V = VVfB"1 @w@Wf”’“ be the decomposition of a representation
of G into irreducible representations. Then the decomposition V =V, @ --- @V, with V, = W;@n"' is
unique up to permutation, and the projections m;: V = V. are given by

dim W, —
= - Z Xi(9)g.
#G geG

This decomposition V.=V, @ --- @V, is called the canonical decomposition.

\Proof. — Let p; = dim W, /#G Z o X;(9)g. Let W be an irreducible subrepresentation of V with
character y. By lemma X.2.3.3, We have

dim W, _ dim W idy,  if x = Xy,
; E )id c Nidy, = !
p1|W “Gdl Xz 1 W dl W <X7X’L>1 W {O le / X

If W = W,, then we must have W C V;

%, otherwise, W, would be isomorphic to an irreducible
subrepresentation of W "7 for some j # 4. It follows that pl\v = 0;;idy, and thus, p; = ;. This
also shows that the decomposmon V =V, &-- @YV, is unique since p, does not involve any choice of

decompositions of V, i.e., it is intrinsic to V. i

Observation X.2.3.10. — To determine a decomposition of V into irreducible representa;
tions, we first determine the canonical decomposition V=V, @ --- @ V,, e.g., via the formula
in proposition X.2.3.9. If W, ..., W, are the mutually non-isomorphic irreducible representations
then V, = Wfﬁni. We can then further decompose each V, into irreducible subrepresentations
Vi=U;, & @U, withU; =W, The decomposition of V; is, however, not unique, akin to an

arbitrary choice of basis for a vector space.
To see this, note that any choice of isomorphism W,""* 2 V/ gives maps f;: W; < W;*" =V}

where ¢;: W; < VV;Bn is the inclusion of the jth summand. The maps (fi,..., f, ) are linearly
independent and form a basis of Hom, (W;, V) since Homg(W;, V;) = Homg (W, W,)®™: = C™: ag

1) "1 17 "1

vector spaces by Schur’s lemma X.1.4.21. Conversely, any choice of basis (fi, ..., f,,) of Homg(W;, V)
defines an isomorphism C™ =% Homg(W;, V}), where Hom (W;,V)) is a trivial representation of G
This gives rise to an isomorphism

WE = Ch @ W, HomG(W V)W, =V,

(wl,...,wni) — Zl®wJ i ij®wj — Zf](w]>
=1 =1 j=1

Thus, the possible decompositions of V; correspond to the choices of bases of Hom (W, V}).

3

One can make this ex
plicit, see §2.7 Serre.
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CHAPTER XI

LIE ALGEBRAS

§ XI.1. SEMISIMPLE LIE ALGEBRAS

XI.1.1. Definitions.

Definition XI1.1.1.1. — A Lie algebra over a field k is a k-vector space g*"") together with
bilinear operation called Lie bracket [—,—|: g X g — g such that:

(i) [z,2] =0 for all z € g;
(ii) Jacobi identity: [x,[y, 2] + [y, [z, z]] + [z, [z, y]] = 0 for all z,y,z € g.

The dimension of g is the dimension of the underlying vector space.

Fact X1.1.1.2. — The Lie bracket is anti-commutative: [z,y] = —[y,z] for all z,y € g. I
char k # 2, then anti-commutativity implies [x,x] = 0.

\Proof. — If [x,2] =0, then 0 = [z + y,z + y| = [z,y] + [y, x]. s

Remark X1.1.1.3. — Any finite-dimensional Lie algebra g with basis {eq, ..., e, } is completely
determined by the k-vector space g and the constants a;} € k appearing [ei,ej] = 221:1 ajien,
called the structure constants of g. By anti-commutativity, it even suffices to give the constants for|
i< 7.

Conversely, we can endow a Lie algebra structure on a k-vector space g by giving structure
constants (a7});;,, subject to the conditions af} = 0= a}} +aj} and 3 (af}ay, +ajjay,; +ajiay;) =0
'We will, however, almost never use this approach to define Lie algebras.

Definition X1.1.1.4. — A Lie algebra g is abelian if the Lie bracket [—,—] is trivial, i.e.
[z,y] =0 for all z,y € g.

Definition X1.1.1.5. — A Lie algebra homomorphism over k is a k-linear map ¢: g — b
between Lie algebras over k such that ¢([z,y]) = [¢(x), ¢(y)] for all z,y € g. If ¢ is an isomorphis
of vector spaces (i. e., bijective), then ¢ is called a Lie algebra isomorphism.

Convention X1.1.1.6. — For brevity, we will always say Lie algebra map instead of Lie algebra
homomorphism.
Convention XI1.1.1.7. — All Lie algebras are finite-dimensional, unless otherwise stated.

—_— o e——————

(XI1) A more general definition considers A-modules g instead of k-vector spaces




Maybe this should be

a convention.

168 CHAPTER XI. LIE ALGEBRAS

Definition X1.1.1.8. — A linear subspace s of a Lie algebra g over k is a Lie subalgebra over k
if it is closed under the bracket of g. Then s is again a Lie algebra and the inclusion v: s < g is
Lie algebra map.

If s and t are subalgebras of g, then [s,t] denotes the subalgebra generated by brackets [s,t] fo
all s € s and all t € t.

Example X1.1.1.9. — For a Lie algebra g, any = € g defines a one-dimensional Lie subalgebra
span x with the trivial bracket.

We are mainly concerned with Lie algebras whose underlying vector space is finite-dimensional

FErxample X1.1.1.10. — For a k-vector space V, recall that End V' is the k-algebra of all linear
maps V — V. We can endow EndV with a Lie algebra structure by virtue of the commutato
[€,y] = x oy —yox. A pure computation shows that the commutator satisfies the Jacobi identity.

This turns gl(V) := End V into a Lie algebra over k called the general linear Lie algebra
of V' (closely associated to gl(V), the k-algebra of all automorphisms of V). By extension, any Lie
subalgebra of gl(V) is a linear Lie algebra.

Example XI1.1.1.11. — If V is an n-dimensional k-vector space, any choice of basis of V' gives an
isomorphism gl(V) = Mat,,(k), and we will denote it by gl,, (k) :== Mat,, (k). It has dimension n?
If e;; is the standard basis element of gl,, (k) with a single 1 in the ith row and jth column, then
€€k = Ojki1, 50 [€;5, €] = Oy — Opep; € {—1,0,1}.

Ezample X1.1.1.12. — We now describe four types A,,, B,,, C,, and D,,, where n < 1, of classica
linear Lie algebras, which are subalgebras of the general linear Lie algebra and correspond to classical
linear Lie groups. They will play a central role later.

(A,) Let V be a (n+ 1)-dimensional k-vector space. Then the special linear Lie algebra is
sl(V)={zegl(V)|trz =0} =sl, (k)

which is closely related to the special linear group sl(V') consisting of all z € gl(V') with detxz =1
Indeed, sI(V) is a subalgebra of gl(V') since tr[x,y] = tr(ay) — tr(yz) = 0. Moreover, since s[(V) is
a proper subalgebra, its dimension is at most dim gl(V) —1 = (n 4+ 1)? — 1. On the other hand, the
set of elements e,; where i # j together with e;; —e; 4 ;;; is linearly independent, which forms a
basis of sl,, (k) = sI(V). In particular, sI(V') has dimension (n+ 1)* — 1.

(C,,) Let V be a 2n-dimensional k-vector space, and let f: V x V — k be the non-degenerate
skew-symmetric, i.e., f(v,w) = —f(w,v), bilinear form given by

=, )

after a choice of basis for V. Note that dim V' must be even in order for such a bilinear form to
exist.(*12) Then the symplectic Lie algebra is

sp(V):={x € gl(V) | f(z(v),w) = —f(v,z(w)) for all v,w € V} = sp,, (k).

Under the chosen basis, the symplectic condition for z € sp,,, (k) is equivalent to sz = —z"s. This
verifies that sp(V) is a subalgebra of gl(V) since s[z,y] =2y s —y'2's = —[z,y]s.
Writing = (¢ %) with a,b,¢,d € gl,,(k), we obtain b" = b, ¢" = ¢ and a” = —d. The latter
means that trz =0, i.e., sp(V) is a subalgebra of s[(V'). With these relations, a basis is given by:
(X1.2) et f:V xV = k be a non-degenerate skew-symmetric bilinear form. Note that by skew-symmetry.
f(v,v) =0 for all v € V if chark # 2. Let v € V be non-zero. Then f(v,w) # 0 for some w € V by non-degeneracy,
and f is non-degenerate if restricted to W = span(v, w). Hence, we have the orthogonal decomposition V = W @ W+
land fly;-1 is non-degenerate. By induction, V is has even dimension
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~ € — €nyjny OT 1, j < n, generating all z with b = ¢ =0 and a' = —d;
— e fori <nande,, ;+e;,; fori<j<mn,generating all symmetric b; and similarly

i,m+i
~ ey fori<nande,,;;+e,, ; fori<j<mn,generating all symmetric c.

Hence, the dimension of sp(V) is n? +2(n + (n? —n)/2) = 2n? + n.
(B,,) Similarly, let V' be a (2n + 1)-dimensional k-vector space, and let f: V x V — k be the
non-degenerate symmetric, i.e., f(v,w) = f(w,v), bilinear form given by

1
5= 1, 1.
17L
Then the orthogonal Lie algebra is

o(V):={z e gl(V) | f(z(v),w) = —f(v,z(w)) for all v,w € V} =0y, ,(k),

which is the same condition as in the symplectic case. Writing

P 4 4
x=|r, a b
ry ¢ d

in the same way as s, the symplectic relation sz = —z7s gives p =0, ¢/ = —7ry, ¢y = —11,a' = —d
b" = —b and ¢ = —c. In particular, o(V) C sl(V). To determine a basis, we first consider elements
with (r,  f,) =(q; ¢,) =0. Since the submatrix (2 b) of z is subject to similar relations as in
the symplectic case, we can adapt the symplectic basis (note that b and ¢ are skew-symmetric now)
for2<i,j<n+1;

f0r2<z<]<n—|—1
for2<i<j<n+1.

— €5 en+] n+i
— €

- €

i,n+j ] n+i
n+j,5 Cnti J
Adding e, ,,,; —e€;; and ey; —e, ., for 2 <i < n+ 1, which are the matrices with (¢ %) =0, we
arrive at a basis for o(V). Its dimension is 2n? + n.

(D,,) Let V be a 2n-dimensional k-vector space, and let f: V x V — k be the non-degenerate
symmetric bilinear form given by

s = L
1, ’
ab

The Lie algebra of this type is again the orthogonal Lie algebra o(V') = 04, (k). Writing z = (25) e
0(V), so that sz = —x s, we similarly obtain a” = —d, b" = —b, ¢" = —c. Similar to the orthogonal

case, the dimension of 0( ) is 2n% —n.

FExample X1.1.1.13. — The upper triangular matrices, strictly upper triangular matrices
and diagonal matrices

b, (k) = {(aij)ij € gl, (k)| a;;=0ifi> it

n, (k) :={(a;;);; € ol (k) | a;; =0 if i > j},

t, (k) = {(aij)ij € gl, (k)| a;; =0if i # it
resp., are Lie subalgebras of gl (

[,,(k), which can be easily checked. Note that b, (k) =t,,(k) ®n,, (k)
as k-vector spaces. Moreover, [t,(k),n, (k)] C n, (k) and [e;, e;;] = e;; for i < j, so [t, (k),n ( )] =

n, (k). Hence,
n, (k) C [b,(k), b, (F)] C [t,,(k),n, (K)] + [, (), £, (K)] + m,, (k) €y (R),

0 we have equality everywhere
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o

XI.1.1.14. — Recall that a (not necessarily associative) k-algebra is a k-vector space A with a
bilinear (multiplication) map A x A — A.

Definition X1.1.1.15. — A derivation of a k-algebra A is a linear map D: A — A such that the
Leibniz rule D(ab) = aD(b) + D(a)b for all a,b € A is satisfied. We denote the k-linear subspace
of k-derivations of A by Der A C gl(A).

Fact X1.1.1.16. — The derivations Der A for a k-algebra A is a Lie subalgebra of gl(A).
\Proof. — Let D, E € Der A be two derivations. Then

D(E(ab)) = D(a)E(b) + E(a)D(b) + aD(E(b)) + D(E(a))b,
E(D(ab)) = D(a)E(b) + E(a)D(b) + aBE(D(b)) + E(D(a))b,

[D, E](ab) = a(D(E(b)) — E(D(b))) + (D(E(a)) — E(D(a)))b = a[D, E|(b) + [D, El(a)b
and [D, E] € Der A. nig

Warning X1.1.1.17. — In general, Der A for a k-algebra A is not a subalgebra of gl(A)

under composition. If Do E were a derivation, then D(E(ab)) = aD(E(b)) + D(FE(a))b, whence
D(a)E(b)+ E(a)D(b) = 0, which is generally not true. For instance, if A = k[z] and D = E = 0/0x
then D(z)E(z) + E(z)D(z) = 2.

Definition XI1.1.1.18. — Let g be a Lie algebra. Any x € g defines a linear map adgz :=
[,—]: g — ¢, y [2,y] called the adjoint map of x.

Fact X1.1.1.19. — Let g be a Lie algebra. Then ad;x € Derg, so the collection of all adjoind
maps defines a linear map g — Der g.

Proof. — The Jacobi identity can be rewritten as [z, [y, 2]] = [[z,y], 2] + [y, [z, 2]}, so ad, = is a
derivation.
ig

Definition XI1.1.1.20. — Let g be a Lie algebra. We call the linear map ad :=ady: g — Derg
the adjoint representation of g. Moreover, we call the derivations in its image inner, otherwise
outer.

Warning X1.1.1.21. — The adjoint representation is not faithful, i.e., injective. If g = k is
one-dimensional, then Derg = 0 since D(1-1) = 2D(1) and so D(1) =0 for any D € Derg. In
particular, ad 1 = 0 although 1 # 0.

Fact X1.1.1.22. — Up to isomorphism, the only one-dimensional Lie algebra over k is the abelia
algebra k. Up to isomorphism, there are only two two-dimensional Lie algebras over k: the abelian
algebra k(3 9) @ k(3 Q) = k? and the non-abelian algebra k(93) @ k().

\Proof. — Let g be a Lie algebra. If dimg = 1, then any = € g\ {0} is a basis vector and
[a1z, ayx] = aqaq]x,z] = 0 for all a;,a, € k. Clearly, all one-dimensional abelian Lie algebras are
isomorphic to k.

If dimg = 2, let {z,y} be a basis of g. Then the Lie bracket is completely determined by
' = [x,y] (due to anti-commutativity), whence [g,g] = spana’. If 2’ = 0, then g is abelian
and isomorphic to k?. Otherwise, take any y’ ¢ spanz’, so that {z/,y’} is a basis of g. Then
[2/,9'] € spana’, say, [2/, '] = ax’ for some a € k*, whence [2’,a~y] = 2’. In other words, any

1
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non-abelian two-dimensional Lie algebra g exhibits a basis {z,y} such that the bracket is [x,y] = z
and this is unique up to isomorphism.

To construct an explicit example, consider the adjoint representation ad: g — Derg C End g
Given a basis {x, y} such that [z,y] = z, thenadz = ({§) and ady = (! J) under the identification
Endg = g, (k). ol

XI.1.2. Ideals.

Definition XI1.1.2.1. — A subspace a of a Lie algebra g is an ideal of g if [z,y] € a (o
equivalently [y,x] € a) for all x € g and all y € a.

FExample X1.1.2.2. — 0 and G are ideals of G
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PART VI

COMPLEX ANALYSIS
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— We avoid the notation D for the unit disc in C, although ubiquitous in [SS03]. For clarity, the
notation D, (0) is preferred. There is one exception: the section on conformal maps.

— Contrary to standard topology, we define a homotopy between curves with common endpoints
to be pointed. For closed curve which do not share a common base point, however, the homotopy
need not be pointed.
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CHAPTER XII

BASIC THEORY

§ XII.1. PRELIMINARIES

XII.1.1. Complex numbers.
Definition X11.1.1.1. — The field of complex numbers is the set

Ci={z=a+iy|z,y eR}

where i is the imaginary number satisfying i2 = —1, together with addition and multiplication:
(21 +iyy ) (2o +iyy) = (21 + 22) +i(y; + ¥2),

(z1 +iyy) (2o +1ys) = (2125 — YY) +1(@1Y2 + ¥122),

following usual associativity and distributivity subject under i2 = —1. The complex numbers being q
field means that it is, in particular, commutative, associative and distributive.*11-1)

For z =z +1iy € C, we call Rez =: x and Im z := y the real part and imaginary part of z
resp. So, the real numbers are those z € C with Im z = 0, and the purely imaginary numbers are
those z € C with Rez = 0.

Definition XI11.1.1.2. — The absolute value of z = x +iy € C is given by |z| := \/x2 + y2.
Remark XI1.1.1.3. — There is a natural R-linear isomorphism between the complex numbers
and the Euclidean plane

C = R?, z=x+iy— (x,y).
In fact, this is an isometry, meaning that |z| = |(z,y)]|5-

Under this identification, we also call C the complex plane. For example, 0 € C is the origin
and i € Cis (0,1). The x- and y-axis are called the real axis and imaginary axis, resp.

Fact XII.1.1.4 (properties of the absolute value). — The absolute value satisfies the following:
(i) |z| > 0 with equality if and only if z =0;
(i) |zw| = [2]|w];

(iii) triangle inequality: |z +w| < |z| + |w|;
(iv) reverse triangle inequality: |z| — |w| < ||z| — |w|| < |z — w|;
(v) |Rez| <|z| and |Im z| < |z|.

Definition X11.1.1.5. — The complex conjugate of z = x + iy € C is defined as z := x — iy
which corresponds to reflection along the real axis.

(XIL1)  Algebraically, C is the splitting field of the polynomial 2+ 1 over R, whence is unique up to isomorphism|
f i is a solution of x2 4+ 1 =0, then C = R(i) = R[x]/(x% + 1)
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Fact XI1.1.1.6 (properties of the complex conjugate). — The complex conjugate satisfies the
following:

(i) Z = z, i. e., complex conjugation is involutory;

(ii) z+w=Z+w and zw = Zw;

(iii) z is real if and only if z = Z; z is purely imaginary if and only if z = —%;
(iv) Rez = 2(247%) and Imz = (2 — 2);

(v) |2]? = 2z, s0 1/2 = Z/|z|* for z #+ 0.

XTII.1.2. Topological properties and continuous functions.

Definition XII.1.2.1. — (i) A sequence (z,),>, C C of complex numbers converges to w € C
if lim,,_, |z, —w| =0, in which case we write w = lim,,_,  z,.
(i) A sequence (z,),>1 € C is a Cauchy sequence (or simply Cauchy) if |z, — z,,| — 0 ag

n, m — 00, i.e., for each € > 0 there is N € N such that |z, — z,,| < € whenever n,m > N.

Fact XI1.1.2.2. — A sequence (z,),, € C converges if and only if the real sequences (Re z,),, and

(Im 2,,),, converges. In this case, lim,,_, 2z, =lim, .. Rez, +ilim Imz,.

n

n n—00

\Proof. — 1If (z,)),, converges, then the real and imaginary parts converge since |Re z|, |[Im z| < |2|
for all z € C. Conversely, if the real and imaginary parts converge, then (z,), converges since
z, = Rez, +ilmz,. s

Proposition XI1.1.2.3. — The complex numbers C are complete, i. e., Cauchy sequences in C
converge with limit point in C.

Proof. — Recall that the Bolzano-Weierstra$$ theorem*"?) implies that R is complete. Since (z,,),,
is Cauchy if and only if (Rez,),, and (Im z,),, are Cauchy, the statement follows. o

The following definitions are standard and agree with the definitions for R2.

Definition XI1.1.2.4. — Let z; € C and let r > 0. The open disc, closed disc and circle of
radius v centred at z, are

D, (29) = {z € C| ]z — 20| < 1},
D, () = {2 € C ||z — 2| <7},
C,(z) = {z € C ||z — 2| =1},

resp. We call D1(0) = {z € C||z| <} the unit disc.

Definition XI11.1.2.5. — Let 2 C C be a set. A point z, € §2 is an interior point of (2 if
D,(zy) C §2 for some r > 0. The interior 0 of £2 is the set of all interior points, and {2 is openy
if =10

A point z € C is a limit point of (2 if there exists a sequence (z,), C 2 with z # z, an
z =lim,_,  z,. The closure {2 of (2 is the union of (2 and its limit points, and (2 is closed if

(2 = §2. FEquivalently, {2 is closed if the compleznent C\ 12 is open.
Finally, the boundary of 2 is 002 = 2\ 2.

Definition XI1.1.2.6. — A set 2 C C is bounded if there exists M > 0 such that |z| < M|
for all z € £2; in other words, 2 C D,(0) for some large r. If 2 is bounded, its diameter is
diam {2 := supzﬂueg\z —w.

A set 2 C C is compact if it is closed and bounded.

(XI12) The Bolzano- Weierstraf8 theorem states that any bounded sequence in R™ has a convergent. subsequence
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Proposition XII1.1.2.7 (characterisation of compactness in metric spaces). — For a set 2 C C
the following are equivalent:

(i) 2 is compact, i.e., closed and bounded;
(ii) every sequence (z,,),, C 2 has a convergent subsequence with limit in (2;
(iii) every open cover 2 C Ua U, of £2 by an family of open sets (U,),, has a finite subcover.

(e

\Proof. — The proof is identical to the real statement. Firstly, suppose that {2 is compact, i.e.
closed and bounded. Let (z,),, C {2 be a sequence. Since |Re z|,|Im z| < |z|, the sequences of real
and imaginary parts are also bounded. By Bolzano-Weierstrafl in R, the sequence (Rez,),, has
a convergent subsequence (Rez, ),. Again by Bolzano-Weierstraf}, the sequence (Imz, ), has a
convergent subsequence (Im zn7j ;- Hence, the real and imaginary parts of (zn ,> j convzarge and
thus, the sequence itself converges. Since §2 is closed, the limit lies in f2. )

Next, suppose that every sequence in {2 has a convergent subsequence in 2. Let 2 C Ua U, be
an open cover that has no finite subcover. Since {2 is sequentially compact, this cover has a Lebesgue
number ¢ > 0 such that each disc D_(z) with centre z € (2 is contained in some U,. We claim that
there is a finite cover of e-discs with centres in §2. If not, start with z; € {2 and iteratively pick
z, € 2\ U;:ll D.(z;), so that |z, — z,,| > € for any n # m. By assumption, (z,),, has a convergent
subsequence, which is absurd since it cannot be Cauchy. Thus, §2 is covered by finitely many suchl
discs, each contained in some U, giving rise to a finite subcover.

Finally, we reproduce the proof of Heine-Borel. Suppose that every open cover of {2 has a finite
subcover. Since C is Hausdorff, the topologically compact {2 must be closed. To show that (2 is
bounded, consider the open cover 2 C Uze.Q D,(z), and let £2 C ngl D, (z,) be a finite subcover
Then for all w; € Dy(2;) and all w; € D;(z;), we have

lw; —wj| < fw; — 2] + |2, — 25| + [w; — 2] <2+ diam({z, ..., 25 }). ot

Proposition XI1.1.2.8. — If 2, D (25 D - is a descending sequence of non-empty compact sets
in C such that diam £2,, = 0 as n — oo, then there exists a unique point w € C such that w € {2,
for all n.

\Proof. — Choose z,, € 2, for each n. The condition diam (2,, — 0 means that (z,),, is a Cauchy
sequence, so let w =lim,,_,  z, € C. Since each (2, is closed, we have w € {2, for all n. Any othern
w’ with w” € (2, for all n satisfies |w —w’| < diam §2,, — 0, so w = w’". i

Definition XI11.1.2.9. — A set 2 C C is connected if there are no two disjoint non-empty ope
sets €2, and 25 such that 2 = 2, U 2,. We call an open connected set a region.

Remark XII1.1.2.10. — Similarly, a set F' C 2 is closed if there are no two disjoint non-empty|
closed sets F] and F, such that F' = F] U F;.

Definition XI11.1.2.11. — A set 2 C C is path-connected if any two points in {2 can be joine
by a continuous curve contained in {2.

Proposition XI1.1.2.12 (characterisation of connectedness in metric spaces). — An open sef
(2 C C is path-connected if and only if it is connected.

\Proof. — The proof proceeds like the real case. Suppose that (2 is open path-connected, and suppose
that 2 = 2, U2, where {2, and 2, are disjoint non-empty open. For any w; € 2, and any wy € 2
let v: [0,1] — 2 be a curve from w; to w,. Let t* = sup{t € [0,1] | y(s) € 2, forall 0 < s < t}. If
~v(t*) € £21, then there is an open neighbourhood of v(¢*) in (2, and ¢* was not the supremum yet
If v(t*) € {25, then there is an open neighbourhood of v(t*) in 2, = 2\ 2, and t* was larger than
the supremum. We obtain a contradiction in either case.

The converse requires that {2 is a metric space, i. e., that open sets are defined in terms of discs
Suppose that 2 open connected. Fixing a point w € 2, let 2, C {2 be the maximal path-connecte
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component of w, i.e., it is the set of all points in w which can be connected to w via a continuous
curve in §2. Let 2, = 2\ {2;. Then for any z € £2;, we have D,(z) C {2 for some r > 0, so any|
point in D,.(2) is connected to z by a straight line. Hence, (2, is open. Similarly, for any z € (2,, we
have D,.(z) C 2 for some r > 0. If some point in 2" € D,.(z) were in {2;, then z € {2, by extending
the connecting curve from w to 2z’ by a straight line from 2’ to z, a contradiction. Thus, £2; and (2,
are both open. Since w € 2, # &, we have 2 = (2,. nig

Definition X11.1.2.13. — Let §2 C C be an open set. The connected component of (2 is the
subset of all points in {2 such that any two can be joined by a continuous curve contained in (2.

Fact XI1.1.2.14 (chacterisation of connected components). — Let £2 C C be an open set.

(i) Connected components of {2 are open and connected. They define an equivalence relation of
points in (2. Therefore, {2 is the disjoint union of all its connected components.

(ii) There are only countably many connected components of (2.

(iii) If 2 =C\ K for K compact, then {2 has only one unbounded connected component.

\Proof. — Connected components are, by definition, connected. If C, is the connected component
of {2 containing z € (2, then there is a disc D C {2 centred at z since {2 is open. As any point of D
is connected to z, we have D C C, and C, is open. Finally, the equivalence relation can be easily
checked, and hence we proved (i).

For (ii), suppose that there are uncountably many connected components. This allows us to
decompose 2 into an uncountable disjoint union of open subsets, giving an uncountable number|
of disjoint open discs. However, Q2 C R? = C is a dense subset of C, i.e., any complex number is
an accumulation point of the countable set Q2. Then there is an open disc which does not contain
rational points, a contradiction.

Lastly, if 2 = C\ K for K compact, let D be a large disc containing K. Then C\ D is a
connected subset of {2, and there is exactly one connected component that contains C \ D and is
hence unbounded. All other connected components are contained in {2 N D and are hence bounded

This establishes (iii). sid
(e e  —
Definition XII.1.2.15. — A function f: 2 — C is continuous at a point z, € (2 if fo

every € > 0, there exists 6 > 0 such that |f(z) — f(zy)| < € whenever z € 2 with |z — zy)| < §
\Equivalently, f is continuous if for any converging sequence (z,,), C 2 with limit in (2, we have

lim, . f(z,) = f(lim,_, z,). Moreover, f is continuous on (2 if it is continuous at every point
of £2.

Fact XI1.1.2.16. — (i) Sums and products of continuous functions are continuous.

(ii) A function f: 2 — C is continuous if and only if it is continuous as a function U — C
(x,y) = f(z +iy) where U C R? is the set corresponding to 2 C C.

(iii) If f: 2 — C is continuous, then |f|: 2 — R, z > |f(2)| is continuous.

Definition XI1.1.2.17. — A function f: 2 — C attains a maximum at z, € 2 if |f(2)| <
|f(20)| for all z € £2. We similarly define a minimum of f.

Proposition XI11.1.2.18 (extreme value theorem). — A continuous function on a compact set i
bounded and attains a mazimum and minimum.

\Proof. — The proof is identical to the real case. Let f: 2 — C be a continuous function on anl
open set {2. Suppose that there is a sequence (z,),, C {2 such that |f(z,)| — oo as n — co. Since
(2 is compact, w.l. 0. g., we may assume that z,, — x € {2 converges by restricting to subsequences
Then, however, |f(z,,)| = |f(2)| = oo, a contradiction. Thus, f is bounded.

So, let M = sup__, f(2) be the supremum of f. There is a sequence (z,),, C {2 such that
f(z,) = M. Again by compactness, z,, — z € {2 converges w.l.0.g. Then f(z) = M is a maximum
The minimum follows by noting that any minimum is a maximum of —f pi
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XII.1.3. Holomorphic functions.

Definition X11.1.3.1. — Let f: 2 — C be a function on an open set 2 C C. Then f is
holomorphic at a point z, € {2 if the limit

. f(zo+h)_f(zo)__ y
helg\%o} h = 1'(z0)
zo+hef?

exists, called the (complexr) derivative of f at z,. Note that h — 0 may approach 0 from any
direction.

Moreover, f is holomorphic on (2 if f is holomorphic at every point of 2. If C' C C is closed
then f: C — C is holomorphic on C if it is holomorphic on some open neighbourhood of C
Finally, f is entire if f is holomorphic on all of C.

Warning XI1.1.3.2. — Sometimes, reqular and complez differentiable are used interchangeably

with holomorphic, but holomorphic functions have much stronger properties then real-differen-
tiable functions. On the other hand, we will use the term analytic and holomorphic synonymously
see next section.

Remark XI1.1.3.3. — Alternatively, f: {2 — C is holomorphic at 2z, € (2 if and only if there
exists a € C such that

f(zg+h) = f(z9) — ah = hip(h)

where (k) is a function for small h with lim;, ;¥ (h) = 0. In this case, a = f’(z,). In particular
holomorphy implies continuity.

Proposition XI1.1.3.4 (differentiation rules). — If f,g: 2 — C are holomorphic at z,, then the
following hold:

(i) f+ g is holomorphic at zy with (f+¢9) = f +¢';

(ii) fg is holomorphic at z, with (fg) = f'9+ f¢’;

(iii) if g(zy) # 0, then f/g is holomorphic at z, with (f/g9) = (f'9 — fq’)/g*.
\Moreover, if f: 2 — U C C is holomorphic at z, and if g: U — C is holomorphic at f(z,), then
g o f is holomorphic at z, and the chain rule (go ) = (¢" o f)f’ holds.

\Proof. — Use remark XII.1.3.3 and proceed as in the real case. We will give a few key points here
Firstly, it is necessary to use continuity of f and g at z,. Moreover, g(z,) # 0 implies g(z) # 0 in a
small neighbourhood of z,, so f/g is well-defined.

The sum, product and quotient rule follow by direct computation. For the chain rule, we have

f(zo+h) = f(z0) = f'(z0)h = hp(h),  g(f(20) +h) —9(f(20)) — 9’ (f(20))h = ho(h)

where ¢¥(h), ¢(h) — 0 as h — 0. By taking f(z, + h) — f(z9) = f'(29)h + hp(h) for h, the second
equation becomes

9(f (29 + 1)) = 9(f(20)) = (¢"(f(29)) + d(R)(f' (20) + ¢(h)h = g’ (f(20)) ] ()1 + hx(h)

where x(h) = ¢'(f(29))¥(h) + f'(z9)P(h) + ¥ (h)p(h) — 0 as h — 0. Hence, g o f is holomorphic
at 2o with (go f)" = (9" f)f". ad
Example X11.1.3.5. — The function f(z) = z is entire (holomorphic on C) with f'(z) = 1. Hence

polynomials p(z) = ay + a,z + -+ + a, 2™ are entire with derivative p’(2) = a; + - + na,, 2" .

Example XI1.1.3.6. — The function f(z) = 1/z is holomorphic on any open set in C \ {0} with|
f'(z) =—1/2?

[nsert reference?




182 CHAPTER XII. BASIC THEORY

o

Counterezample X11.1.3.7. — The function f(z) = 7% is not holomorphic. Indeed, (f(zy + h) —
f(20))/h = h/h does not converge as h — 0 since h/h — 1 if h € R is real, and h/h — —1if h € iR
is purely imaginary.

Warning XI11.1.3.8. — Counterexample XI1.1.3.7 also shows the difference to real-differeny

tiability. Interpreting f as a function F': R? — R? we have F(x,y) = (x,—y). Since it is linear
the Jacobian (derivative) of F' at any point is F itself, and F' is smooth. Hence, real-differentiability
does not imply holomorphy.

XI1.1.3.9. — Let F: U — R? F(z,y) = (u(z,y),v(z,y)) with U C R?. Recall that F is
differentiable at Py € U if there exists a linear transformation J: R? — R? such that

i VE(B+ H) = F(B) = J(H)|

= (:)7
| |0 | H |

or equivalently,
F(R+H)—F(R)=J(H)+[H[V(H)

where |U(H)|| — 0 as |H| — 0. In this case, J is unique, the partial derivatives of u and v exist
and J is the Jacobian (derivative)

- _(Ou)dx(x,y) Ou)dy(x,y)
J=Jp(z,y) = (av/8$<x,z) 8@/32(%2))

of F.

Observation XI1.1.3.10. — More generally, we want to study the relation between the complex
and real derivative. Let f: 2 — C, which we will also write as f(z,y) = f(z +iy) on R? by abuse of
notation. Suppose that f is holomorphic at z, = x, + iy,. By first taking the limit of the difference
quotient over real h, say, h = h; € R, we have

o+ hy,yo) — flag, 0
f/(zo): Lim f( 0+ 1 yO) f( 0 yO) :%(ZO)

hy—0 hy

where 0/0z is the partial derivative of f(z,y) in . Now taking the limit over purely imaginary h
say, h = ihy with hy € R, we similarly have

9 h - 3 1 8
f/(zo) — thITO f(xO Yo + 1}271)2 f(‘TO yO) — TF£<20>

where 0/0y is the partial derivative in y. Thus, if f is holomorphic then

of _190f
or idy’
By taking the real and imaginary parts of this equation (and using 1/i = —i), if we write f = u + iv

then we equivalently obtain the Cauchy-Riemann equations

Oou Ov ou Ov

= — == XII.1.3.10.1

ox Oy’ Oy Oox (
Observation XI1.1.3.11. — For a (holomorphic) function f: 2 — C, we write f(z) = f(z+iy) =
f(z,y). The chain rule gives

of oxof Oyof 0 (z+2zZ\Of 0 (z—2zZ\O0f 10f 10f
92— 020 a*ay:a*( 5 j%’ﬂ?( )ayﬁ%*my
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by treating Z constant, and similarly for df/9%z. Hence, we define the Wirtinger derivatives

o 10 10y 0 13 10y
0z 2\0z ioy)’ 0z 2\0z ioy)

Proposition XI11.1.3.12. — Let f = u+iv: 2 — C is holomorphic at z, € £2. Then u and v
satisfy the Cauchy-Riemann eqs. (X11.1.3.10.1). With Wirtinger derivatives, we have
of af ou

82(%) =0, f'(2) = @(%) = 2&(20)-

Moreover, if we write F(z,y) = f(z +1iy) as a function in R? and z, = x, + iy,, then F ig
real-differentiable and

det J (g, yo) = | (20)]*.
\Proof. — We have shown 0f/0%Z(z,) = 0 in observation XII.1.3.10. This observation also implies
that
, _1/0f 190f _of
£o) = 5 (Ga )+ 5o Go) ) = 2 (z0)

and the Cauchy-Riemann egs. (XII1.1.3.10.1) yield

O (0 on_Ox Oy _0u_0u_0n

0z 2\0x 0z oy Oy) ox Oy 0z

To show differentiability of F', if H = (hy,h,) and h = hy + ih, then the Cauchy-Riemann
eqs. (XTI.1.3.10.1) give
_( Ou/ox  Ou/dy hy\ _ (Ou Ou N
(oo o) () = (20 S0 o) (31) = (G tea) = i o) s ) = (o)

here, we identified C 2 R?), so differentiability of f at z, directly translates to differentiability of F|
at (xg,Y). Lastly,

2

ou 2 ou 2 ou , 9
det I (wo.t0) = (Go(20) ) + (5o0)) =[ege| =17 Gl e
There is also a sort of converse.
Theorem XI1.1.3.13. — Let f =u+iv: 2 — C be a function on an open set 2. If u and vy

are continuously differentiable and satisfy the Cauchy-Riemann egs. (XI11.1.3.10.1) on (2, then f i
holomorphic on 2 with f" =0f/0z.

Proof. — We freely identify C = R? and write f(z,y) = f(z +iy). For h = h; +ih,, differentiability
of u and v give

ou ou
u(x +hy,y+hy) —u(x,y) = o= (2,y)hy + 5 (2,y)hy + |h|1p, (),

oz oy
ov ov
’U(LC + hlvy + h2) - U($7y> = %(xuy)hl + gy(xvy)hQ + |h|¢2(h>»

where ;(h) — 0 as |h| — 0. The Cauchy-Riemann eqs. (XII.1.3.10.1) then imply that

G2~ 152 )y + i) + ()

where t(h) = ¢, (h) + 15(h) — 0 as |h| — 0. Therefore, f is holomorphic by remark XII.1.3.3 with
f’=20u/0z=0f/0 Bi

fG+m = 1) = (
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Warning XI11.1.3.14. — Theorem XII.1.3.13 does not work pointwise any more, but requires

at least continuous differentiability on an open neighbourhood (2. Consider f(x + iy) = /|zy|
for =,y € R. Writing f = u + iv, we have u = f and v = 0. For the partial derivatives of u, we
explicitly compute

ou . u(h,0) —u(0,0) ou . u(0,h) —u(0,0)
gg (00 = Jim === =0, 5(0,0) = Jimy o

=0.
Thus, f satisfies the Cauchy-Riemann eqs. (X11.1.3.10.1) at the origin. If it were holomorphic at the
origin, then f’(0) = 0 by proposition XII1.1.3.12. However,

. f(h+1ih) — f(0) 1 . f(h+1ih)— f(0) 1
lim - = - lim - = — -,
h—0 h +ih 1+1i h—0 h +1ih 1+1
h>0 h<0

so f is not holomorphic at the origin.

XTI.1.4. Power series.

Definition XI1.1.4.1. — A power series is a series of the form Z:O:O a,z" with a, € C.
Fact XI1.1.4.2. — If a power series ZZ’;O a,z"
converges absolutely for all z € ]3‘20‘(0).

2" converges absolutely for some z, € C, then

n

\Proof. — This follows from the direct comparison test. pid

oo

Hadamard’s formula XI1.1.4.3. — For any power series 3" a,

0 < R < 00, called the radius of convergence, such that:

Z", there exists a numbe

(i) the series converges absolutely for z in the disc of convergence D (0);
(ii) the series diverges for |z| > R.

With the conventions 1/0 = co and 1/oo = 0, the radius of convergence is given by

1/R = limsupla,,|'/".

n—oo

\Proof. — Define L := 1/R := lim supn_>oc|an|1/". If L = oo, then |a oo for infinitely many n

So for |2| > R = 0, the sequence (a,,2"),, cannot converge to 0, whence > > 'a,z" diverges.
Hence, assume that L < oo. If |z| < R = 1/L, then choose € > 0 so small that r := (L+¢)|z| < 1

By the definition of L, we have |a,,|'/" < L + ¢ for all large n, whence |a,,||2|" < (L + &)"|2|" = r™

. . . . n . oo n
Comparing with the geometric series Zn r™ shows that the power series ano a, 2" converges.

n‘*

On the other hand, if |z|] > R, then a similar argument shows that there is 7 > 1 such that
la,|lz]" > (L —¢&)™|z|™ > r™ for infinitely many n. Therefore, (|a, 2"|), diverges and the power

series diverges. pid
Warning XI1.1.4.4. — The behaviour is more unpredictable on the radius of convergence
. 00 n oo n 2 0o n . : _
For all three series >~ 'nz", > °" 2"/n® and 3 °" 2" /n, the radius of convergence is R = 1
since lim,,_, nt/m =1,

(i) If |2| = 1, then ZZ‘;O nz" diverges as the sequence of terms in this power series does not
converge to 0.

(i) If |2] = 1, then > 2" /n? converges absolutely as it can be compared to PO 1/n? =
¢(2) =n%/6
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(iii) If z = 1, then >°>° 2" /n is the harmonic series and hence diverges. If z € C;(0) \ {1}

however, the series converges. Summation by parts(*'%) gives
N _n N-1
z B 1 1
S B S ),
— N N —\n n-+1
n=1 n=1
where B), = Zfﬁl 2". Since B, is a geometric sum, we have |By| = [1 — 2¥|/|1 — 2| < 2/|1 — 2]

so By, is uniformTy bounded for all k. Hence, By/N — 0 as N — oo and the remaining series is
absolutely convergent (as a telescoping series).

Theorem XII1.1.4.5 (analytic implies holomorphic). — The power series f(z) = 210;0 a,z" is q
holomorphic function on its disc of convergence. There, the derivative is f'(z) = ZZOZO na,, 2" 1

i. e., it is formed term-wise. Moreover, ' has the same radius of convergence as f.

Proof. — Let g(2) = > na,z""". We first show the statement about the radius of convergence

Then f(z) and >.°° na, 2" have the same radius of convergence by Hadamard’s formula XI1.1.4.3
n=0 n

and since lim,, , . n'/" = 1. So, EZO:O na,z" and g(z) have the same radius of convergence since

zg(2) = 32 na,2".

For the first statement, let R be the radius of convergence of f, and we want to show holomorphy

at zy with |zy| < r < R. Write f(z) = Sy(2) + En(2) with Sy(z) = SN a,z" and Ey(z) =

ZZO:NH a,z". For h with |2, + h| <r, we have n=0
+ (S (20) —9(z0)) + (EN(Z() + h})L — En(2) >

We now bound all three terms on the right. Recall that a® —b" = (a —b)(a™ * +a" 2b+ -+ b""1)
Taking a = 2z, + h and b = z, and using |z, + h| < r and |z,| < r, we obtain

EN(ZO+h)_EN(ZO) < i |a |

h n=N+1

(20 + )" = 25

o0
Y < Z la, |nr"tt — 0

n=N+1

as N — oo since g(r) converges absolutely for » < R. Next, Sy (zy) = g(zy) as N — oo implies
|SN (z9) — g(z0)| = 0. Lastly, for any fixed N we have

Sn (20 +h) — Sn(20)

lim
h—0

since Sy is a polynomial.
Hence, given € > 0, we choose N large enough so that the second and third term are estimated
as €. Having N, we choose ¢ > 0 such that the first term is estimated as ¢ for all |h| < §. Thus,

h) —
f(Z0+ }3 f(ZO)_g(Zo) < 3¢
for all |h| < §, and f is holomorphic at z, with derivative g. sig

(XIL3)  Summation by parts is the discrete analogue of integration by parts. For finite sequences
(a,)N_,, (b,)N_, C C, define partial sums B, = 22:1 b,, with By = 0. Then

N-1

N
Z anb, =anyBy —ay By g — Z (@ny1 —an) By
n=M n=M
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Corollary X11.1.4.6. — A power series is infinitely complex differentiable (smooth) in its disc of
convergence. The higher derivatives are also calculated by term-wise differentiation.

FExample XI1.1.4.7. — The geometric series ZZO:O z™ converges absolutely only on the unit disc
Like in the real case, there this series computes to 1/(1 — z), which is holomorphic on C\ {1}.

Remark XII.1.4.8. — More generally, we can also consider power series centred at z, € C
of the form f(z) = > a,(2 — 2)". Note that if g(z) = 3°>° 'a,2", then f(2) = g(z — ) is
g but translated by z,. Thus, everything about g also holds for f after translating by z,. In
particular, the radius R of convergence of f is the same as the one for g, hence given by Hadamard’s
formula XII.1.4.3, and the disc of convergence is Dy(z,). Moreover, by the chain rule, we have

f'(2) =g/ (2 = 29) = 320 g nan (2 — 29)" .

Definition X11.1.4.9. — A function f: 2 — C on an open set {2 is analytic (or has a power|
series expansion) at z, € §2 if there exists a power series ZZOZO a, (z — zy)™ with non-empty disd
of convergence such that f(z) = Z:,O:O(Z — 29)"™ in an open neighbourhood of z,. Moreover, f i

analytic on §2 if it is analytic at every point of (2.

Example X11.1.4.10. — The main example is the complex exponential function
00 M
exp: C — C, exp z := e”® :22—,
= n!

which agrees with the usual definition on R. This is absolutely convergent everywhere since
oo | = §°® | = ol?l o0 ! ° !

> o2/l = Zn:0|z|"/n.’f el < oo. In ffemct,. DMV Zn:NMn/n — 0 as N = o9

shows that e* converges uniformly on any disc in C. Thus, the exponential function is entire

holomorphic on all of C).

Example XII.1.4.11. — Similarly, the sine and cosine functions
00 22n+1 00 Z2n
sin z = ,;(_1) L cosz = 7;(—1) )l

agree with the usual definitions on R, and are absolutely convergent everywhere. Thus, they are
entire.

Fact XI1.1.4.12. — The exponential, sine and cosine functions enjoy the following properties:
(i) exp’ = exp, sin’ = cos and cos’ = —sin;

(ii) Euler’s formulas:

) _ iz el? + e iz . o
sing = ———, cosz = ————, e'* = cos z 4 isin z;
2i 2
in particular, exp is 2w-periodic;

(111) ez+w = e?eW ;

(iv) addition theorems:

sin(z + w) = sin z cos w + cos z sin w, cos(z + w) = cos z cos w — sin z sin w

(v) e =¢% and || =1 for 6 € R
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\Proof. — (i) and (ii) follow from direct computation with power series. (iv) follows from direct
computation by invoking (ii) and (iii). The first part of (v) also follows from the representation
by power series, and the second part follows from (iii) by |e!?|? = ee™ = ¢* = 1. Hence, we only
show (iii) from (e*)" = e*.

We first claim that if f* = 0 for an entire function f, then f is constant. Indeed, as we have seen
in observation XII.1.3.10, we have % =0= —ig—g. This shows that the real and imaginary parts of f
have zero partial derivatives and are hence constant. Thus, f is constant. Also, cf. corollary XII1.1.5.17
for a generalisation.

Now, we have (e*e¥ %) = e*e¥* — e¢%e¥ * = 0 by differentiating in z. By the claim above
e“e¥ % is constant, and setting z = 0 gives e*e” "% = e¥. A shift of variables yields e*e¥ = e*™%
]

Warning XI1.1.4.13. — In contrast to the real exponential function, the complex exponential

function is not injective. For example, let us solve the equation e* = 1. Writing z = = + iy, we
obtain 1 = e* = e%e'¥, s0 1 = |e*| = e” and z = 0. Hence, 2z = iy is purely imaginary. By Euler’s
formulas, 1 = e'¥ = cosy +isiny, so cosy = 1 and siny = 0. Since the exponential function is
27-periodic and e = 1, we see that z = 2rik for an integer k.

Observation XI1.1.4.14. — Any z € C\ {0} can be written in polar form z = re!’ where r > 0
and 6 € [0,27). Indeed, take r = |z| and write z = |z|(x + iy). Then x + iy lies on the unit circle
and there is a unique 6 € [0, 27) such that = cosf and y = sin§. By Euler’s formulas, we obtain
i0
2z =re’.
We call arg z := 6 the argument of z. By contrast, z = x + iy is called the Cartesian form.

Remark XI1.1.4.15. — On the complex plane, addition is simply vector addition, so addition by
a number is translation.

The polar form z = re'” can be understood as a point z which has distance |z| = r from the
origin and has angle arg z = 6 from the real axis to the ray starting at 0 and passing through z
Under this point of view, the product of z = re'? and w = se'? is zw = rse'(®*%) so multiplication
by a complex number is a homothety (rotation followed by dilation).

6

XII.1.5. Contour integrals.

Definition XI11.1.5.1. — A parametrised curve is a continuous function z(t): [a,b] — C. It is
smooth if z is continuously differentiable on [a,b] and if 2’ # 0 on [a,b]. Note that the derivative 2’
at t = a and t = b is given by the right-hand and left-hand derivatives

z(a+ h) — z(a) z(b+ h) — z(b)

(o) = i BESEE, )= i I,
h>0 h<0

resp. Similarly, z is piecewise-smooth if there are points a = ag < -+ < a,, = b such that z i
smooth on [ay,ay,,]. In particular, the right-hand and left-hand derivative at a,, might differ.

Definition X11.1.5.2. — Two parametrised curves z: [a,b] = C and Z: [¢,d] — C are equivalent
if there is a continuously differentiable bijection t: [c,d] — [a,b] such that t'(s) > 0 and Z(s) = z(t(s))
The condition t'(s) > 0 ensures that t(s) goes from ¢ to d as s goes from a to b, i.e., t preserves
the orientation. Every equivalence class of parametrised curves defines a curve v C C, which is the
image of any representative z(t): [a,b] — C together with the orientation given ast goes from a to b
The points z(a) and z(b) are called endpoints, and we say that -y starts at z(a) and ends at z(b).

Hence, for each curve ~y there is a curve v~ with the reversed orientation (the underlying sets of
v and v~ are the same). If v has a parametrisation z: [a,b] — C, then a parametrisation of v~ is
e.g, 27:la,bl > C, 2= (t) = 2(b+a —1t)

T T
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Definition XI1.1.5.3. — A curve is smooth or piecewise-smooth if it has such a parametrisatio

(in our applications, the parametrisation only needs to be (piecewise) continuously differentiable, not
(piecewise) smooth). A curve is closed if the endpoints match for any of its parametrisations, i. e.
z(a) = z(b). A piecewise-smooth curve is stmple if it does not intersect itself, i. e., it is injective
except possibly for endpoints.

Convention XI11.1.5.4. — All our curves will be piecewise-smooth, so we will not mention this
explicitly. Such a curve is also called contour.

Example XII.1.5.5. — The arguably easiest of all contours is the circle C,(z,). The positive
orientation (counter-clockwise) of the circle is given by z(t) = z, + rel* where t € [0, 27], and the
negative orientation (clockwise) is given by 2(t) = z, + re”'! where ¢ € [0,27]. In practice, we
generally consider contours with positive orientation.

Definition X11.1.5.6. — Let v be a smooth curve parametrised by z: [a,b] — C, and let f: v — C
be a function on . The contour integral of f along v is

/f(z) dz:= /ab f(z(t)2(t) dt.

If ~ is piecewise-smooth, then the contour integral of f along v is the sum of integrals along the
smooth pieces, i. e., if there are a = ay < - < a,, = b such that z is smooth on [ay, a;. ], then

/f(Z) dz = nzl/%l F(z(t)2 () dt.

k=0 " ay

Definition X11.1.5.7. — The length of a smooth curve ~y is

b
lenvy := / |2 (t)| dt,

and the length of a piecewise-smooth curve vy is the sum of lengths of the smooth pieces.

Remark XI1.1.5.8. — Definitions XII.1.5.6 and XII.1.5.7 are independent of their parametrisation
If z: [a,b] = C and Z: [¢,d] — C are equivalent parametrisations of a smooth curve, then a change
of variables and the chain rule give

b d d
/ Fl2(8)2 (t) dt = / F(2(())2 (4()) (5) ds = / F(3(5)7 (5) ds.

Moreover for a piecewise-smooth curve, given two partitions a = aj < - < a,, =band a = by < -

b,, = b for a parametrisation z: [a,b] — C, then the contour integral over the common refinement is
the same since the integral is additive over intervals. Hence, the contour integral is well-defined. For
the same reasons, the length of a contour is well-defined.

Notation XI1.1.5.9. — By abuse of notation, we denote any (all) parametrisations of a contour 7
by ~(t): [a,b] — C and implicitly choose an parametrisations of ~.

Fact XI1.1.5.10 (properties of contour integrals). — Contour integration enjoys the following
iproperties:

(i) linearity: f’y(ozf(z) +Bg(z))dz = « fﬂ/ f(z)dz+p f’y g(z)dz for all o, € C;
(ii) fv f(zx)dz=— fv* f(2)dz where v~ is the contour ~ with reverse orientation;
(iii) va f(2)dz| < sup 7\ f(2)|len~; note that sup_ f is finite by proposition XII.1.2.18.




XII.1. PRELIMINARIES 189

\Proof. — (i) is obvious from the linearity of the Riemann integral. For (ii), let v~ (¢t) = v(b+a —
t): [a,b] — C be a parametrisation of v~. Then by the chain rule and change of variables,

b b
/ FOr @) (Y () dt = — / SO/ (b +a— )y (b+a—t)dt

a b
- / F(v()) () ds = — / FOr()Y () ds.
b

a

For (iii), we have

2)dz / A @] < sup 1100 |/ Ol = sl lens. @
tela
Definition XII1.1.5.11. — Let f: 2 — C be a function on an open set §2. A primitive for f
on £2 is a function F: 2 — C holomorphic on (2 such that F' = f.
D oe————————
Fundamental theorem for contour integrals X11.1.5.12. — Let f: {2 — C be a continuous

function on an open set 2. If F: 2 — C is a primitive for f and if v: [a,b] — 2 is a contour, the
[ #6142 = Fata)) ~ Fo0)).
.

\Proof. — If v is smooth, then the chain rule and the fundamental theorem of calculus yield

b b
1@z = [ oo - / FO®N d = [ SPO0)d = Fo0) - Fo).

If ~ is only piecewise-smooth, then from the above we obtain the telescoping sum f7 f(z)dz =
Sy (F(3(ags1)) = F(1(ay))) = F(1(b)) — F(y(a)) where ay = a and a,, = b. it

Corollary XI11.1.5.13. — Let f: 2 — C be a continuous function on a region 2. Then any two
iprimitives for f differ by a constant.

PProof. — Let F and F by two primitives for f. Then F' = F — F is a primitive for 0. Fixing
w, € 2, we need to show that F'(w) = F(w,) for all w € £2. Since £ is connected, let v be a contour
connecting w, to w. Then 0 = f 0dz = F(w) — F(w,). st

Notation XI1.1.5.14. — By convention, we write the integral of f along a closed contour v as

?{f(z)dz ::/f(z)dz

Such integrals play an important role in complex analysis.

Corollary XI1.1.5.15. — Let f: 2 — C be a continuous function on an open set §2. If f has
primitive on {2 and if v is a closed contour in {2, then

b 1z) 0z =
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Example XI1.1.5.16. — The function f(z) = 1/z is continuous on the punctured plane C \ {0}
If C is the unit circle parametrised by C(¢) = €'t on [0, 27, then

2m ieit
%f(z)dZZ/ gdt:%ri:#O,
c 0
whence f has no primitive on C \ {0}.

Corollary XI11.1.5.17. — Let f: 2 — C be a holomorphic function on a region 2. If f' =0
then f is constant.

Proof. — For a fixed w, € {2, we need to show f(w) = f(w,) for all w € {2. Since 2 is connected
it is path-connected, meaning for any w € {2 there is a contour v connecting w, to w. Since f is a
primitive for f’, we obtain 0 = ffy f(z)dz = f(w) — f(wy). i

§ XII.2. CAUCHY'’S INTEGRAL THEOREM

april

XTII.2.1. Cauchy’s integral theorem.

Goursat’s theorem XI1.2.1.1. — Let 2 C C open and let T C §2 be a triangle whose interior is
also contained in 2. If f: 2 — C is a holomorphic function, then

7§T f(z)dz = 0.

Proof. — Let T := T with positive orientation, and let d®) and p(®) be the diameter and perimeter

1)

of T©), resp. By bisecting all sides, we obtain four new triangles Tl(l), s T4< with positive orientation

that are similar to 79, see figure XII.1. Since the orientations of sides of TQ(1> cancels with the
orientation of the outer triangles, we obtain

jé(m f(z)dz = jém f(z) dz+?§m f(z)dz + ﬁ(l) f(2) dz+7§m f(2)dz.

Let j be so that the absolute value of the integral over ij is the largest, and set T(1) := Tj<1>. Then
6,0 F(2)dz] < 4§, ()], dD) = 1d© and p) = 10,

By iteration, we obtain triangles T(°), 7™ ... such that |$0 [(2)da| <47|$,, f(2)da], d™ =
2-7d0 and p™ = 27p0  If T denotes the triangle T together with its interior, then
70 > 70 5 ... with diamT™ — 0. By proposition XII.1.2.8, there exists a unique point
2z € ﬂ:ozo T, Since f is holomorphic at z, write f(2) = f(zo) + f'(20)(z — 20) + ¥(2)(z — 2,)
where 1)(z) — 0 as z — z,. Since f(z,) and f’(z)(z — z,) have primitives and since |z — z,| < d™
if z € T integration over T™ gives

?gm) f(z)dz

by corollary XII.1.5.15 where ¢,, := sup__.,,[¢(2)|. Thus,

7§T Iz

and £, 0 as n. — 0O finishes pig

< sup |1(2)(z — z)|len T =g d™p(™)
zeT(n)

73 RCICEENE

< 4n < 4n47n€nd(0)p(0)

f(z)dz
T(n)
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73"
7(0) (1)
T1(1) T, T4(1)
Figure XII.1: Bisection of triangles.
Proposition X11.2.1.2. — A holomorphic function f: D — C on an open disc D has a primitive
on D.
\Proof. — After translation, w.l.0.g., we assume that D is centred at the origin. For z € D, let v,

be the contour that starts at 0, goes to Z = Re 2z horizontally, then goes to z vertically, with this
very orientation. Define F'(z) = f'v f(w) dw.

We contend that F is holomorphic on D with F/ = f. To see this, fix z € D and let h € C be so
small that z + h € D. We need to investigate F'(z + h) — F'(z). After cancellation of line segments
that are integrated in both orientations, F'(z 4+ h) — F'(z) is the integral of f along the solid contour
from z to z 4+ h in figure XII.2. By completing the trapezoid with triangles of positive orientation
Goursat’s theorem XII.2.1.1 shows that F(z + h) — F(z) = fn f(w) dw where 7 is the straight line

from z to z + h. Since f is continuous at z, write f(w) = f(z) + ¥(w) with Y(w) — 0 as w — z
Then

Feth) = F@) = [ £ dwt [ vw)dw= e+ [ vw)du.

Note that ‘fn P(w) dw| < supw€n|1/1(w)|\h| and the supremum converges to 0 as h — 0, so fn P(w) dw —
0 as h — 0. Thus, F' is holomorphic on D with derivative F’(z) = f(z). oid

z+h

Figure XII.2: Contour of integration of F'(z + h) — F(z).

_— e ee———
To generalise this statement, we need to understand on which kind of regions do primitives exist

Definition XI1.2.1.3. — Let 2 be an open set, and let 7,7, [a,b] = 2 be two curves with
common endpoints vy(a) = v, (a) = a and v,(b) = v, (b) = B. A family of curves v,(t): [a,b] = 2
for each s € [0,1] is a homotopy in 2 from ~y, to v, if:

(1) 7s(B)]seo = Yo(t) and v4(t)| ;21 = 71 (t) for all t € [a,b], i e., the homotopy starts with -,
and ends with ~y,;

(ii) v4(a) = a and v4,(b) = 8 for all s € [0,1], i.e., each curve v, has the same endpoints as

o and vy
(iii) the function F(s,t) =~y (t): [0,1] x [a,b] — 2 is continuous

T T
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We say that 7, and vy, are homotopic in §2 if there is a homotopy in 2 from 7, to ;X114

In other words, two curves are homotopic if one can be deformed into the other by a continuous
transformation inside (2.

Fact XI1.2.1.4. — Let v, =~ 7, denote that two curves vy, and 7, are homotopic in §2. For two
curves v, and 7, in 2 where the endpoint of 7y, is the starting point of 4, let v, Uy, denote the
concatenated curve.

(i) For z,w € (2, the relation =~ is an equivalence relation on all curves from z to w.

(ii) By re-parametrisation, (7, Uyy) U vg = v, U (75 Us) for curves vy,vq, Y3 n §2 which ca
be concatenated.

(ili) zU~yUw =+ for any curve v in §2 starting at z and ending at w.

(iv) yUy~ =~z and v~ U~y = w for any curve vy in §2 starting at z and ending at w.

\Proof. — A rather tedious re-parametrisation of homotopies. CI7]

Proposition XI1.2.1.5. — Let f: 2 — C be a holomorphic function on an open set 2. If
Yo and 7y, are homotopic contours in {2, then

/f(z)dz:/f(z)dz.

\Proof. — Let F(s,t) = v,(t): [0,1] X [a,b] — {2 be a homotopy from ~, to 7;. Since the image
K C 2 of F is compact, we claim that there exists € > 0 such that Dy (z) C 2 for all z € K
Otherwise, for each k > 1 there are 2z, € K and w, € C\ 2 such that |z, —w,| < 1/k. By
compactness in K, we can restrict to a convergent subsequence, so w.l.0.g., 2, = z € K converges
Then w;, — z, too, and z € C\ {2 because C \ {2 is closed, which is absurd.

Since F is uniformly continuous (continuous on a compact set), given € > 0 above there is § > 0
such that supte[a’b]hsl(t) — 7, (t)| < e whenever |s; —s,[ < d. So, fixing s; and s, with |s; —s,[ <
the two contours 7, and v, are e-close. We choose discs Dy, ..., D,, C {2 of radius 2¢ such that they|
cover both v, and v, . Moreover, we choose points z, ..., 2,11 € 7, and wy, ..., w,; € 7, such
that z,,w; € D 1N D and such that z, = w, are the common startmg points and Zpi1 = Wy are
the common endpoints of ¥s, and 7, .

On each D, let F; be the prlmltlve of f by proposition XII.2.1.2. Since F; and F;_; are two
primitives of f on D; N D, ,, they differ by a constant (corollary XII.1.5 .15), so Fiq(zi41) —
Fi1(wiy) = F(241) — Fj(w;,,). By the fundamental theorem for contour integrals XII.1.5.12,

| r@de= [ Hede= Y (Eein) - B = Y (Ewi) - Flw,)
Vsp Vsg =0 =0
zip1) — Fi(wipy)) — (F(z) — F(w;))
(Zn+1) — B (wpp1)) — (Fy(20) — Fy(wg)) = 0.
By subdividing [0, 1] into finitely many intervals [s;, s, ;] of length less than ¢, we obtain f’y f(z)dz =
f7 f(z)dz == fv f(z)d=. i

I

— N
Mﬁ

3

Remark XI11.2.1.6. — Observe that in the prove above, we only required the homotopic contours
s, and 7, to have common endpoints z, = w, and z,,,; = w,, 4 in order for F, (2,,1) — F}, (w,41)
and Fy(2) — F(w) to cancel. Instead, if 7, and v, are closed contours with 2, = 2,,,, € 7, and

(XI14) Usyally, a homotopy with property (ii) is called a pointed homotopy.
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Wy = Wyp1 € Vs, then the cancellation still happens. Therefore, we may replace property (ii) in|
definition XII.2.1.3 that the homotopy =, (t) between 7, and -, must be pointed.

Instead for two closed curves 7,,7;: [a,b] — £2, we define a homotopy in 2 as a family of]
curves v4(t): [a,b] — 2 for each s € [0,1] such that:

(1) v5(t)]seo = Y0(t) and v4(t)];_q = v, (¢) for all ¢ € [a, b], i.e., the homotopy starts with v, and
ends with 7;;
(ii*) v4(a) = v4(b) for all s €

[0,1], i.e., each curve v, is closed,;
(ii) the functlon F(s,t) =4(t): |

0,1] x [a,b] — 2 is continuous.

Definition XI11.2.1.7. — A region 2 C C is simply connected if any two curves in 2 with)
common endpoints are homotopic.

Remark X11.2.1.8. — Equivalently, a region 2 C C is simply connected if any closed curve in {2
is homotopic to any point (which might not lie on the closed curve).(XII'5) Indeed, suppose that any,
closed curve is homotopic to any point. Given two curves 7y;,7,: [a,b] — 2 with v, (a) = v,(a) = «
and -y, (b) = ~,(b) = 3, we then have the following chain of homotopies: v; >~ 7, U >~ v, U~y Uy =~
a Uy 27,

Proposition X11.2.1.9. — A holomorphic function f: 2 — C on a simply connected region {2
has a primitive on {2.

Proof. — Fix z, € {2 and define F(z f f(w) dw where ~ is any contour in {2 connecting z, to z

This is well-defined by proposition XH 2. 1 and since {2 is simply connected For h small enough
such that z and z+ h are contained in an open disc, we can write F(z+h)— f f(w) dw where

m is the line segment from z to z 4+ h. As in proposition XII.2.1.2, we show that F is holomorphic
on (2 with derivative f. pid

Cauchy’s integral theorem XI11.2.1.10. — Let f: £2 — C be a holomorphic function on
simply connected region (2. Then
$ 1) dz =
¥

\Proof. — Since f has a primitive on {2 by proposition XII.2.1.9, corollary XII.1.5.15 implies the
statement. i

for any closed contour v in 2.

Example XII1.2.1.11. — Recall from example XII.1.5.16 that 95 1/zdz = 271 # 0 where C' is the
unit circle. Hence, the punctured plane C \ {0} is not simply connected

Do

Definition X11.2.1.12. — (i) A set 2 C C is convex if for any 2,2, € §2, the straight ling
segment connecting z; and zy is contained in (2.
(ii) A set 2 C C is star-shaped if there exists z, € £2 such that for any z € {2, the straight ling
segment connecting z, and z is contained in {2.

Fact X11.2.1.13. — Star-shaped open sets in C are simply connected. In particular, convexr ope
sets in C are simply connected.

(XIL5) Topologically, this means that the first fundamental group 71(82, z) for z € £2 is trivial, i.e., any loop|
in 2 through z is null-homotopic to
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\Proof. — Let {2 C C be star-shaped w.r.t. z € {2. Then {2 is obviously path-connected. Any closed
curve y: [a, b] — £2 is homotopic to the constant curve z by a linear homotopy 7, (¢) = (1—s)v(t)+sz
Note that v,(t) € £2 because it lies on the line segment joining «(¢) and z, and that ~v,(0) = v,(1)
for all s. s

FErxample XI1.2.1.14. — Important examples of simply connected regions are discs and the slit
plane C\ {(—o0,0]}. We present more direct arguments.

(i) Discs D, and in general convex sets, are simply connected since for two curves v, and 7, in D
with common endpoints, a homotopy is given by v,(t) = (1 — $)y,(t) + $71 (). Note that v,(t) € D
since D is convex.

(ii) The slit plane £2 = C\ {[—o0,0)} is simply connected. For two curves v, and 7, in {2, write

v;(t) = 13(75)(3“91("‘> with r;(¢) > 0 continuous and —7 < 6,(t) < m continuous. Then a homotopy|
v, () = 7,(t)el%®) is given by r, = (1 — 8)ry(t) + sr,(t) and 0,(t) = (1 — s)0,(t) + s6,(t). Note that
s(t) € 2.

Lemma X11.2.1.15. — Let 2 C C be a bounded region, and let L be a straight line intersecting §2
Suppose that 2N L =1 is an open line segment. As L subdivides the plane into two open half-planes
it subdivides {2 into regions 2, and (2,. Then 2 = 2, 11111 12,.

If 2, and £25 are simply connected, then {2 is simply connected.

\Proof. — Let « be a closed curve in {2 with v N I # &. Since + is compact, v N I is contained in a
closed line segment J C I. Hence, there is a convex open set U C {2 containing J. In particular
U is simply connected.

Suppose that there is an arc of v contained in 2, i.e., there are z;,2, € v N I such that the
open segment of v between z; and z, is completely contained in 2,. Let w;,w, € yN U be as in
figure XII.3. Since {2, and U are simply connected, we find that the arc of v is homotopic to the
line segment between z; and z,. The same goes for arcs of v contained in (2,.

Since 7y is compact, there can only be finitely many such arcs. Thus, v is homotopic to a closed
curve in I, which is again homotopic to a constant curve. pid

Figure XII.3: An arc of ~.

Example X11.2.1.16. — The following closed contours (‘toy contours’) are important in practical
applications. Their interiors are all simply connected by lemma XI1.2.1.15.

— Circles, triangles, rectangles.

— Semicircles, parallelograms, sectors of a circle (piece of a pie).

— The contours keyhole, multiple keyhole, rectangular keyhole, indented semicircle, see
figure XII.4.

So, if f is a holomorphic function on an open set containing such a contour v with its ‘interior’
then 3% f(z)dz=0.
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keyhole multiple keyhole

N\

rectangular keyhole indented semicircle

Figure XII.4: More exotic ‘toy contours’

XT1I.2.2. Example calculations.

The real power of complex analysis is to evaluate real integrals by means of Cauchy’s integral
theorem XII1.2.1.10.

Erample XI11.2.2.1. — We show that

o -
effr£2 — / efwrzef%rixf dx
00

for £ € R, i.e., that e~™” is its own Fourier transform.
We assume that we already know the case £ = 0:

/ e ™ dy = 1.

Alternatively, this follows from the fact that I'(3) = /7 where I is the gamma function.
We now suppose that £ > 0. Consider the toy contour vy as depicted in figure XIL.5. Integrating
the entire function f(z) = ¢=™ over Yr, Cauchy’s integral theorem XI1.2.1.10 gives

jé e ™ dz = 0.
TR

This contour integral consists of four contour integrals of each of the sides. The contour integral
over the real side is

R oo
2 2
/ e ™ dxr — / e dr =1
7 —oo

Insert reference for the
[ fact.
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as R — oo. The contour integral over the right side is estimated by

3 3 3
/ e7r(R+iy)Qidy‘ < / ‘effr(R2+2iRy7y2)i| dy —_ ef7rR2 / eﬂ'y2 dy
0 0 0

where the integral of the right-hand side is constant and independent of R, so the contour integral
over the right side of vp vanishes as R — co. The same goes for the contour integral over the left
side. Finally, the contour integral over the top side is

—R R
/ e —m(z+if)? dxr = 7671'.52 / ef7r932ef27riz§ dz.
R —-R

Thus, as R — oo we have

0=1—¢"¢ /OO o g 2mizk gy
—o0

as desired. For £ < 0, we consider the contour which is the reflection of v at the real axis with

negative orientation.

This choice of contour is a common technique: the original contour was the real line, so we shift
it vertically to apply Cauchy’s integral theorem XII.2.1.10.

—R+i¢ R+i¢

—R 0 R

Figure XII.5: Rectangle contour vy of example XII.2.2.1.

Erample X11.2.2.2. — We want to show that

oo 1_ .
/ 7(;Obxdx=£
0 T 2

Consider the contour as depicted in figure XI1.6 and the function f(z) = (1 —e'*)/2? holomorphic
on the punctured plane C\ {0}. By Cauchy’s integral theorem XII.2.1.10, we have

el 11— 1—el* 1—e”
/ eder/ ed+/ edz+/ ¢ dz=o.
: 2 z2 . 22 22
R £ Ye Yr
/ 1_
Tr

1_|_|elz| / 1+eflmz 2
——dz < —=7R,
/ | z|2 R2
TR Tr
the contour integral over vy vanishes as R — oo. Next, the power series representation of the
exponential function gives

Since
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as z — 0. Since z = eel?

1 — el? 0 1— icel? 0
/ =z dz:/ %id@—)/ (—i)idf = —7
.z . e -

’YE
00 1_eix
5 de = .
x

—00

on v, we hence obtain

as € — 0. Thus,

Finally, recall that e = cosz + isinz. Taking real parts and noting that the cosine is an even
function gives the result.

,,,,, £ R

R —€ € R

Figure XII.6: Indented semicircle contour of example XI11.2.2.2.

XT1I.2.3. Complex logarithm.

Motivation XI11.2.3.1. — We want to furnish a complex logarithmic function on C \ {0} which
shall be the inverse of the complex exponential function. If z = rel?, then the logarithm must
naturally be

log z = logr + i6

so that €8 = rel?. Here, logr is the (real) natural logarithm for positive real numbers, and this
definition agrees with the real natural logarithm.

The issue with this definition arises from warning XII.1.4.13, namely that the choice for 6 is only|
unique up to adding 277Z. Fixing such a choice 6 for a given z and requiring that the argument
0 = arg z is continuous in z, this defines the logarithm locally at z. Such a definition cannot work
globally, however. For instance, if z starts at 1 and winds around the origin in positive orientation
until it arrives at 1 again, local continuity of 6 = arg z shows that log 1 gains integer multiples of]
2mi. As such, the complex logarithm is not a function in the ordinary sense but is ‘multi-valued’
Restricting to a single-valued function is a choice of a so-called branch or sheet of the logarithm

Theorem X11.2.3.2 (properties of the logarithm). — Let 2 be a simply connected set with 1 € {2
and 0 ¢ (2. Then there is a branch of the logarithm F(z) =: log, z in §2 such that:

(i) F is holomorphic in (2;
(ii) ef®) =z for all z € £2;
(iii) F(r) =logr for all r € R near 1, i.e., F extends the real logarithm.

IProof. — We shall construct F' as a primitive of 1/z. Since 0 ¢ 2, the function 1/z is holomorphic
on (2. Define F(z) = fv 1/wdw for any contour v in {2 connecting 1 to z. As in the proof of]

proposition XII.2.1.9, this is well-defined and holomorphic on {2 with F’(z) = 1/z. Moreover,

d
3 (ze F2)) = e FlO) — 2" (2)e F®) = (1 — 2F’'(2))e F® = 0.
z
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Since 2 is connected, corollary XII.1.5.17 implies that ze~¥(?) is constant. Plugging in z = 1 and

using F(1) = 0, we hence obtain ze~7(?) = 1 or, equivalently, e*'(*) = 2. Finally, if r € R is close
to 1, take the line segment from 1 to r for v so that F(r) = flr 1/zdx = logr. i

Corollary XI11.2.3.3. — Let 2 = C\ {(—00,0]} be the slit plane. For z = rel® with |0 <, the
iprincipal branch of the logarithm is

log z := log rel? = logr 4+ i6.

Proof. — Let « be the contour depicted in figure XII1.7. Then for z = re'? with |§] < 7, we have

1 "1 Y irelt
logz:/deZ/ fdx—|—/ lre.t dt = logr + if. s
z x re!
vy 1 0
0 relf
. .
0 1

Figure XII.7: Contour for the principal branch of the logarithm.

@ Warning XI11.2.3.4. — In general, we have

log(z12,) # log 2 + log 2,

as opposed to e*11%2 = e*1e¢*2. For example, take z; = 2z, = e27/3_ On the principal branch, we have
log 2, = log 2, = 2mi/3, but 2,2, = e*™/3 = ¢=2™/3 and hence log(z,2,) = —27i/3.

Fact XI1.2.3.5. — The principal branch of the logarithm admits the Taylor expansion
22 ZS oo P
log(1 =4+ = 1)
og(l+2)=2—% +3 21
for |z] < 1.

Proof. — The derivative of the right-hand side is 3_>° (—2)" = 1/(1 + z) and agrees with the
derivative of log(1 4 z). By corollary XII.1.5.13, the equation holds up to a constant. Plugging in
z = 0, both sides of the equation become zero and the constant must be zero in the first place.

Definition XI11.2.3.6. — Let {2 be a simply connected set with 1 € 2 and 0 ¢ {2, and choose the
branch of the logarithm with log1 = 0. For a € C and z € (2, define the power 2* := e*1°8%. Then
1 =1 and (/™)™ = (elos?/m)n = 2,

Proposition XI1.2.3.7 (logarithm of functions). — Let f: 2 — C be a nowhere vanishing
holomorphic function on a simply connected region (2. Then there exists a holomorphic functio
g: 2 — C (which is not unique!) such that f(z) = e9*)
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\Proof. — By the chain rule, we would have ¢’ = (log f)’ = f’/f, so a candidate would be the
contour mtegral of f'/f. The proof is similar to theorem XII.2.3.2. Fix z, € {2 and define
f f'(w)/ f(w) dw + ¢, where «y is a contour in {2 connecting z, to z and where ¢, € C such

that e = f(z ) As in the proof of proposition XII1.2.1.9, g is well-defined and holomorphic with
g = f'/f. Moreover,

(fe™9) =fle9—fg'e 9 =(f —fg')e”
so f(2)e™9%) is constant. Plugging in z = z, yields f(z,)e 9(%0) = e%e~¢ = 1, whence f(z) = e9?)
for all z € (2. s

XII.2.4. Cauchy’s integral formula.

Integral representation theorems are powerful since they allow us to express a function by an integral
over a smaller set. The following result should not be surprising since holomorphic functions are
harmonic.

Cauchy’s integral formula XI1.2.4.1. — Let f: 2 — C be a holomorphic function on an open
set £2. Suppose that (2 contains the closure of a disc D. Then
1 f(©)
fe)=5=¢ —=d¢
27 Jop C— 2

for all z € D where 0D 1is positively oriented.

Proof. — Let z € D. We consider the keyhole contour I'y . C D (see figure XII.4) such that z
is the centre of the keyhole and such that the outer circle is dD. Here, § is the width of the
corridor connecting the inner and outer circle, and ¢ is the radius of keyhole, the inner circle. Since
F(¢) = f(¢)/(¢ — z) is holomorphic on §2\ {z}, we have 3611; F(¢)d¢ = 0 by Cauchy’s integral

theorem XI1.2.1.10. We now take the limit as § — 0. Since D is compact, F is uniformly continuous
and we may pull the limit inside the integral. Using the continuity of F', the two integrals over the
corridor have the same integrand in the limit and perfectly cancel. Hence, 99 F(¢)d¢ = 0 consists

of an integral over the larger outer circle 9D with positive orientation, and an integral over the
inner keyhole circle C_(z) with negative orientation. For the integral over C_(z), we have

?{ F ¢)d¢ = jé )dg+j€(z)<f<z)zdg.

The second integral on the right-hand side is

jé Cﬂ_) d¢ = f(z )fﬂ _;f = —f(2)2m,

and the first integral on the right-hand side converges to 0 as € — 0 because

§ IO oy O—IO)
C.(2) -z B ¢eCe(2) €
and f is continuous at z. Thus, 0 = faD F({Q)d¢— f(z)2mias e — 0. uig

Alternative proof. — Let z € D. By Cauchy’s integral theorem XII1.2.1.10, we can deform 0D to al
small circle C' centred at z without changing the integral faD f(¢)/(¢ — z)d¢. Now, we can write

dg 7§f€ —fz d<+?§f

oD 5

[nsert reference.
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As in the proof above, we calculate the second integral on the right-hand sice to have value f(z)2wi
As for the first integral on the right-hand side, the integrand (f(¢) — f(2))/(¢ — z) is bounded since
|¢ — 2| is constant for ¢ € C and |f(¢) — f(z)] is bounded on the compact set C. So, Riemann’s
theorem on removable singularities XII1.3.1.5 (which has a proof not relying on Cauchy’s integral
theorem XI1.2.1.10) says that the singularity ¢ is removable and the first integral vanishes. Thus

$, 1O/ —2)dC = f(z)2ri. e

Remark X11.2.4.2. — (i) If z ¢ D, then the integral faD f(¢)/({—2) d¢ vanishes as the integrand

is holomorphic on a simply connected region containing D.
(ii) Instead of a circle 9D, Cauchy’s integral formula XII.2.4.1 also works for any closed contour =y
in {2 that is homotopic to 9D in 2\ {z} (proposition XII.2.1.5), e.g., simple closed contours.

Cauchy’s derivation formula X11.2.4.3. — A holomorphic function f: 2 — C on an open
set {2 has infinitely complex differentiable (smooth) in 2. Moreover, if {2 contains the closure of a

disc D, then
n! f(Q)
f(z) = — ¢
(2) 7(%

Coom Jy, (C—2)nt
for all z € D where 0D 1is positively oriented.
\Proof. — We perform induction on n, where the initial case n = 0 is Cauchy’s integral for;

mula XI1.2.4.1. Suppose that f is (n — 1)-times complex differentiable with the claimed integral
representation for =Y. If h is so small that z + h € D, the difference quotient for f(~1 take the

form
TR S (R S
h Co2m Jyp b \(C—z—h)" ((—2))
Recall that A" — B" = (A — B)(A" ! + A" 2B + .- + B"!). Taking A = 1/(( — z — h) and
B =1/(¢ — z), the integrand is then

f(Q) £(0) n
(C=2=h)(C=2) C—2P -

as h — 0. Note that this convergence is uniform in ¢ € 9D for small h (uniform continuity of the
integrand in (¢, h) € 9D x D implies uniform convergence in ¢ as h — 0). Thus, we may interchange
the limit A — 0 and the integral to see that the difference quotient converges to

(A" + A" PB 4+ AB" T+ BT —

n! f(Q) — fn)(,
}éD@_Z)anc 7 (2). o

2mi

Cauchy’s inequality XI11.2.4.4. — Let f: {2 — C be a holomorphic function on an open set §2
If Dp(zy) C (2, then
n!”fHCR(zO)

10 ()| <

where ”f”CR(zO) = SupzeCR(zo)lf(Z)|'

Proof. — Let C' = Cg(%;). Cauchy’s derivation formula XII.2.4.3 gives

n! () _n!
Zm}é (¢ — zp)nH! dg‘ T on

———0 D O

27 if ) |
Wmeﬁ 0| < ;”{%ﬁ%. ot
el n s n

0

We saw in theorem XII.1.4.5 that analytic functions are holomorphic. Here is the converse
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Theorem XI1.2.4.5 (holomorphic implies analytic). — Let f: £2 — C be a holomorphic functio
on an open set £2. If D is a disc centred at z, with D C {2, then f admits a power series expansion,

f(z) = Z:io a,(z—zy)" at zy for all z € D with coefficients
a = f<")(z0)
"ol

\Proof. — Fix z € D. By Cauchy’s integral formula XII.2.4.1, we have
1 f(¢
() = )

C 2w Jy, (2

dc.

Our idea is to use the geometric series in order to write

11 1 1l & (z—z())"
(—=z C—Zol_% C—29 =5\ ¢ — % ’
which is possible since there exists 0 < r < 1 such that |z — zy|/|[( — 29| < r for all ( € 0D. In

particular, the series converges uniformly for ¢ € 9D and we may interchange the infinite sum with
the integral. Hence,
o~ 1 f(Q)

f(z) = Z ol d¢- (= —2)",

=0 2 Jop (€= 20)
and Cauchy’s derivation formula XI1.2.4.3 says that the coefficients are f(™(z,)/n!. it

Remark XI1.2.4.6. — Instead of determining the coefficients by means of Cauchy’s derivation
formula XII1.2.4.3, we could also use theorem XII.1.4.5. This gives an alternative proof of the fact
that holomorphic functions are analytic on discs and of Cauchy’s derivation formula XI1.2.4.3.

Remark XI11.2.4.7. — If f: C — C is entire, then theorem XII.2.4.5 implies that f admits a
lobal power series expansion at 0. In other words, f(z) = ZZOZO f™ /nlz" converges on all of C.

o

Identity theorem XI11.2.4.8. — Let f,g: {2 — C be two holomorphic functions on a region {2
(connected open). If f = g on a sequence of distinct points with limit point in 2, e.g., on
non-empty open subset of (2, then f = g on 2. In other words, if coincidence set {z € 2]
f(2) = g(2)} accumulates in 2, then f = 0.(X1.0)

\Proof. — By considering f — ¢ and 0 instead, w.l.o0.g., let ¢ = 0. Let (wy);>; be a sequence
of distinct points with f(w,) = 0 and let z, € 2 be its limit point. W.1.0.g., we may assume
that w, # z, for all k. We first show that f = 0 locally at z,. Indeed, let D C 2 be a
disc centred at z,, and consider the power series expansion f(z) = ZZ’;O a,(z—zy)" of f on D
theorem XI1.2.4.5). If f # 0 on D, then there exists a smallest index m such that a,, # 0. We then
write f(z) = a,,(z—2y)"(1+g(z—2,)) where g is a polynomial with no constant term. In particular
g9(z —z5) = 0 as z — 2. Taking z = w;, — z,, however, f(w;,) =0 and a,,(w;, — 27)™ # 0 implies
0 =1+ g(w, —2y) — 1, a contradiction. Thus, f =0 on D.

To extend f =0 to all of 2, let U be the interior of the zero set {z € 2] f(z) = 0}. Then U ig
open, and U is non-empty since z, € D C U. Moreover, U is closed since if (z,,),, C U is a sequence
with z,, — z, then f(z) = 0 by continuity. By the above argument, which only requires that z, # 2z
for all n, we have z € U already or f vanishes on a disc centred at z, in which case z € U too. Hence
2 =UI (£2\U) is a disjoint union of two open sets, and connectedness of {2 implies 2 =U. 0F

(XIL6) An accumulation point of a subset £2 C C is a point z € C such that every open neighbourhood of Z
meets 2 in a point other than z itself. Note that for sequences 2 = (w,,),,, a limit point is not necessarily.
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Definition X11.2.4.9. — Let f: 2 — C and F: 2" — C be holomorphic (analytic) functions o
regions 2 C (2'. Then F is the analytic continuation of [ into 2’ if F = f on the smalle
set (2. By identity theorem XII.2.4.8, the analytic continuation is unique.

XTII.2.5. Liouville’s theorem and holomorphy criteria.

Liouville’s theorem XI1.2.5.1. — Bounded entire functions are constant.

\Proof. — By corollary XII1.1.5.17 and since C is connected, it suffices to show that f’ = 0. For any|
z € Cand any R > 0, we have |f'(2)| < | flc,)/R < |flc/R. As R — oo, we have f'(z) =0.

Fundamental theorem of algebra XI1.2.5.2. — Every non-constant polynomial p(z) = a,,z" +
-+ aqy € C[z] has a root in C. Therefore, if p(z) has degree n > 1, then it has precisely n roots
in C, say, wy,...,w,, and we can write p(z) = a,(z —w;) - (z —w,,).

Proof. — W.l.o.g., a, # 0. By way of contradiction, suppose that p(z) has no roots. For z # 0
we have p(2)/z" = a,, + a,,_1/z+ -+ ay/2" — a, as |z| = co. Hence, there exists R > 0 such that
Ip(2)/2" — a,| < 3la,| whenever |z| > R, or by the reverse triangle inequality, |p(z)| > 3|a,,||z|"
whenever |z| > R. In particular, p(z) is bounded from below when |z| > R. On the other hand
p(z) is bounded from below by a positive constant on the compact disc |z| < R since p(z) has no
roots. Thus, 1/p(z) is a bounded entire function, and Liouville’s theorem XII.2.5.1 implies that it is
constant. This contradicts the hypothesis that p(z) is non-constant.

Thus, p(z) has a root, say, w; € C. By long division, we can write p(z) = (z — w;)gq(2)
where ¢(z) is a polynomial of degree n — 1 with leading coefficient a,,. By induction, we obtain

p(z) = a,(z —wy) - (2 —wp,). i
Czooce———
Morera’s theorem XI1.2.5.3. — Let f: {2 — C be a continuous function on an open set (2. If

3§T f(2)dz =0 for any triangle T contained in §2, then f is holomorphic.

\Proof. — As in the proof of proposition XI1.2.1.2, which only requires f to be continuous and the
assertion of Goursat’s theorem XII.2.1.1, we obtain a primitive of f in each open disc contained in (2
Since the primitives are regular (Cauchy’s derivation formula XI1.2.4.3), they are twice complex
differentiable and f is holomorphic everywhere. i

Proposition XI1.2.5.4. — Let (f,: 2 — C),-; be a sequence of holomorphic function on a
open set £2. If f, — f uniformly on every compact subset of (2, then f: £2 — C is holomorphic.

IProof. — Let D be a disc with D C 2 and let T'C D be a triangle. Since each f, is holomorphic
Goursat’s theorem XII.2.1.1 implies that fT fn(2)dz = 0. By uniform convergence f,, — f on D, we
see that f is continuous on D and that ¢ f,(2)dz — ¢ f(z)dz. Hence, § f(z)dz=0on D and
Morera’s theorem XI1.2.5.3 shows that f is holomorphic on D. Thus, f is holomorphic on (2. &I

Alternative proof. — Let D be a disc with D C 2. By Cauchy’s integral formula XII.2.4.1 and by
uniform convergence f,, — f on D, we have

R (S DS Y (5
() o

Comi S, (-2 2i

d¢ = f(z)

for all z € D (the right integral involving f is well-defined since f is continuous on D). The proof of
Cauchy’s derivation formula XI1.2.4.3 shows that f is holomorphic pid
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Counterexample X11.2.5.5. — This is not true in the real case. Every continuous function
f:10,1] = R can be uniformly approximated by polynomials due to Weierstrass’s approximation
theorem, but not every such f is differentiable.

Proposition XI1.2.5.6. — Let (f,: 2 — C),~; be a sequence of holomorphic function on an

open set 2. If f, — f uniformly on every compact subset of (2, then fék) — %) uniformly on
every compact subset of (2 and for all k > 0.

\Proof. — We show this for & = 1, as all higher k follow by induction. W.l.0.g., we assume that
f,, — f uniformly on all of 2. For § > 0, let £2; := {z € 2| Dg(z) C N2}, which is the set of all
points which have distance more than ¢ from 9f2. Since any compact subset of {2 is contained inl
some {25, it suffices to show that f;, — f’ uniformly on 25 for each §.

To see this, we claim for each holomorphic function F': 2 — C that

sup |[F'(2)] < 1/6supl F(C)].
z€82s cen

Applying this to F' = f,, — f, then f, — f* — 0 uniformly since f,, — f — 0 uniformly, as desired
The claim follows at once from Cauchy’s derivation formula XI1.2.4.3 since for each z € {25 we have
D;(z) C £2, whence

1 £(¢) 1 [F(Q)] 1
F'(2)] = 7{ d¢| < sup 216 = = sup|F'(Q)|. i
‘ ( )| 2mi Cy(2) (C—Z)z ‘ 2w e 02 1) C€Q| ( )|
Remark XI1.2.5.7. — A common application due to Weierstrass (1841) is to consider a series

F(z) = Z:O:l fn(2) of holomorphic functions f,,: 2 — C. If the series converges uniformly on
compact subsets of {2, then F' is holomorphic on {2 by proposition XII.2.5.4. A specific example is

the Riemann zeta function.

Proposition X11.2.5.8. — Let F(z,s): 2 X [a,b] = C be a function with 2 C C open such that
(i) F(z,s) is holomorphic in z for each s;
(ii) F is continuous on 2 X [a,b].

Then
b
f: 92 —C, f(z)z/F(z,s)ds

is holomorphic.

\Proof. — By a linear change of variables, w.l.o.g., a = 0 and b = 1. For n > 1, consider
the Riemann sum f,(z) = 1/n Zzzl F(z,k/n), which is holomorphic on 2 by property (i). We
claim that f, — f uniformly on each disc D with D C (2, so that f is holomorphic on D by
proposition XII.2.5.4. Thus, f is holomorphic on 2.

To prove the claim, recall that continuous functions on compact sets are uniformly continuous
So by property (ii), for each ¢ > 0 there exists § > 0 such that sup__,[F(z,s;) — F(z,5,)] < €
whenever |s; — sy < ¢ (whenever |s; — s, < §, we have |F(z,s,) — F(z,8,)| < € for all z € D and
then take the supremum). Then, if 1/n < §, we obtain

n k/n
5= F@ = |3 [ Plab/m) — Pz s
k=1"Y(k—1)/n
n k/n n
SZ/ |F(z7k/n)—F(z,s)\ds§ZE:5
k=1 (k—1)/n k=1

orallze D id

Insert reference.
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XII.2.6. Schwarz reflection principle.

Motivation XI1.2.6.1. — There are several techniques in real analysis to extend a continuous (or|
a more regular) function to a larger domain. This becomes more difficult if the extended function
must satisfy more conditions.

In complex analysis, this problem becomes much more difficult since holomorphic functions
are characteristically rigid. For instance, recall that holomorphic functions are complex smoothl
Cauchy’s derivation formula XI1.2.4.3), and that if a function vanishes on a non-trivial line segment
then it must be zero by the identity theorem XII.2.4.8.

Countererample XI11.2.6.2. — Let f(z) = ZZO:O 22" /2" whose disc of convergence is the unit

disc (by Hadamard’s formula XI1.1.4.3, evaluate lim,, ,__(1/2")Y/2" =1). For |z| = 1, note that f
converges absolutely and, by the Weierstrass M-test, uniformly on the closed unit disc, so f can be
extended continuously into the closed unit disc.

However, f cannot be extended analytically past the closed unit disc. Otherwise, f would be
analytic in a small neighbourhood of a point on the unit circle, and this neighbourhood contains a

root of unity of the form ¢ = e2™?/2" Then f'(z) = Z:O:o 22"~1 and for 0 < r < 1 we have

= 2" k-1
Ol = DO+ Y e 2 e = S,
n=0 n>k ¢ n>k =

Since absolute value of the finite sum on the right is a real constant, this blows up as r — 1
a contradiction.

Symmetry principle XI11.2.6.3. — Let 2 C C be open and symmetric w. r. t. the real axis, 1. e.
Ze R ifand only if z € 2. Let 2T ={z€ 2|Imz > 0} and 2~ = {z € 2|Imz < 0} be the points
of 2 on the upper and lower half-plane, resp., and let I = 2 NR, so 2 =TT 02,

Let ft: Q" UI — C and f~: ITU Q™ — C be continuous functions that are holomorphic on
2T and 27, resp., and that agree on I. Then the function

[H(2) if 2 € 027,
[:02—C, fe)=qfT(2)=f(2) ifzel
() if z € 27
is holomorphic on {2.
\Proof. — Obviously, f is continuous on {2, and we only need to show that f is holomorphic on I

Let D C 2 be disc centred at a point in I, and let T C D be a triangle. We distinguish three cases

i) If T does not intersect I, then ¢ f(z)dz = 0 by holomorphy of f* and f~.
(i) 1

(ii) If one vertex or side of T lies in I, the rest of T is completely contained in, say, 2. By
slightly moving the vertex or side of 7' on I away from I, we obtain a triangle 7, where ¢ is
the moving distance, see figure XII.8. Then fT f(z)dz = 0 by (i), and continuity of f implies

¢, f(z)dz=0ase— 0.

(iii) If the interior of I intersects I, then we can triangulate 7', as in figure XII.8, into subtriangles
such that each of them has a vertex or side in I. By (ii), the contour integral over each of the
subtriangle vanishes, so fT f(z)dz=0.

By Morera’s theorem XII1.2.5.3, we conclude that f is holomorphic on D. pid

Schwarz reflection principle XI11.2.6.4. — Let 2 C C be open and symmetric w. r.t. the rea
axis, and let 2%, I and 27 be as in the symmetry principle XI1.2.6.5.
Let f: 2T UI — C be a continuous function that is holomorphic on 2% and real-valued on I
hen there exists a holomorphic function F: 2 — C such that ' = f on QF
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S A

Figure XII.8: Triangle constructions for the symmetry principle XI1.2.6.3. Left: (ii). Right: (iii).

\Proof. — Define

£(2) if z € 07,
F(z) =1 f(2) = f(z) ifzel,
@ if z € 2.

To show that F is holomorphic at z, € 27, note that z; € 2*. If f(2) = 3°>° a,(Z —Z)" is the
power series expansion of f near Z;, we have F(z) = Z:O: 0 @n(z—2)" and F' is analytic at 2, € £27
Moreover, F' is continuous on I U 27. Thus, F' is holomorphic by the symmetry principle XI1.2.6.3

pig

XII.2.7. Harmonic functions and Fourier series.

The strong regularity of complex functions alludes to the theory of harmonic functions.

Definition XI1.2.7.1. — For twice continuously differentiable functions U — R on an open se|

U C R2, the Laplace operator or Laplacian is the differential operator
0? 0?

A=+ —.

822 * 9y?

A function F': U — R is harmonic if AF = 0.

Lemma XI1.2.7.2. — In Wirtinger derivatives XI1.1.3.11, we have
g 0 0 0
A=4——=4——.
0z 0z 0z 0z

If f: 2 — C is a holomorphic function on an open set {2, then Re f and Im f are harmonic, an

Af =0.
\Proof. — We have

o 0 g 0 o 10 o 10 0 0
s~k 38 (BB 3102k

Oxr dr Oy oy Jdr i0dy/\0x 10y 0z 0%
Recall from Schwarz’s theorem that partial differential operators commute. This proves the second
representation for A.

Now, let f: £2 — C be a holomorphic function. Recall from proposition XI1.1.3.12 that 9f/0z = 0
and from observation XII.1.3.10 that f' = 0f/0z = —i0f/0y. Since f is infinitely complex
differentiable, Re f and Im f are twice continuously differentiable as functions R? — R. We then|
have Af = 0, and taking real and imaginary parts implies A(Re f) = 0 and A(Im f) = 0. Thus
Af =0 and f is harmonic. pid

Lemma XI1.2.7.3. — Let u: D;(0) = R be a twice continuously differentiable and harmoni
function. Then there exists a holomorphic function f: D,(0) — C such that Re f = u, and Im f iy
unique up to an additive real constant
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Proof. — The function g = 20u/dz (which is the desired f’) is holomorphic because dg/0z = 5 Au =
0 by proposition XII.1.3.12 and lemma XII.2.7.2. So, proposition XII.2.1.2 gives a primitive F' of g
on D, (0). Then 20(Re F)/0z = F' = g = 20u/0z, whence u — (Re F) has zero partial derivatives
and thus must be a real constant C. Now, take f = F 4+ C so that Re f = u.

For the second statement, let f be another holomorphic function such that Re f = u. Then
f — f is purely imaginary, so f — f = iIm(f — f). Since Im(f — f) is holomorphic, we have
OIm(f — f)/9z = 0, whence Im(f — f) is a real constant. sig

—_— =<

Complex analysis also has obvious connections to Fourier theory.

Theorem XI1.2.7.4. — Let f: Dp(z,) — C be a holomorphic function, so that it has a powe
series expansion f(z) = Z:io a,(z— zy)™ there. Then the coefficients are given by
1 27 ) )
=5 i f(zo +rei?)e 49

for all 0 < r < R, which are the Fourier coefficients of f(zy + re'®) up to a factor 1/r". Moreover.
these Fourier coefficients vanish if n < 0.

\Proof. — By the power series expansion of f, we have f(”>(zo) = a,n!. Then fundamental theorem
for contour integrals XII.1.5.12 gives

o 70
an = %740 (A

where C' = C,.(z;) with 0 < r < R and with positive orientation. Choosing the parametrisation
¢ = 25 +rel? for C, we have

1 £(©) _ L [P f(zo + 1)
i . e

1 27

riet? dg =

i0\ ,—inb
(rei‘9>”+1 Gy f(ZO +’I”e1 )e in d07

proving the description for a,. The last equations also holds if n < 0. Since —n > 0, the function
F(C)(¢ — z5)™™ ! is holomorphic on D,.(z,), so the contour integral over C' vanishes by Cauchy’s
integral theorem XI1.2.1.10. i

Mean-value property XI11.2.7.5. — Let f: Dg(z,) = C be a holomorphic function. Then

27
f(z) = %/ f(zo +1e?)dO
0

for all 0 <r < R. If u=Re f, then also

)

u(zg) = o

2m
/ u(zy + rel?) do
0

for all 0 < r < R.

\Proof. — For the first equation, take n = 0 in theorem XII.2.7.4 and note that aq = f(z,). For the
second equation, we simply take the real parts of both sides. i

Remark XII1.2.7.6. — The mean-value property XII.2.7.5 is actually from harmonic analysis and
is enjoyed by all harmonic functions. This follows at once from lemma XI1.2.7.2
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§ XII.3. MEROMORPHIC FUNCTIONS

XTI.3.1. Singularities.

Definition XIL.3.1.1. — Let 2 C C be an open set and let z, € {2 be a point. A deleted
meighbourhood of z, in 2 is a set U\ {zy} C 2\ {z,} where U is an full open neighbourhoo

of zy. Equivalently, a deleted neighbourhood of zy in §2 is a punctured disc D,.(z5) \ {zp} C 2\ {z,

of some radius r > 0.

Definition XIL.3.1.2. — Let 2 C C be an open set and let z; € {2 be a point. A functio
f: 2\{zy} — C has an (isolated or point) singularity at z, if f is defined on a deleted neighbourhoo
of zy in £2, but f is not defined at z,.

(i) If f can be defined at z, such that f becomes holomorphic on all of §2, then z, is a removable
singularity for f.

(ii) If 1/f, defined by (1/f)(zy) = 0 at zy, is holomorphic in a full neighbourhood of z,, then
2y is a pole for f.

(iii) Otherwise, z, is an essential singularity for f.

Exzample XI1.3.1.3. — (i) The function f(z) = z on the punctured plane C\ {0} has a removable
singularity at the origin. Indeed, we simply extend f by defining f(0) = 0, and f is entire.

(ii) The function f(z) = 1/z on the punctured plane has a pole at the origin because (1/f)(z) = 2
can be extended to a holomorphic function by (1/f)(0) = 0.

(iii) The function f(z) = e!/* on the punctured plane has an essential singularity at the origin
Indeed, we have f(z) — oo as z — 0 on the positive real axis, but f(z) — 0 as z — 0 on the negative
real axis, whence neither f nor 1/f can be analytically (or even continuously) extended to the origin

Fact X11.3.1.4. — Any set S of isolated singularities for a meromorphic function is countable
In particular, a meromorphic function has countably many poles.

\Proof. — FEach singularity can be separated from the rest of .S by a disc centred at that singularity,
By halving the radii, this gives us a set of disjoint discs in C, and these must be countably many as
in the proof of fact XII.1.2.14. i

Riemann’s theorem on removable singularities XI11.3.1.5. — Let f: 2\ {z,} — C be
holomorphic function on an open set {2 except at a singularity z, € 2. If f is bounded on 2\ {z,}
then z, is a removable singularity.

IProof. — Define h(z) = (2—24)2f(2) on 2\{z,} and define h(z,) = 0 at z,. Then h is holomorphic
on 2\ {z,} and also holomorphic at z, because

h'(zy) = lim hiz) = Mz) = lim(z—2y)f(2) =0

2z z— 7 z—2q

where we used that f is bounded on 2\ {2,}. Hence, h admits a power series expansion h(z) =

ZZ’;O a,(z — zy)™ near z,. However, ay = h(z,) = 0 and a; = h'(z,) = 0, so h factors as
h(z) = (2 — 2y)? EZO:O A, 0(z — zy)". Therefore, f(z) = EZO:O A, 0(2 — 2y)™ is analytic near z,

i
Alternative proof. — Since extending f to z, is a local problem, we only consider f on a small

disc D centred at z, with D C 2. If we can show that
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for all z € D\ {z,} where 0D is positively oriented, then proposition XII.2.5.8 says that the integral
defines a holomorphic function on all of D which agrees with f on D\ {z,}. This gives the desired
extension.

To show this, consider the multiple keyhole contour where the outer circle is 9D and with two
negatively oriented keyholes: one centred at a fixed z € D\ {z,} and one centred at z,. Making the
corridors narrower so that they cancel in the limit, we obtain

f(©) f(©) QL _
BDC__Zder?{EC_Zder?{;C_ZdZO

by Cauchy’s integral formula XII1.2.4.1 where v, and 7. are small circles of radius e centred at
z and z;, resp. By the same argument as in the proof of Cauchy’s integral formula, we have

% &dg‘ = —27if(z).
(—=z
’YE
Since f is bounded by, say, C' > 0, we have
f LC)dC < sup ¢ 27e.
’YéCiZ el ‘C*Z|

Since sup ey 1 /|¢ — z| is bounded from above for all small ¢, the integral estimate tends to zero as
e — 0. This proves the claim. i

Corollary XI1.3.1.6. — Let f: 2\ {z,} — C be a holomorphic function on an open set {2 except
at a singularity z, € £2. Then z, is a pole of [ if and only if f(z) = 00 as z = z,.

Proof. — Let z, be a pole of f. Then 1/|f(2)] = |(1/f)(2)] = 0 as z = 2z, so |f(z)] = o
Conversely, suppose that |f(z)] — oo as z — z,. Then 1/|f(z)| = 0 as z — 2, and 1/f is bounded
near z,. Hence, z, is a removable singularity of 1/f and it must be defined by (1/f)(z,) =0 at z,
In other words, z; is a pole of f. pid

Casorati- Weierstrass theorem XI11.3.1.7. — Let f: 2\ {z2,} — C be a holomorphic functio
on an open set {2 except at a singularity z, € 2. If z, is an essential singularity for f, then the
image f(2\{zy}) is dense in C.

\Proof. — By way of contradiction, assume that there exists some w € C that is not approximated
by points in the image of f. That is to say there is § > 0 such that | f(z) —w| > d for all z € 2\ {z,}
Define g(z) = 1/(f(2) —w) on 2\ {z,} which is bounded by 1/§. Due to Riemann’s theorem
on removable singularities XII.3.1.5, the singularity z, is removable for g. If g(z,) # 0, then
f(z) —w = 1/g(z) is holomorphic at z,, contradicting that z, is not a removable singularity for f
If g(zy) = 0, then f(z) —w has a pole at z; by corollary XII.3.1.6, again contradicting that z, is not
a pole for f. pid

Remark XI1.3.1.8. — Picard proved a much stronger result that a function f: 2\ {z,} — C
with an essential singularity at z, takes every value in C infinitely many times, except for one
exception.

Proposition XI1.3.1.9. — Let f: 2 — C be a holomorphic function on an open set 2. If {2
contains an annulus A = {z € C|ry < |z—zy| < 7y} centred at zy where 0 <1y <1y, then f admits

a_Laurent series erpansion f(z) = Z;’iim a,(z—2)" at zy for all z€ A
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\Proof. — Fix z € A. We consider a keyhole contour containing z whose outer circle has radius r,
and whose keyhole has radius ;. By narrowing the corridor so that the integrals over the corridon
cancel in the limit, Cauchy’s integral formula XII.2.4.1 gives

~ 2 024_z A= g—z

where C} and C, are positively oriented circles of radius r; and ry, resp., bounding A. By the
same argument as in the proof of theorem XII.2.4.5 (note that |z — z,|/|¢ — 2| < 1 for ¢ € C, and
I€ — z0l/|z — 29| < 1 for ¢ € (), we obtain

=g FEN(ER) woamf S (52) «
:zmzf C_fgnﬂd (Z_ZO>n_;ﬂiilf(o((—zo)"d@(Z—zo)‘"‘l. o

Definition XI1.3.1.10. — Let f: 2\ {2y} — C be a holomorphic function on an open set {2
except at a singularity z, € 2. Then f admits a Laurent series expansion f(z) = 220:700 a,(z—zg)"
on a small deleted disc centred at z,. We call the series Zzozl a_,/(z—zy)" the principal part

of [ at zy, and we call res, [ =a_, the residue of [ at z,.

XII.3.2. The residue theorem.

Motivation X11.3.2.1. — Suppose that v is a closed contour in C and that z € C is a point
not on 7. The intuitive idea to count how often v winds around z is to consider how arg(¢ — z)
changes as ( travels on v. For every full loop around z, the argument arg({ — z) changes by 27
Since log w = log|w| + iargw, we can capture this change by the integer

1 1
rlos(6 —2) oGy =2 = 5 f ¢

where ¢; and (, are the endpoints of v (note that the branch choice does not matter because the
branch contribution cancels in the difference).

Definition XI1.3.2.2. — Let 7y be a closed contour in C. The winding number of v around
point z & v is

T o L6z
This is also called the index of z w.r.t. .

Example XI1.3.2.3. — For k € N, consider the unit circle v: [0,27] — C, v(t) = e** traversed
k times in the positive direction. Then

k 1 k if 1
W,Y(Z>:7/ dC: 1 |Z| <1,
2mi Jo ) C— 7 0 if |z| > 1.

kt is the unit circle traversed k times in the negative direction, then

—k if 2] < 1,
W=
+(2) L0 iffz[>1

—i

Similarly, if v(t) = e
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If v is a toy contour, then

W, (2) = e )
K 0 if z is in the exterior of .

{1 if z is in the interior of ~,
Fact XI1.3.2.4 (properties of winding numbers). — Let v be a closed curve in C. Then the
following hold about winding numbers:

(i) W, is integer-valued on the complement of v;
(ii) W, is constant on connected components of the complement of ;
(iii) W, vanishes on the unbounded connected component of the complement of ~.

\Proof. — For (i), let v: [0, 1] — C be a parametrisation of v, and define G(t) = fot ¥ (s)/(v(s)—z)ds
By the fundamental theorem of calculus, G is continuous and differentiable with G'(t) =~ (¢)/(v(t)—
2) whenever 4/ (t) is defined (7 is piecewise-smooth). Then H(t) = (y(t) — z)e"¢® is continuous
and piecewise-smooth with derivative H'(¢) = 0 almost everywhere, and continuity implies that
H(t) = c is constant. With v(0) = (1) (the contour is closed), we obtain

1 — oGO) — 7(0) — =2 _ (1) —= — oG

c c

[Thus, G(1) € 2miZ. Since G(1) = 27i W, (2), we are done with (i).
As for (i), note that W_: C\v — Z, z = (1/2mi) 35; 1/(¢ — 2)d( is a continuous function, which
can be justified by the same argument as in Cauchy’s derivation formula XII1.2.4.3. Hence, it must
be constant on connected components of C \ .
Finally, we have

1 1
W, (2)] < —sup——leny
| W< | 2T ey ¢ — 2|
and the right-hand side converges to 0 as [z| — oco. Therefore, lim, |, ., W, (z) = 0 and (ii) shows
that W, = 0 on the unbounded connected component. This proves (iii). sid

————0 D O

The celebrated residue theorem provides a strong generalisation of Cauchy’s integral for-
mula XI1.2.4.1.

Residue theorem XI1.3.2.5. — Let f: 2\ S — C be a holomorphic function on a simpl
connected open set 2 except for a set S C 2 of isolated singularities. Then

?{f(z) dz = 2mi ZW,Y(Z> res, f

vy zeS
for any closed contour v in 2\ S and this sum is finite.

\Proof. — We first show that the sum is finite. Since 7 is compact, it is contained in a large closed
disc K. Then K\ S together with the separating neighbourhoods of points in S cover the compact K
whence K can only contain finitely many points of S. All other points of S must have zero winding
number. Therefore, w.1.0.g., we assume that S = {z;,..., 25} is finite.

For each z;, let Pj(z) = 220:1 a9, (2 —2;)" be the principal part of f at z;. Since v is compact

there exists (, € v with [(—z;| > [(y—2,| =: 7 for all (. Then P;(() can be compared to Z:il |a(_j7),,|/r”
which converges since P;((y) is absolute convergent. Hence, P; is uniformly convergent on vy by the
Weierstrass M-test,
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The function f — Z;V: , B has only removable singularities by Riemann’s theorem on removable
singularities XI1.3.1.5, so Cauchy’s integral theorem XII.2.1.10 gives

ff(()dCi}éPj(C)dC >3 ;é@‘i(;)dc

j=1 n=1"~ Jj

where we were permitted to interchange the infinite sum and integral because v is compact and
because P; converges uniformly on 7. Now,

}5 a¥, ac = aV) ifn=1,
L (C=z)n o otherwise

due to Cauchy’s integral formula XI1.2.4.1 and Cauchy’s derivation formula XII.2.4.3 applied to the

constant function a(_]zl. Thus,

N 1 N
fz) = Zaflyg d¢ = Zreszj fo2mW,(2). sif
ol Jj=1

j=1 C—%
Observation XI11.3.2.6. — With the residue theorem XI1.3.2.5, we are able to generalise Cauchy’s
integral formula XII.2.4.1 to arbitrary contours by introducing winding numbers. Let f: 2 — C be

a holomorphic function on a simply connected set {2. Let z € {2 and let v be a closed contour in {2
such that W (z) # 0. Then f(¢)/(¢ — 2) is holomorphic in { except at the pole z, so

L [fQ
o § £ =W
since res._, 1/(¢ —z) = —1.

XTI.3.3. Poles and meromorphic functions.

Definition X11.3.3.1. — Let f: £2 — C be a function. A point z, € 2 is a zero of fif f(zy) =0
It is an isolated zero if f(zy) =0, but f # 0 on a deleted neighbourhood of z, in 2.

Remark XI1.3.3.2. — Let f: {2 — C be a holomorphic function on a connected open set {2. By
the identity theorem XII.2.4.8, the zeroes of f are all isolated, except when f = 0.

Proposition XI11.3.3.3 (order of a zero). — Let f: {2 — C be a holomorphic function on d
region (2. Suppose that f is not not the zero function on (2. If z, € £2 is a zero of f, then there
exists an open neighbourhood U of zy in §2, a non-vanishing holomorphic function g: U — C, and
unique integer n > 1 such that

f(z2) = (2= 2)"g(2)
for all z € U. The number n is called the order (or multiplicity) of the zero z,, sometimes written
ord s zy, which describes the rate of vanishing. If n =1, then the zero is simple.

\Proof. — By the identity theorem XII.2.4.8, the zero z, is isolated. Let U C {2 be a small disc
centred at z, such that f is non-vanishing on U \ {z,}. Then f admits a power series expansion
f(z) = Ezio a,(z — 2z5)* on U. Since f is not zero in a deleted neighbourhood of z,, there exists
a smallest n with a,, # 0. If g(z) = Z;io anii(z — 29)%, then f(z) = (2 — z5)"g(z). Clearly, g is
holomorphic and non-vanishing on U (since a,, # 0).

For the uniqueness of n, suppose that f(z) = (z — z)"g(2) = (2 — z5)™h(z) with h(z,) # 0 and
w.l.o.g., m > n. Then g(z) = (2 —2,)™ "h(2) and g(z,) =lim,_,, g(z) =0, a contradiction. Thus
m = n and h = g (use the limit z — 2z, for h(zy) = g(z,)), as desired 0
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Corollary X11.3.3.4 (order of a pole). — Let f: 2\ {z,} — C be a holomorphic function o
an open set {2 except for a pole at z, € 2. Then there exists a neighbourhood U of z, in 2
a non-vanishing holomorphic function h: U — C and a unique integer n > 1 such that

f(2) = (2= 2)7"h(2)

for all z € U. The number n is called the order (or multiplicity) of the pole z,, sometimes written
ord zy, which describes the rate of growth. If n =1, then the pole is simple.

\Proof. — We may restrict the domain of 1/f to U C {2 such that it has an isolated zero at z, € U
Then 1/f(z) = (2 — 25)"g(%) on U for g: U — C a holomorphic non-vanishing function. The
statement follows by setting h = 1/g. pid

Corollary XI1.3.3.5. — Let f: 2\ {z,} — C be a holomorphic function on an open set {2 excepl
for a pole at z, € {2 of order n. Then the Laurent expansion of f in a neighbourhood of z is

a_p A_ni1 a_
= “ee G
A e e
i. e., the principal part of f is a finite.
\Proof. — Take the presentation f(z) = (z — z,) "h(2), and substitute the power series expansion
h(z) = Ay + Ay (z — zy) + -+ of h. Then
A A A
f(2) = U 1 — 4+t 2L 4 G(2). Sis
(z—=2)"  (z2—z)" z=2
Proposition XI1.3.3.6. — Let f: 2\ {z,} — C be a holomorphic function on an open set {2
except for a pole at z, € {2 of order n. Then
) 1 dn—l N
res;, [= Zliglo m@((fz —20)" f(2))-
\Proof. — From corollary XI1.3.3.5, we have

(z—=20)"f(2) = a_p, +a_p 1 (2= 2) + -+ a_y(z2—2)" " + G(2)(z — z)™

Differentiating n — 1 times leaves (n — 1)!a_; plus terms with factor (z — z;). The latter terms
vanish as z — 2. ]

(e e ——
Definition X11.3.3.7. — Let {2 C C be an open set and let S C 2. A function f: 2\ 5 — C iy
meromorphic if:

(i) f is holomorphic on 2\ S;

(ii) S is a set of isolated poles for f.
Since S consists of isolated points, it is always countable.

The notion of meromorphic functions allows us to capture functions which are infinity-valued
So, it is natural to ask for the behaviour of holomorphic functions at infinity.

Definition XI1.3.3.8. — The extended complex plane is the set C = C U {o0} with the usua
operations:

(i) oo+ 2z =00 for all z € C;
(ii) 0oz = oo for all z € C\ {0};
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(iii) 1/0 = 00 and 1/oo = 0.

Definition X11.3.3.9. — Let f: {2 — C be a holomorphic function on an open set {2 that contains
the complement of a large disc, i. e., f is holomorphic for all large z € £2. Then F(z) = f(1/z) is
holomorphic in a deleted neighbourhood of the origin. We say that f has a removable singularity
at infinity (hence holomorphic at infinity), pole at infinity, or essential singularity al
infinity if F has the property at the origin.

A meromorphic function on the complex plane that is holomorphic at infinity or that has a pole
at infinity is said to be meromorphic on the extended complex plane.

Theorem X11.3.3.10. — The meromorphic functions C — C are the rational functions.

PProof. — Let f: C — C be meromorphic on the extended complex plane. Then f(1/z) has either a
pole or a removable singularity at 0, and in either case f(1/z) is holomorphic in a deleted disc of 0
Returning to f, this deleted disc becomes the complement of a large disc in C centred at 0, whence
f has only finitely many poles, say, at zq, ..., 2, € C in a bounded disc in C.

Near each pole z;,, decompose f(z) = f,(2) + g;(2) into the principal part f,, and the remaining
holomorphic tail g, of f at z;,. Note that f; is a polynomial in 1/(z — z;) (cf. corollary XI1.3.3.5)
Similarly, decompose f(1/z) = f. (2) + §..(z) into the principal part f. (which might be zero
and the remaining holomorphic tail g, of f(1/z) at 0. Finally, set f._(z) = f..(1/2), which is a
polynomial in z.

We claim that C = f — f_  — f; —---— f,, is entire and bounded on C. Indeed, all singularities z,,
of C are now removable by Riemann’s theorem on removable singularities XII.3.1.5, and C(1/z) is
now bounded near 0 since we removed the singularity at co of C'. This means that C' is bounded
outside of a large disc, and of course C' is bounded on that disc, too. Thus, the claim is true and

Liouville’s theorem XII.2.5.1 says that C' is constant on C. Since f},..., f,,, fo are rational, f is
rational. Conversely, every rational function is obviously meromorphic. pid
Partial fraction decomposition XI11.3.3.11. — Any rational function can be decomposed as

sum of a polynomial and finitely many (partial) functions of the form z v (z — z;,)”"™ where n € N
and z, € C. Conversely, up to a multiplicative constant, a rational function f is uniquely determine
by its zeroes wy, ..., wy; and poles zq, ..., zx including their orders mq,...,my; and Ny, ..., Ny, TESP.
mamely
(Z —_ wl)"h (Z — wM)mM

(z—z)™ (2 — 2y)"

f(z) =

\Proof. — We have shown the decomposition in the proof of theorem XI1.3.3.10. For the converse, let
f and g be rational functions with the same zeroes and poles of the same orders, and consider f/g. If
2, is a pole of order ny, € N, then we can write f(2) = (z—2;,) "rhy(2) and g(2) = (2 — z;,)""*h,(2)
in a neighbourhood of z;, where h; and h, are holomorphic there. Hence, f /g has a removable pole
at z,. Similarly for zeroes, if wy, is a zero, then f/g is holomorphic at z;, and has no zero at w,
Since f/g has no poles, as we have see in the proof of theorem XI1.3.3.10, f/g is a polynomial. Since
f/g has no zeroes, f/g is constant by the fundamental theorem for contour integrals XI1.1.5.12. ¢

We have seen that the behaviour of meromorphic functions on the extended complex plane (®
required special handling at infinity. Instead, there is a more natural and geometric view of the
extended complex plane, thereby treating all numbers in C equally.

Construction XI1.3.3.12. — Consider the Euclidean space R? in three coordinates (X,Y, Z)

We identify C with the XY -plane, and we consider the sphere S of radius % centred at (0,0, %), ie.

such that the south pole of S touches the origin in C. Let V' = (0,0,1) be the north pole of S.
There is now a homeomorphism

X +iY (z,y,2° +3°)
-

7z 2 | L2
T Y

S\IN} 5 C, (X,Y,Z)r— i+ iy,

11
T
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and the map S\ {N} — C is called the stereographic projection. Geometrically, for any
W € S\ {N} there is a line through W and N, which intersects C in the image point w € C, see
figure XI1.9. Conversely, for any w € C there is a line through w and N, which intersects S in the
image point W € S. This intuitively ‘wraps’ C onto S\ {N}.

As w — oo € C (in the sense that |w| — 00), the corresponding point W € S\ {NV'} converges
to V. Hence, NV € S is the natural candidate for oo € C. By identifying C with S, the extended
complex plane C is also called the Riemann sphere. In particular, meromorphic function are maps
S — S. An important topological property is that C = S is compact. (X117

Figure XII.9: Stereographic projection of the Riemann sphere.

XII.3.4. Example calculations.

Motivation XI1.3.4.1. — Suppose that our goal is to evaluate the improper Riemann integral
ff:o f(z) dz. The approach of complex analysis is to find a family of toy contours (yg)geg, Which

are simple closed, such that
oo
lim jl{ f(z)dz = / f(z)da.
R—o0
TR -0

The contour integrals 32/ f(2)dz can then be computed by means of residue theorem XII.3.2.5. We
usually assume that f has only poles, whose residues are easier to determine. Then for a pole z,
for f, the winding number is W (2;) = 1 if 2, is in the ‘interior’ of v and W, (z;) = 0 if not. The
main obstacle is the choice of (vg)g, which usually depends on the decay behaviour of f.

Example X11.3.4.2. — We wish to show

* 1
/ 72da:=7r.
oo Ltz

In real analysis, this could be done by knowing that arctan z is the anti-derivative of 1/(1 + z?)
Note that by the change of variables x — z/y, we have 1/7 ff:o y/(2% 4+ y?) do, which is the integral
of the Poisson kernel.

Consider the function ) )

=z~ eoheTy
which is holomorphic everywhere except for poles at i and —i, and take the contour 75 as in
figure XII.10. Note that f(z) = (2 — i) !h(z) where h(z) = 1/(z +1) is holomorphic near i. Hence

i is a simple pole with residue res; f = lim, ,;(z —1i)f(z) = 1/(2i). Therefore, for very large R we
have ori
i
TR

(XIL.7) This is called a one-point compactification since we added a point to C in order to make it compact
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by residue theorem XII.3.2.5. Also for sufficiently large R, we have |1 + 22| > |2]2 — 1 > |2|?/2 for
all z € Cf, whence | f(2)| < 2/|z|? and

2 27

Cr

This shows that the integral along Cj; converges to 0 as R — oo. Thus,

/Zf@Mx—f f(2)ds =,

as desired. Of course, a similar calculation would work if we instead choose a semicircle contour onl
the lower half-plane with the pole —i.

—R 0 R

Figure XII.10: Semicircle contour 5 for example XI1.3.4.2.

Example X11.3.4.3. — An integral we later need is
/ e de = — T
o Lt e sinra
for 0 < a < 1.

Let f(z) = e**/(1+¢€*) and consider the toy contour 5 as in figure XII.11. Since the denominator|
1 + e* vanishes if and only if z = (2k + 1)7i for any integer k, the only pole inside v is z = 7i. To
determine the residue, observe that

z—i

(2= mi) f(z) = e

e% —emi’
The quotient on the right-hand side is the reciprocal of a difference quotient and

e — e7ri .
lim — =exp’(ni) =™ = —1.
zom 2 — Tl

We conclude that

lim (z — 7i) f(2) = —e?™
Z—rml

and (z — 7i) f(z) has a removable singularity in 7i by Riemann’s theorem on removable singulari
ties XII.3.1.5. In other words, i is a simple pole with residue res_; f = —e%™. Therefore by residue
theorem XI1.3.2.5,

f(z)dz = —2mie™.

TR




216 CHAPTER XII. BASIC THEORY

We now investigate the contour integrals over each side of the rectangle. Let I = LHR f(z)dx

be the integral on the real axis. Then the integral along the top side is simply I but the integrand
is shifted by 2mi:

R
—/ f(z + 27i) do = —e*™a] .
-R

'We can estimate the integral over the right side by

2m a(R+it) eolt

e
dt < 2
~ell)2 m

1+ elR+it

27
f(R+ it)idt‘ < /
0

0

since |1 + efitit| > eft — 1 > ef*/2 for R very large. So, the integral over the right side converges
to 0 as R — oo because a < 1. Similarly, the integral over the left side can be estimated by
e’“R/%%r, which converges to 0 as R — oo because a > 0. In the limit R — oo, this finally yields

I, —e?™e] = —2mie®™ and rearranging gives
- eom 27 T
I =—2mi Sria = — = — .

1 —e m™ia eﬂ'la — e*ﬂ'la sin Ta
P
1 2mi
T
|
|
|
$ i
|
|
|
1

—R 0 R

Figure XII.11: Rectangle contour v5 of example XI1.3.4.3.

Ezample X11.3.4.4. — Let cosh z = $(e* + %) be the hyperbolic cosine. We want to show that

0o ef2wiw§ 1
/ dz = ,
___coshrz cosh &
o0
i.e., that 1/coshmx is its own Fourier transform.
For a fixed £ € R, let f(z) = e 2™*¢/cosh 7z and consider the toy contour v, as depicted in

figure XII.12. Note that the denominator cosh 7z of f vanishes if and only if €2™* = —1, the only
poles for f in vy are o = 1/2 and 8 = 3i/2. For «, observe that

o 2(z—a) o z—a
(Z - a)f(z) =e amize €Tz 4 o~ Tz =2e QTFIZEGWZ e2mz _ p2ma
since €?™ = —1. Since the quotient on the right-hand side is the reciprocal of the difference quotient
of €>™ at z = o, we obtain
1 2miag 1 e
: _ — —2miag T —
Zgr}l(z a)f(z) =2e e e = -

So, (z — a)f(z) has a removable singularity at o by Riemann’s theorem on removable singulari;
ties XI1.3.1.5, and hence « is a simple pole with res,, f = €™ /(ri). By a similar argument, /3 is a
simple pole with

. . o o — ﬂ 26727Ti,8567rﬁ e37’l’£
resg f = llir}j(z —B)f(2) = llrr; 2e 27”'35e“6%r — = =

w3

=Tt
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We now investigate the integrals over each of the sides of v5. For the right side, let z = R + iy
with 0 < y < 2. Then the numerator of f is estimated by e 2™%¢| = e>™¢ < e*7l¢l and the
denominator is estimated by

‘eﬂ'z + e—Tl'Zl ||ewz| _ |e—7rz|| e‘n’R _ e—ﬂ'R
h = > =
|cosh 72| 5 > 5 5
Hence,

2 o 2e47l¢]

as R — o0o. A similar argument shows the same vanishing of the integral over the left side as R — oo
IfI= f_ozo f(z)dx, then the integral over the top side is —e*™ I since cosh 7z is 2i-periodic (recall
that the integral goes in the reverse direction compared to I). The residue theorem XII.3.2.5 yields

eﬂf e?ﬂrf
I—e*m] = 27ri<. - ) = 2027 (e~ — o),
i i
whence
I 2e27r5(e’7r§ —e™) 5 e —e™ 5 e ™ — e B 2 1
N 1—etmt C Te2mt _e2me V(e —emb) (e 4 em) e femé  coshml’
T 2i
‘= 3i/2
v =i/2
—R 0 R
Figure XII.12: Rectangle contour vp of example XII.3.4.4.
FExample X11.3.4.5. — A similar argument to example XI1.3.4.4 establishes
/°° izt sinma 2 sinh 2wa&
e ——de = ———
e cosh mx + cosma sinh 27¢

for 0 < a < 1, where sinh z = 2(e* — e #). In fact, example XIL.3.4.4 is the case a = 1.

XTI.3.5. Argument principle.

Argument principle X11.3.5.1. — Let f: 2\ S — C be a meromorphic function on a simpl
connected open set 2. Then

1 "(z
7 f J;((z)) dz = Z W, (z)ord; 2 — Z W, (p)ord; p

zeroes z of f poles p of f

for any closed contour ~ in (2 that avoids all zeroes and poles
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\Proof. — Firstly, we observe that the product rule gives

ko) _ il t iy _fi f

fifs fifs foofy

If f has a zero of order n at z,, then f(z) = (2—z)"g(z) where g is holomorphic and non-vanishing]
in a neighbourhood of z,. Then
f'(z) n_ g)

+
fz) 2=z g(2)
and f’/f has a simple pole at z, with residue n. Similarly, if f has a pole of order n at z,, then
f(2) = (z— zy) ™h(z) where h is holomorphic and non-vanishing in a neighbourhood of z,. Then

f'z) = W(2)

f2) 2=z hiz)

and f’/f has a simple pole at z, with residue —n. These two cases describe all singularities (poles
of f’/f and the residue theorem XI1.3.2.5 finishes. yig

Corollary XI11.3.5.2. — Let f: 2\ S — C be a meromorphic function on an open set (2. If {2
contains the closure of a disc D whose boundary avoids zeroes and poles of f, then

2i71'i 75913 ];((j)) dz = #{zeroes of f inside D} — #{poles of f inside D}

where zeroes and poles are counted with multiplicities.

Rouché’s theorem XII1.3.5.3 (number of zeroes is invariant under slight pertubations). — Lef
f,g: £2 — C be holomorphic functions on an open set {2 containing the closure of a disc D. If
|f(2)] > |g(2)| for all z € D, then f and f+ g have the same number of zeroes in D, counted with)
multiplicities.

\Proof. — Consider the family of functions f,(z) = f(z) + tg(z) for t € [0,1] so that f, = f and
f1 = f+g. Let n, € Z be the number of zeroes of f, in D counted with multiplicities. If z € 9D
were a zero of f,, then |g(z)| < |f(2)| = t|g(2)|, a contradiction. Hence, f, has no zeroes on the
circle, and 27in, = 3§8D fi(2)/ fi(2) dz by the argument principle XII.3.5.1.

Observe that f{(z) and f,(z) are continuous for (¢,z) € [0,1] x dD and f,(z) never vanishes on
[0,1] x OD. Hence, f{(z)/f;(z) is continuous on [0, 1] x 9D, and so n, is a continuous function in ¢
because we integrate over a compact contour. But n, € Z, which is why n, is constant (use the
intermediate value theorem). In particular, n, = n,. pi

Open mapping theorem XI11.3.5.4. — If f: {2 — C is a non-constant holomorphic function o
a region {2, then f is open, i.e., it maps open to open sets.

Proof. — Let wy, = f(2). Choose § > 0 such that Ds(z,) C 2 and such that f(z) # w, for
all z € Cs(z,). This ¢ exists since otherwise, f = w, everywhere by identity theorem XII.2.4.8
contradicting the hypothesis. Then choose € > 0 such that |f(z) — wy| > ¢ for all z € Cs(z,) by the
extreme value theorem. Now, for w € D_(w,) we have |w — wy| < e < |f(2) —wy] for all z € Cy(z,)
Hence, we may invoke Rouché’s theorem XII.3.5.3 and see that (f(z) —wy) + (wyg —w) = f(z) —w
has a zero in Dg(z,) since f(z) —w, has. Expressed differently, we have D_(w,) C f(Ds(%,)) and f
is open. i

The following statement is also enjoyed by harmonic functions.

Definition XI1.3.5.5. — The maximum of a holomorphic function f: 2 — C is the maximum)
of the absolute value |f|: 2 — R. 4
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Maximum modulus principle XI11.3.5.6. — If f: 2 — C is a non-constant holomorphi
function on a region {2, then f cannot attain a mazximum in (2.

\Proof. — Suppose that f would attain a maximum at z, € (2. By the open mapping theo;
rem XI1.3.5.4, if D C {2 is a small disc centred at z, then f(D) is an open neighbourhood of f(z,)
In the non-negative real numbers, this means that |f(D)| is an open neighbourhood of |f(z,)|, so
there is z € D with |f(z)| > |f(2)|, contradicting maximality of z. sif

Corollary XI1.3.5.7. — Let {2 be a region with compact closure. If f: 2 — C is continuous
on 2 and holomorphic on (2, then

sgg\f(z)l < sup | f(2)

2€082
Proof. — By the extreme value theorem, |f(z)| attains a maximum in §2. But this cannot happen
in §2 if f is non-constant. On the other hand, if f is constant, then the statement is trivial. i

Warning X11.3.5.8. — The compactness (boundedness) of {2 is essential. Let 2 = {z € C |

Rez > 0,Imz > 0} be the open first quadrant and consider f(z) = e~1#*>. Then f is entire and
clearly continuous on 2. Moreover, |f(z)| = 1 for all z € 9£2, which consists of the positive real and
imaginary axes. However, f is unbounded on {2, e.g., we have f(z) = e”* if z = re!™*, which is the
angle bisector between the two axes.

§ XII.4. CONFORMAL MAPS

X1I.4.1. Conformality.

Definition X11.4.1.1. — A holomorphic map f: U — V between open sets U,V C C is locally
bijective on U if every z € U has an open neighbourhood W C U such that f: W — f(W) is

bijective. Instead of W, we could also only require an open disc D C U centred at z such thaf
f: D — f(D) is bijective.

Lemma XI1.4.1.2. — A holomorphic map f: U — V between open sets U and V 1is locally
bijective on U if and only if f'(z) # 0 for all z € U. Moreover, any local inverse of f is holomorphic

\Proof. — Let zy € U. If f'(z,) # 0, then f is invertible on an open neighbourhood of z by the
inverse function theorem on R? (note that holomorphy implies continuous differentiability).

Conversely, let f be injective on an open neighbourhood of zy; w.l.o0.g., let U be this open
neighbourhood. By way of contradiction, suppose that f/(z,) = 0. Then f(2) — f(z,) = a(z — zy)* 4
G(z) near z, where a # 0, k > 2 and where G has a zero of order k+ 1 at z,. For a small enough
circle C centred at z, and for sufficiently small w # 0 (depending on C), we have |G(z)| < |F(2)]|
for all z € C where F(z) = a(z — zy)* — w because G(2)/(z — 2y)¥ — 0 as z — z,. Note that F has
k > 2 distinct zeroes inside C, so F(z) + G(z) = f(z) — f(z,) — w has k zeroes inside C' by Rouché’s
theorem XII.3.5.3, too. As its derivative f’(z) has an isolated zero at z, since otherwise f* = 0 and
f is not injective, by choosing an even smaller C, all roots of f(z) — f(z,) — w are simple. Hence
all k > 2 roots of f(z) — f(zy) —w are distinct, contradicting injectivity of f.

For the second part, w.l.0.g., let f: U — V be bijective and let w, € V. For all w # w, close
to wy, we have

7 (w) = 7 (wy) _ ( vy ))1 _ (f(Z) —f<20>>1
Wo

w — Wy fHw) — f~ Z—Z

where z = f~1(w) and 2, = f~*(wy). As z — 2, we have w — w, and so (f71) (wy) = 1/f(2)
exists (note that f’(z,) £ 0) Bt
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X11.4.1.3. — For z,w € C\ {0}, the (oriented) angle a € (—m, 7] between z and w is the real
angle between them when they are understood as vectors. If (— —) is the Euclidean inner product
on R?, given in complex form by (z,w) = Re(zw), the angle « is uniquely determined by

(z, —iw)

= cos and = sin a.

|2||wl |2]|w]

By extension, let v, n: [a, b] — C be two smooth curves that intersect at zy, say, v(ty) = n(ty) = 2o
after reparametrisation. If v/ (¢,) and n’(¢,) is non-zero, then they represent the tangents of v and 7
at zg, resp., and the angle of intersection of v and n at z, is the angle between v'(¢,) and 7’ (t,).

Definition X11.4.1.4. — A real-differentiable map f: 2 — C is conformal at a point z, € (2 if
for any two smooth curves v and n intersecting at z, the angle between v and n at z, equals the
angle between fovy and fon at f(zy). In particular, we assume that the tangents of v, n, fov and
fon at zy and f(zy) are non-zero.

Proposition XI11.4.1.5. — Let f: 2 — C be a complex-valued function on an open set 2. If f ig
holomorphic at z, with f'(z,) # 0, then f is conformal at z,. Conversely, if f is real-differentiable
at zg € 2 with J;(zy) # 0, then conformality at z, implies holomorphy at z, with f'(z,) # 0.

\Proof. — Let 7 and 1 be two smooth curves intersecting at z, = v(t,) = n(ty). Let f be holomorphic
at zy with f'(z,) # 0. Then

(f' (o) (to), £/ (z0)0 (t0)) = |f' (20) > Re(v (to)n’ (t0)) = | (z0) (' (t0), 1 (t0)),

so f preserves the cosine of the angle between v and 7 at z,. A similar argument shows the same
for the sine, so f is conformal.
Conversely, let f be real-differentiable at z, with J¢(z,) # 0. If 7'(¢y) and 7’(¢,) are orthogonal

i.e., (Y (ty),n (ty)) =0, then
0= cos+m = (J;(20)7" (o), I ¢ (20)7" (o))

by conformality. The says that J;(z,) preserves orthogonality, so J;(zy) = sO where O € Mat,(R)

is an orthogonal matrix and where s € R\ {0} is a scaling factor.(*!'*) Tf 4/ (¢,) = 1 and 7/ (t,) = i
then cosa = 0 and sina = 1 for the angle a between them. Then conformality yields (note that

—i(l‘,y) = (y’ —3?))
0= (J(20)7 (to), Tp(20)n (t0)), 0 < {Jp(2)7 (o), =T (20)1" (t)) = det T ().

[The second condition shows that det O = det J +(z,)/ 52 is positive, so O is a rotation, not a reflection
Thus,
cosf —sinf
I(z0) =5 (sinH cos 6 )

for some 0, and f satisfies the Cauchy-Riemann eqs. (XII.1.3.10.1) at z,. Recall from theos
rem XI1.1.3.13 that |f'(zy)|* = det J;(z,) > 0, whence f'(z,) # 0. o

Thus, it is only natural to study differentiable conformal maps R? — R? by means of complex]
analysis.

Definition XI11.4.1.6. — A bijective holomorphic map f: U — V between open sets is a biholo4
morphism. In this case, U and V are biholomorphic. This terminology is justified since, i
particular, f~1:V — U is again holomorphic by lemma XII.J.1.2.

(XIL8) 1f M ¢ Matq(R) preserves orthogonality, then 2" M T Mw = 0 whenever z"w = 0 for all z, w € R%. Note
that M T M is symmetric. Plugging in z = (}) and w = (), we see that M = diag(s, t) is diagonal. Plugging in

= (}\ and w = (}1\ we obtain s = t. Thus, M M = sid, i.e., M is orthogonal up to scaling by s
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Corollary X11.4.1.7 (characterisation of conformality). — A holomorphic map f: U — V betwee
open sets is (everywhere) conformal if and only if f'(z) # 0 for all z € U. Equivalently, f i
conformal if and only if it is locally a biholomorphism, i.e., for any x € U there exists an open

neighbourhood W in U such that f: W — f(W) is a biholomorphism.
\Proof. — Combine lemma XII.4.1.2 and proposition XII1.4.1.5. i

Convention XI11.4.1.8. — Henceforth, we will use the terms biholomorphism and holomorphic
conformal map interchangeably, and we also say that two open sets are conformally equivalent if]
they are biholomorphic.

Warning X11.4.1.9. — Of course, for a holomorphic map being a biholomorphism is a
much stronger property than being conformal: conformal maps are only locally bijective, but
biholomorphisms are globally bijective. For instance, f(z) = 22 on the punctured disc C \ {0
satisfies f’(2) # 0 everywhere, but f is cleary not injective. This convention is not universal in the
literature, and the reason for our adoption is that we only consider conformal maps in the context
of Riemann’s mapping theorem.

—_— e —————
Here a number of examples of conformal maps.

Definition X11.4.1.10. — The complex unit disc and the complex upper half-plane are

D:={z€C||z| <1}, H:={2€C|Imz > 0}.

Theorem XI1.4.1.11. — The unit disc and the upper half-plane are conformally equivalent, via)
the mutually inverse conformal maps
. 1_
F:H —D, Flz)=——" and G:D—H Guw) =i——.
i+z 1+w

The map F is called the Cayley transform.

\Proof. — Both maps are holomorphic on their respective domains. They are also well-defined. Any|
z € H is closer to i than to —i, so |F'(z)| < 1 and F maps into D. Next, for w = u+iv € D we have

el—w :Re(l—u—iv)(l+u—iv) _ 1—u?—? >0
1+w (1+wu)? + 02 (1+wu)?+ 02

ImG(w) =R

since |w| = u? +v? < 1, whence G(w) € H and G maps into K. Finally,

-2 1+w—1+4w
F(G(w)) = —F2 = =w,
1+ lm 1+w+1—-w
and similarly G(F(z)) = z. g
Observation X11.4.1.12. — A general strategy in finding conformal maps is to study the

boundary behaviour of these maps. We will exhibit this with theorem XI1.4.1.11. The map F' can
be extended to C\ {—i}, so it is continuous on 0K = R, the real line. Then |F(z)| = 1 for all
iz € R since the distance of any real x to either i or to —i is the same, so F' maps 0 into the unit
circle 92. In fact, we can write

i— 1—a? 2
F(x):l T eri T

L 1 2 1 4
I+ I B i I+

Insert reference.
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branch cut. Also that
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and parametrise R by x = tant for ¢t € (—m/2,7/2). Then

. 2tant 1—tan?t
sin2t = ————, cos2t = ———
1+tan“t 1+tan“t

imply F(tant) = cos 2t + isin 2t = e'?!. Therefore, the image F(R) is 92 \ {—1}. Moreover, as x
goes from —oo to oo, the value F(x) starts at —1 and travels counter-clockwise. The point —1 on
the unit circle is the ‘point at infinity’ of the upper half-plane.

Example X11.4.1.13 (translations, dilations and rotations). — Let h € C. Then z+> 2z + h is a
conformal map C — C with inverse w — w — h. If h € R, then these maps restrict to H — K.

Let ¢ € C\ {0}. Then f: C — C, z > cz is a conformal map with inverse w - ¢ tw. If || = 1
say ¢ = e for some 6 € R, then f is a rotation by 6. If ¢ > 0, then f is a dilation by ¢. If ¢ < 0
then f is a dilation by |¢| followed by a rotation by .

Example XI1.4.1.14 (infinite sectors). — Let n € N. Then z 2" is conformal map from the
sector S = {z € C|0 < argz < 7/n} to . The inverse map is w  w'/™ = e(°8®)/" with the
principal branch of the logarithm.

More generally, for 0 < o < 2 consider the map

f:H—S={weC:0<argw < ar}, f(z) =2

from the upper half-plane to a sector. Indeed, if we take the branch cut [0, c0) for the logarithm
then for z = rel € # with 7 > 0 and 0 < § < m we have f(z) = 2 = r®el® € S. Its invers is
w = w!/®, noting that S lies in the chosen branch of the logarithm. Therefore, if we compose f
with translations and rotations from example XII.4.1.13, then any infinite sector in C is conformally
equivalent to A .

We now note the boundary behaviour of f. If z goes from —oo to 0, then f(x) goes from

00e!®™ = —o0 to 0. Similarly, if « goes from 0 to oo, then f(x) goes from 0 to co.
z = z¢
_—
0 0

Figure XII.13: The conformal map z > 2z¢.

Example XII1.4.1.15 (quadrants). — Consider the map

14z

+DNH —Q={2z€C|Rez>0,Imz > 0}, f(z)—l_z

from the upper half-disc to the first quadrant. This is indeed well-defined, since

C(I42)(1—-2z) 1—|z* 2Imz
f& =" “hi—p Tioep

€Q

for all z € D N H. Moreover, the map g(w) = (w—1)/(w + 1) is holomorphic on Q. We have
|lw+ 1| > |w— 1] for all w € @ since w has a bigger distance to —1 than to 1, and a simple

calculation shows that Im g(w) > 0 for all w € (). Thus, g: Q — DN is holomorphic, and a. direct
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computation as in theorem XII.4.1.11 shows that it is the inverse of f. In other words, the upper|
half-disc is conformally equivalent to the first quadrant.
For the boundary behaviour of f, for z = €' € 9D N 7 in the upper half-circle we have

1+6f  ei0/2 4 oif/2 i

flz)= 1—elf o102 662~ tan(4/2)’

So, as 6 travels from 0 to 7, the value f(z) goes from ico to 0 along the imaginary axis. On the
other hand, for z = x € (—1,1) real we have f(z) = (1 +z)/(1 — ). In this case, as f(z) goes from
0 to 0o as x goes from —1 to 1. Note that f(0) = 1.

1+z

g

A

0 1 0

Figure XII.14: The conformal map z — (1 + z)/(1 — z).

Example X11.4.1.16. — Consider the map
H—{weC|0<Imw < 7}, z > log z,

defined by the branch cut i(—o0, 0], from the upper half-plane to a strip. Indeed, if z = re'’ with
—7/2 < 6 < 37w/2, then log z = logr + if, and restricting to 0 < 6 < 7 gives the map. Its inverse ig
w = e,

For the boundary behaviour, as x goes from —oo to 0, the value logx goes from oo + im to
—o0 + im on the top line of the strip. Furthermore, as x goes from 0 to co, then logx goes from
—o0 to 0o along the real axis.

z 1+ log z i

Figure XII.15: The conformal map z - log z.
Example X11.4.1.17. — Restricting z — log z = log|z| + iarg z from example XI1.4.1.16 to the
upper half-disc D N J', we obtain a conformal map from the upper half-disc to a left half-strip:
DPNH —T={weC|Rew<0,0<Imw < 7}.

If z starts at 0, goes to 1 on the real line, then to —1 along the upper half-circle, and finally back
to 0, then log z goes from —oo to —oo + i by passing through 0 and then through i.




224 CHAPTER XII. BASIC THEORY

z > logz

iT

~

AN

0 1 0

Figure XII.16: The conformal map z — log z restricted to the upper half-disc.

Example X11.4.1.18. — The map
{zeC|-F <Rez< §,Imz>0} — {we C||w| <1,Rew > 0}, 2 el?

from a half-strip to a half-circle is conformal since e'* = e~ Im%eiRez  Ag » goes from 7/2 + ico to
—7/2 + ico by passing through 7/2 and —/2, the value e** goes from 0 to i, then to —i along the
left half-circle, and finally back to 0. This map is closely related to the inverse map of the map inl
example XI1.4.1.17.

Z 2@

—n/2 0 7/2

iz

Figure XII.17: The conformal map z - e'%.

Example X11.4.1.19. — Consider the map
1 1
[+ DNH — A, z|—>—§<z+7>
z

from the upper half-disc to the upper half-plane. This is well-defined: if z = e € D N H where
r<1land 0 <6 <, then

Im(z + 1) =rsinf + 1sin(fG) = (r — 1) sin§ < 0.
z r r
To show bijectivity of f, observe that solving f(z) = w for z means solving the quadratic equation|
22 + 2wz + 1 = 0 where w € #. If z is a solution, then 1/z is as well, and these are distinct if and
only if w # +1. This is the case for w € ', so f is injective, and since the complex numbers are
algebraically closed, f is surjective.
Let us examine the behaviour of f at the boundary. If € R goes from 0 to 1, then f(z) goes
from oo to 1. If z = €' goes from 1 to —1, then f(z) = cosf goes from —1 to 1. Finally, if x € R
goes from —1 to 0, then f(z) goes from —1 to —oo on the real axis.

FExample X11.4.1.20. — The sine
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2 —2(z+1/2)
_

A

0 1 0

Figure XII.18: The conformal map z - —3(z + 1/z).

can be written as the composition of the map in example XI1.4.1.18, followed by multiplication
with i (rotation by 7/2), followed by the map in example XI1.4.1.19. Thus, we have a conformal map

{zeC|-F <Rez< §,Imz >0} — 7, z+—sinz

from the upper half-strip to the upper half-plane.
For the boundary behaviour, as z goes from —m/2 + ico over —7/2 and 7/2 to w/2 + ico, the
value f(z) goes from —oo over —1 and 1 to co.

XII.4.2. Mobius transformations.

There is a large class of relatively simple conformal maps called Mdbius transformation. The most
natural way to study them is, however, to extend them to the Riemann sphere C = CU {o0}.

Definition X11.4.2.1. — An automorphism of the Riemann sphere C=cC U {oo} is a bijective
meromorphic map C — C. The set of all aqtomorphisms of C is denoted by Aut C, which is a group
under composition of maps. For f € AutC, the inverse f~1 is again meromorphic (it has exactly

one pole at f(c0)).

Definition X11.4.2.2. — A fractional linear transformation or a Mobius transformation
is a map
N N az+b
:C—C
/ ’ cz+d

for a,b,c,d € C such that ad —bc # 0. The behaviour at infinity is as follows: f(oo) = a/c an
f(—d/e) = oc.
Proposition X11.4.2.3. — The Mébius transformations form a group under composition where

the inverse of (az 4+ b)/(cz 4+ d) is (dz —b)/(a — cz). More precisely, there is a surjective group
homomorphism

b
I': GLy(C) —» {Mobius transformations}, (Z Z) — Zjid

with kernel C*. In particular, the Mébius transformations are isomorphic to the projective general
linear group PGL,(C) := GLy(C)/C*.

\Proof. — The composition of two M&bius transformations is again a Moébius transformation:

a/ =t b _daz+adb+bez+bd  (da+bc)z+ (a'b+bd)

o A cdaztcbtdez+dd  (Catde)z+ (cb+dd)

The coefficients in the new Mobius transformations take the form of the entries of a matrix product
Hence, I' is a surjective homomorphism from a group to a magma, so the magma of Mobius
transformations is a group. The inverse of a Mobius transformation (az + b)/(cz + d) is given by

1
a b 1 d —b dz—1b

F(f’ r]\ :F(nr] b (—ﬁ ﬁj\:n e
AN 7/ bk AN 77 b =

AN o€
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For the kernel, suppose that (az + b)/(cz 4+ d) = z. Taking z = 0 implies b = 0, and taking z = oo
implies ¢ = 0. Finally, taking z =1 gives a = d, and we obtain ker I' = C*. i

Remark XII.4.2.4. — The condition ad—bc # 0 on Mébius transformations f(z) = (az+b)/(cz4
d) holds if and only if f is non-constant. Indeed, if b/d = f(0) # f(c0) = a/c, then ad — be % 0.

Lemma X11.4.2.5. — Let f: 2 — C be a holomorphic function on open set (2. If f is injective
then the zero is simple, if it exists.

\Proof. — Let z, € {2 be the zero, and write f(z) = (z—z,)"g(%) near z, with g holomorphic near z,
and g¢(z,) # 0. Then g is non-vanishing near z,, so there is a function h such that h(z)" = g(z)
proposition XI1.2.3.7). Then the derivative of (z — zy)h(z) at z; is h(zy) # 0, so (z — zy)h(z) i
locally bijective by lemma XII.4.1.2. Let us say that it restricts to a bijective holomorphic map
U — D where U is a neighbourhood of z, and where D is a disc centred at 0. For w € D\ {0}

there are distinct zy, ..., 2, € U with (z;, — zo)h(2;) = €>™#/"w. However, f(z,) = (e*™F/ )" = w™
for all k. Since f is injective, we must have n = 1. (7]
Theorem XI11.4.2.6. — The automorphisms of the Riemann sphere C are precisely the Mobius
transformations
az+b
=4

where a,b,c,d € C with ad — bc # 0.

\Proof. — Mobius transformations are invertible and hence automorphisms of C. Conversely, let
f € Aut C, which is a rational function by theorem XII.3.3.10. Since f is bijective, the partial
fraction decomposition XI1.3.3.11 says that f is of the form f(2) = c¢(z — a)"/(z — B)* for some
c,a, € C with a # § and ¢ # 0. For any z, € C\ {8}, the injective function f(z) — f(2,) has a
zero at z, of order n, so n = 1 by lemma XI1.4.2.5. A similar argument applied to 1/f shows that
k= 1. Thus, f(z) = c(z — a)/(z — B) is a Mobius transformation. Note that ¢8 — ca # 0. sif

Remark X11.4.2.7. — In particular, PGL,(C) =% Aut C is the projective general linear group
Another point of view is to identify the projective line Pd := C?/C* with C via (2, 25) b 21 /25
Then the automorphisms of C acting on C is the same as the PGLy(C)-action on Pi.

Czoe—

Fact XI1.4.2.8. — Gliven three different points a,b,c € C, there is exactly one Mdbius transfor
mation f with f(a) =0, f(b) =1 and f(c) = co. In particular, for any three pairs of points (z;,w;)
for i = 1,2,3, there is exactly one Mdébius transformation f with f(z;) = w,.

\Proof. — Consider the cross ratio

z—a [b—a

1(z) = z—c/b—c

of a,b,c. Then f(a) =0, f(b) =1 and f(c) = co. Since f is non-constant, it satisfies the invertibility
condition on its coefficients.

To show uniqueness, let f; and f, be two Mébius transformations mapping (a, b, ¢) to (0,1, 00)

Then fy1o f1(2) = (pz+ q)/(rz + s) fixes 0,1,00. This implies ¢/s = 0, (p +q)/(r +s) = 1 and

p/r = 0o, whence ¢ =7 =0 and p = s. Thus, f;! o f;(2) = z is the identity. sl

Construction XI1.4.2.9. — Visually, circles and straight lines in C can be generalised to a single
object in the Riemann sphere C since lines are ‘circles through oo’ The equation for a circle is
|z — 29| = r with zy € Cand r >0, i.e,,




XII.4. CONFORMAL MAPS 227

The equation for a line is zyz + Z5z = d with 2z, € C and d € R (this is the vertical line through d
then rotated by arg z,). Both equations are of the form

alz>+Bz+Bz+v=0 (XI1.4.2.9.1

where o,y € R and 8 € C satisfy |32 > av (in the circle case, we have r? = (|3 — ay)/a? > 0; in
the line case, we have z, = 8 # 0). This is a circle if o # 0 and a straight line if @ = 0. The set of|
points satisfying equation (XII.4.2.9.1) is called a generalised circle.

Fact X11.4.2.10. — Mébius transformations preserve generalised circles.

\Proof. — Any Mobius transformation can be written as a composition of translations, rotations
dilations and inversions z — 1/z:

a bc—ad 1 az+b

1
— d+— ——— +— — = .
i ¢zt cz+d c+ c cz+d cz+d

Clearly, translations and rotations/dilations preserve the equation of generalised circles. As for
inversions, if w = 1/z is the image of the inversion, then we have

0= (a/|w]* + B/w+ B/w +7)|w]* = a+ o + fuw + |w]?
with |3|2 > ary still, so the inversion of a generalised circle is a generalised circle. i

Alternative proof. — Equation (XI1.4.2.9.1) is equivalent to

(3 2=

where a,7 € R and 8 € C such that |8]?> > ay. This is equivalent to saying that the matrix C
above is hermitian (C* = C) with det C' < 0. Since a Mébius transformation can be written as a
matrix product (see remark XII.4.2.7), the preimages z of the generalised circle under the Mobius
transformation A satisfy

(z 1)AHCA (i) = 0.

We observe that AMC A is hermitian and that det(A"CA) = |det A|?det C < 0. Thus, Mébius
transformations preserve generalised circles. pid

XII.4.3. The Schwarz lemma.

Schwarz lemma X11.4.3.1. — Let f: D — D be holomorphic with f(0) = 0. Then the followin
hold:

(i) [f(2)] < [2| for all z € D;
(ii) if |f(z)| = |2o| for some z5 # 0, then f is a rotation, i.e., f(z) = cz with |c| =1;
(iii) |f/(0)] <1, and if equality holds then f is a rotation.

\Proof. — Let f(z) = ZZO:O a,z" be the power series expansion on 2D centred at 0. Since f(0) =0
we have a; = 0, and so f(z)/z has a removable singularity at 0. Let r < 1. If |2| = r, then
|f(2)/z| <1/r, and the maximum modulus principle (corollary XII.3.5.7) says that this is true fon
all |z| < r. Letting r — 1 yields |f(2)/z| <1 on D, which is (i).

For (ii), | f(2y)] = |#o| states that f(z)/z attains its maximum on 2. By the maximum modulus
principle XI1.3.5.6, it is constant, say, f(z) = cz. Hence, |z = |f(2y)| = |czo| implies |c¢| = 1, and f
is a rotation
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Finally for (iii), let g(z) = f(z)/z, defined on all of D. Then

If we have equality, then g attains its maximum at 0, so it is constant by the maximum modulus
principle XII1.3.5.6, say, f(z) = cz with 1 = |f'(0)] = |¢|. st

Definition X11.4.3.2. — An automorphism of an open set §2 is a conformal map 2 — (2. The
set of all automorphisms of {2 is denoted by Aut 2. We endow it with a group structure by virtue
of composition of maps. Then the identity is id,,, and the inverse of f € Aut 2 is f=1.

The following maps have many applications in complex analysis.

Proposition X11.4.3.3. — For a fixed o € D, the Mobius transformation
a—z

is an automorphism on the unit disc D and restricts to the unit circle 0D — 0D. Moreover
., interchanges 0 and «. This transformation 1, is called the Blaschke factor of o.
Proof. — Since |a| < 1, we see that 1, is holomorphic on D. If |2| = 1, then 1/z = Z and
oa—z
2(z—=a)’

whence |9, (z)| = 1 and v, restricts to 0D — 02D. By maximum modulus principle XII.3.5.6
and corollary XI1.3.5.7, we have |¢, ()| <1 for all z € D, i.e., ¢, gives a map D — D.
Finally, we observe that 1, is an involution:

a— == a—la?z—a+z (1—|a?)z
(Yo o¥a)(?) = =22 = 7= o, 3 =
l-a= 1—az—|a|*+az 1—laf
Thus, 1, is its own inverse and interchanges 0 and a. O]
Alternative proof. — Here a more direct way to check that 1, maps into D and restricts to 92D
We first show that for @z # 1, we have
02| o
1—az

if |z| <1 and |a| < 1, with equality if and only if |2| = 1 or |a] = 1. To prove this claim, expanding
the products shows that the inequality

la—z|=(a—2)a—z< (1—az)l —az =11 —az|
holds if and only if 0 < (1 —|2|?)(1 — |a/?), with equality if and only if |z| = 1 or |a| = 1. g

Example X11.4.3.4. — Let 0 € R be an angle. Then the rotation r4: z = ¢z by 0 is an
automorphism of 2 whose inverse is the rotation r_,: z - ez by —6.

Schwarz-Pick lemma X11.4.3.5. — If f: D — D is a holomorphic function on the unit disc
then , )
IO
1—=f(x)]* — 1=

for all z € D, with equality if and only if f is an automorphism of D
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\Proof. — Firstly, we define the pseudo-hyperbolic distance

| = 1w (2)]

zZ—w

Pz w) = |7
for z,w € D. We claim that p(f(z), f(w)) < p(z,w) with equality if and only if f is an automorphism
of D. Indeed, let g =1y o fo ¥,! where 1, is the Blaschke factor interchanging 0 and «. Since
9(0) = P () © f(w) = 0, the Schwarz lemma XI1.4.3.1 says that [g(2)| < |z|. Plugging in %,,(2) for 2
gives the inequality.

For the equality case, suppose that f is an automorphism. Then ¢! is a holomorphic map
D — D with g71(0) = 0, so applying the Schwarz lemma XI1.4.3.1 again to g~* gives |¢~ ! (w)| < |w|
Plugging in w = g(z) yields |g(z)| = |z|. Conversely, suppose that |g(z)| = |z|. Then by the Schwarz
lemma XI1.4.3.1, g is a rotation and in particular an automorphism of 2. Thus, f = w;(lw) o goi,
is an automorphism of D.

So, the claim gives

‘f(Z) — f(w) ’ 1 1
zow o 1= f(w)f(z) ~ 1-wz
Letting w — z gives the statement. pi

——0 D O s

Theorem XI1.4.3.6. — The automorphisms of the unit disc D are precisely the products of
rotation and a Blaschke factor
a—z
_ 610
1) 1—-az

where 0 € R and o € D.

\Proof. — Let a € D be the unique element such that f(a) = 0, and consider g = fo,. Then
g(0) = 0, and |g(2)| < |2| for all 2 € D by the Schwarz lemma XII.4.3.1. Similarly, g~1(0) = 0
and g~ (w)| < |w| for all w € D by the Schwarz lemma XI1.4.3.1. Taking w = g(2), we arrive at
lg(2)| = |z| for all z € D. Once again by the Schwarz lemma XI11.4.3.1, g(z) = €'z is a rotation or]
some 0 € R. Taking z = ¢, (w) and exploiting that v, is an involution, we obtain f(w) = e'%%,, (w)
as desired. i

Corollary XI11.4.3.7. — The only automorphisms of the unit disc that fiz the origin are rotations
Proof. — 1If f(z) = e(a—2)/(1 —@z), then f(0) = 0 implies that a = 0, whence f(z) = e'’2. OF

Remark X11.4.3.8. — The group Aut?D acts transitively on D: given «,3 € D, the map
Vg o, € Aut D will take a to 3.

Fact X11.4.3.9. — The special unitary group
SU,; = {M € SLy(C) | (Mz, Mw) = (z,w) for all z,w € C*},

where (z,w) := wJz with J = diag(1,—1) is the hermitian form with signature (1,—1), is

SU,, = {(Z b) € Maty(C) | |af? — [b]? = 1}.

a
Proof. — Let M = (%) € SU, , so that det M = ad —bc = 1 and w"M"JMz = w'Jz By

plugging in (10)" and (01)" for z and w, we obtain

Hivy (G E)(a bj_(ﬁa—éo ab—zd)_(l )_
M JM_(Z e —a)=\Ga—de m_aa)= 1)=7

AN 7 X 7 \
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i.e., |a|> —|c|> = |d|* —|b]* = 1 and @b = ed. Then multiplying det M = 1 with ¢ gives ¢ =
acd — bee = |al*b — blc|* = b, and plugging this in det M = 1 gives ad = 1+ [b]> = [d|*. If d = 0
then a = 0. If d # 0, then a = d. In both cases, we obtain

u- (s )

with |a|> — [b]* = 1, and these matrices M constitute all of SU, ;. sif

Remark X11.4.3.10. — In fact, Aut D is almost isomorphic to the group SU; ;. Since Blaschke

factors are Mobius transformations, the group homomorphism I': GL4(C) — Aut C from proposi
tion XII.4.2.3 restricts to

SU, ; — Aut D, (“ b) N
’ a

b a bz+a az+1

where o = b/a and |a/a| = 1. Conversely, any element of Aut 2D has the association

= . —
1—@z —we9z+e 10 V1—]al?

which is the inverse up to scaling. Hence, we obtain a surjective group homomorphism SU; ; — Aut 2D
For its kernel, we have C* N SU;; = {£1}. Thus, we have a group isomorphism PSU,; :=
SU; 1 /{£1} = Aut D, which is the projective special unitary group.

0ig 2 — elfz — qel? 1 et? —ael? SU
e Go-i0 o0 ) €PV1n

—Qae

[ L e —

Remark XI1.4.3.11. — Recall from theorem XII.4.1.11 that the Cayley transform F': H — D is
conformal. Hence, we obtain a group isomorphism

Aut D = Aut A, pr—FlogoF

by the conjugation action of F.

Theorem XI11.4.3.12. — The automorphisms of the upper half-plane H are precisely of the
\Mébius transformations induced by SL,(R), i.e.,
az+b

where M = (2%) € SLy(R).

IProof. — First of all, the group homomorphism I': GL,(C) — Aut C from proposition XI11.4.2.3
restricts to I': SLy(R) — Aut K. Indeed, for M = (2 %) € SL,(R) we have

(ad —be)Im z Im z
ImI" = = 0
m Ly (2) |cz + d|? lcz + dJ? -

if z € .

Next, we show that SL,(R) acts transitively on #. Given z € H, choose ¢ € R such that
(Im z)/|cz|* = 1. Let My = (,~V/¢) so that Tm I'y; (2) = (Im 2)/|cz[* = 1, meaning I'; (2) lies on
the horizontal line through i. Now, let M, = (! §) be the translation by b = —Re I'y;, (2) so that
Dy, (I, (2)) = 1. Thus, Iy, takes z to i

Finally, let f € Aut A with f(8) = i. By transitivity of SLy(R), there is N € SL,(R) such
that I'y(i) = S, and let g = fo 'y, with g(i) =i. Let F': H — D be the Cayley transform, an
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note that F'(0) =i. Then F o go F~! is an automorphism of 2 fixing the origin, so the Schwarz
lemma XII.4.3.1 says that it is a rotation, say, by the angle —26. If

cos@ —sinf
M, = (sin@ cos b ) € SLy(R),

which is a rotation matrix, then a direct computation shows that F o I” M, = e 29F . Hence
FogoF™1 :FoFM@oF_1 and fol'y =g= 1)y, and thus, f =1}, o e =Iy,n-1- sl

Remark XI1.4.3.13. — Similar to remark XI1.4.3.10, I": GL,(C) — Aut C induces a surjective
group homomorphism SL,(R) — Aut A with kernel C* N SLy(R) = {+1}. Thus, PSL,(R) :=
SLy(R)/{£1} =% Aut K is the projective special linear group.

XII.4.4. The Riemann mapping theorem.

Motivation X11.4.4.1. — We want to determine when there is a conformal map F': 2 — D from
a non-empty open set {2 to the unit disc 2. Some necessary conditions on {2 are the following.

(i) If 2 = C, then any map F: 2 — D is constant by Liouville’s theorem XII.2.5.1 and hence
not conformal. Thus, {2 must be proper.

(ii) Since 2 is simply connected (in the topological sense) and since F is continuous and bijective
(2 must be simply connected as well. This also implies that {2 is connected.

Surprisingly, these necessary conditions are actually sufficient.
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CHAPTER XIII

ANALYTIC NUMBER THEORY

§ XIII.1. ENTIRE FUNCTIONS

Jensen’s formula XII1.1.0.1. — Let 2 be an open set containing D (0), and let f: 2 — C be
a holomorphic function with f(0) # 0 and that does not vanish anywhere on Cr(0). If zq, ..., 2, ard
the zeroes of f inside Dg(0), then

N 2
1 .
log|(0)] = Y ord, 2 log(|4//R) + 5 [ logl (e .
k=1 0
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PART VII

MODULAR FORMS
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§ XIIL.2. INTRODUCTION

Reference XII1.2.0.1. — For now, [DS05] only.

Motivation XII1.2.0.2. — The modularity theorem states: all rational elliptic curves arise from|
modular forms. This goes back to Taniyama, Shimura nad Weil in the 1950’s and 60’s. Later, Wiles
and Taylor proved the modularity theorem for a large class of elliptic curves in 1959, giving rise to
Fermat’s last theorem. The modularity theorem was proved in full generality by Breuil, Conrad
Diamond and Taylor in 2001.

Motivation XI11.2.0.3. — Consider the quadratic Q: 2% = d for d € Z\{0}, and for each prime p
define a,,(Q) + 1 as the number of solutions of @ modulo p. We can extend this multiplicatively by
U (Q) = a,,(Q)a,, (Q). Note for odd p that a,(Q) = (d/p) is the Legendre symbol, so quadratic
reciprocity says that a,(Q) only depends on the value p mod 4|d|.

We can reinterpret the system of solution counts {a,(Q)}, as eigenvalues of a finite-dimensional
complex vector space associated to Q. Let N = 4|d|, let G = (Z/NZ)* and let Vy = map(G, C)
which is a complex vector space. For each prime p, define the linear operator

f(pn) ifp N,
Tt Vv = W, (T f)m) = {0 otherwise.
Consider the particular element fo: G — C, f(n) = a,,(Q) in Vi, which is well-defined by quadratic
reciprocity as noted above. Then (7, fg)(n) = fQ(pn) = pn(Q) = a,(Q)a,(Q) if p | N and
(T,fq)(n) = 0 otherwise. Thus, T,,fo = a,(Q)fg for all p and f is an eigenvector of all T}, with
eigenvalues {a,(Q)},, resp.

Motivation XII1.2.0.4. — The modularity theorem is an analogues result. Consider the cubic
E: y? = da3g,x — g4 for g, g5 € Z with g3 — 27g3 # 0, which defines objects called elliptic curves
For each prime p, define p —a,,(E) as the number of solutions (z,y) of E modulo p. Then a part of
the modularity theorem states that the solution-counts {a,(E)}, arises as a system of eigenvalues

Motivation XIII.2.0.5. — A modular form is a function f on the complex upper half plane F
satisfying certain transformation and holomorphy conditions. For 7 € J, there is a Fourier expansion|
f(r) = ZZ‘;O a, (f)e*™" where a,,(f) € C for all n. Each non-zero modular form has an associated
weight k € Z and level N € Z, and all modular forms of a given weight and level form a vector space
So-called Hecke operators, including an operator T, for each prime p, act linearly on these vector
paces. An eigenform is a modular form that is a simultaneous eigenvector for all Hecke operators




238

The modularity theorem associates to £ an eigenform f5 in a vector space Vj; of modular forms
of weight 2 at level N; this eigenform is called the conductor of E. The eigenvalues of fj are its
Fourier coefficients determined by T,(f) = a,(f)f for all primes p, and a version of modularity]
states that a,(f) = a,(E) for all primes p, i.e., the Fourier coefficients are the solution counts.
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CHAPTER XIV

MODULAR FORMS AND MODULAR CURVES

Definition XIV.0.0.1. — The modular group is
SLy(Z) = {7 = (g Z) € Mat,(Z) ’ dety = ad — be = 1}.
Fact XIV.0.0.2. — The modular group SLy(Z) is generated by

1 1 0 —1
(O 1) and <1 0 ) .
Proof. — Let a = (2%) € SLy(Z). Since we have

L1\ _ [(a b\ (1 n\ _(x *

“No 1) T\e a)\lo 1) \ec ne+d

for all n € Z, if ¢ # 0 then we may choose a unique n such that —¢/2 < nc+d < ¢/2. So, w.l.o. g.
assume for « that —¢/2 < d < ¢/2. Since

0 —1) (% =
N o0) " \d —¢)
which swaps entries ¢ and d up to sign, if d # 0 then we can redo the previous step to obtain
—d/2 < ¢’ <d/2. By iterating, we eventually can assume, w.l.0.g., that ¢ = 0. Because the choice

of n is unique, this only happens when d = +1. Since ({ 7 )2 = —id, we may assume that d =1
By hypothesis, det @ = a = 1, whence o = (} %)b. Big
Definition XIV.0.0.3. — The upper half plane is 7 = {T € C : Im 7 > 0}.(XIV:1)

Definition XIV.0.0.4. — FEach v = (¢ Z) € SLy(Z) of the modular group defines an automor
iphism, the fractional linear transformation

at+b
cT+d’

c

(“ 2):@:@u{oo}—><é,

\Note that —d/c = o0 and oo a/c if ¢ # 0, and oo = oo if ¢ =0.

Remark XIV.0.0.5. — For any v € SL,(Z), both 4+ define the same transformation. Moreover
the group of transformations is generated by 7 — 7+ 1 and 7 = —tau™!, corresponding to the
generators of the modular group.

(XIv.1) From Riemann surface theory, the three simply connected Riemann surfaces are the plane C, the
iemann sphere C = CU {oco} and the upper half plane A




Insert reference.

Insert reference.
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Fact XIV.0.0.6. — The transformation group SLy(Z) on C restricts to a group action on J.

Proof. — To show that v = (%) € SL,(Z) restricts to ', observe that

Im((ar +b)(¢T+d))  Im(adt + bcT) Im 7
I - _ _
m(7) leT 4 d|? ler +d|? ler 4+ d|?

since ad —be = 1, so (1) € H if 7 € H. That SL,y(Z) is a group action means that id(r) = 7 and
that (vy')(7) = v(v'(7)) for all v,7" € SLy(Z) (for all 7 € C). The second identity follows from

associativity of matrix multiplication if we interpret 7 as (1) and (ar + b)/(cT + d) as (Z;*_g ). OF

Definition XIV.0.0.7. — For k € Z, a meromorphic function f: H — C is weakly modulan
of weight k if for all v = (2Y) € SLy(Z) and all T € H,

F(7)) = (et + d)* f(7).

Remark XIV.0.0.8. — We will later show that it suffices to check this condition on the generators
of SLy(Z), i.e., it suffices to check that f(7 + 1) = f(7) and f(—71) = 78 f(7).

Example XIV.0.0.9. — Weak modularity of weight 0 is simply SL,(Z)-invariance.

Example XIV.0.0.10. — Weak modularity of weight 2 naturally occurs in complex analysis
If we compute the path integral of f(7) over SL,(Z)-invariant paths in J, then f must satisfy
f(v(7)Ly(7) = f(7) for all v € SLy(Z) by change of variables. Since

dy(7)
dr

= (et +d) 2(aler +d) — (aT + b)c) = (et + d)2(ad — be) = (c7 +d) 72,

this condition is precisely weak modularity with weight 2.

Observation XIV.0.0.11. — (i) The product of two weakly modular functions of weight &k and [
has weight kl.

(ii) Taking v = —id, a weakly modular function f satisfies f = (—1)*f, so the only weakly|
modular function of any odd weight k is f = 0. However, we will later develop weak modularity inl
more general contexts.

(iii) While weak modularity does not make a function SL,(Z)-invariant, at least f and f o~
have the same roots and poles because ¢ + d on H has neither.

Construction XIV.0.0.12. — Let f: A — C be a Z-periodic holomorphic function. For example
since (3 1) € SLy(Z), we have f(7 + 1) = f(7) for any weakly modular function f: K — C, and
assume that f is holomorphic on . Let D = {q € C: |¢| < 1} be the open unit disk, and recall
from complex analysis that the Z-periodic surjective map H — D\ {0}, 7 — e2™7 is holomorphic
The function g: D\ {0} — C, ¢ — f((logq)/(271)) is well-defined, even though log ¢ is determined
up to 27iZ, and f(7) = g(e*™7). If f is holomorphic, then g is holomorphic since the logarithm is
locally holomorphic on D \ {0}. Hence, we have a Laurent expansion g(q) = " for all

q € D\ {0}. Observe that ¢ = ™7 — 0 as Im 7 — oo since |¢| = e727ImT,
So, thinking of co as lying on the imaginary line, we define f to be holomorphic at oo if g

extends holomorphically to ¢ =0, i.e., g(q) = Z;O:O a,q" sums over the naturals. In other words

f admits a Fourier expansion f(1) = g(e*™7) = Z:o:O a,, (f)e* ™.

n>—N anq

Remark XIV.0.0.13. — The classical definition says that a holomorphic function f is holomorphic
at infinity if f(1/7) has a removable singularity at 0. In the context of modular forms, however, we
exploit the fact that weakly modular functions are Z-periodic and use the transformation 7 — ™7
instead of 7> 1/7
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Lemma XIV.0.0.14. — A Z-periodic holomorphic function f: H — C is holomorphic at oo iff
f(7) is bounded as Tm T — o0.

\Proof. — Since Im 7 — oo if and only if ¢ = e?™7 — 0 and since f(7) = g(e?™'7), this follows from
Riemann’s theorem on removable singularities. i

Definition XIV.0.0.15. — For k € Z, a function f: H — C is a modular form of weight k if
fis:

(i) holomorphic on I ;

(ii) weakly modular of weight k;

(iii) holomorphic at oco.

We write M;,(SLy(Z)) for the complex vector space of modular forms of weight k.

Remark XIV.0.0.16. — (i) Holomorphy at co makes M} (SLy(Z)) finite-dimensional. This also
holds more generally.

(ii) Since the product of two modular forms of weight k and ! is a modular form of weight & + 1
which is easy to check with lemma XIV.0.0.14. Thus, we have a (commutative) graded ring

M (SLy(Z)) = €D My, (SLy(Z)).
keZ
Example XIV.0.0.17. — The zero function on # is a modular form of any weight, and constant

functions on A are modular forms of weight O.
We define a two-dimensional version of the Riemann zeta function (k) = Z:i 1/ d*.
Definition XIV.0.0.18. — For k > 3, the Eisenstein series of weight k is

1
Gk:: H — (C, Gk(T> =

(i €7 TDE
Fact XIV.0.0.19. — The Eisenstein series Gy, (1) converges absolutely and locally uniformly (i. e.
uniformly on compact sets) on H . Hence, G, is holomorphic and the sum can be rearranged.
IProof. — 1If we consider partial sums over (c,d) € [-n,n]?\ {(0,0)}, the series
> . Z > LI i sn _ 8¢(k—1) (X1V.0.0.19.1
(e.d)€Z2N{(0,0)} maxﬂc‘ it = 1 max{|d],|d|}=n o
converges and dominates Z |c7’ +d|™*, whence G,,(7) is absolutely convergent.

Next, for A, B > 0 let Q = {T S |Re7’| < A,Im7 > B}. We claim that there is a constant
C' > 0 such that |7+ §| > Cmax{1,|d|} for all 7 € £2 and all § € R. By exhaustion:

- if |§| < 1, then |74+ 6| > Im7 > B;

- if1<|§] <24 and Im 7 > A, then |7+ 6| > Im7T > A > |0]/2;

—if 1 <] < 24 and Im7 < A, then |7 + §|/|d| attains a minimum m on a compact set, so
|7+ 6| > m|df;

— if [§] > 2A, then |7+ 8] > |[ReT + 6| > |0] — |ReT| > |6] — A > |8]/2;
so any C' < min{B, 3, m} does the trick.

Any compact subset of F is bounded and hence is contained in a suitable set {2. Hence for 7 inl
this compact subset,

1 1 1
= 2¢( %
2 ler + dF ‘) Z clFlr + djclF = ) Z Ck max{|c|. |d|}*

(e d e 22N {000}

Insert reference or exj
planation. Maybe we
need explicit dimen;
sion formulas.
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converges uniformly by the dominating equation (XIV.0.0.19.1). This allows us to interchange
contour integrals over compact paths with the uniform limit, so Morrera’s theorem shows that G, is
holomorphic. pid
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PART VIII

CATEGORY THEORY
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Notation XIV.0.0.21. — — Different from [KS06], we say locally small categories instead of
U[-categories, and we say small categories instead of Z/-small categories
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— We try to use small Latin letters for morphisms, capital Latin letters for functors, and Greek
letters for natural transformations.
— Different from [KS06] and in accordance to [Riel6]; [nLa26], whiskering is notated by juxtapos

sition.
— We define the conventional contravariant Yoneda embedding h®: € — Fun(C, Set). In the
notation of [KS06], one defines ko = (h®)°P.

— We write F'| G instead of M[C — & + D] for the comma category of F: € — and G: D — &
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CHAPTER XV

CATEGORIES AND FUNCTORS

§ XV.1. BASIC NOTIONS

XV.1.1. Foundational issues.

Axiom XV.1.1.1 (Zermelo-Fraenkel set theory with choice, ZFC). — ZFC can be expressed
in first-order logic where the only objects are sets and the only predicate is membership of sets
written €. Except for the axiom of extensionality (equality of sets) and axiom of regularity (virtually
only used for handling ordinals or transfinite induction), we require the following:

(i) axiom schema of specification: if S is a set, then T' = {z € S| ¢(x, S, wy,...,w,)} is a set
based on a formula (condition) ¢(z, S, wy,...,w,,) (we are only allowed to form subsets);

(ii) axiom of pairing: if S and T are sets, then {S, T} is a set;

(ili) axiom of union: if S is a set (of sets), then |J _ = is a set;

(iv) axiom schema of replacement: if (S;);c; is a family of sets indexed by a set I (more formally
a function i > S; on a set I with sets S; as values), then {S; |i € I} is a set;

(v) axiom of infinity: given ¢, then N is a set, formed by von Neumann ordinals 0 = & and
n={g,n—1}

(vi) axiom of power set: if S is a set, then P(S) = {T C S} is a set.;

(vii) axiom of choice: if (5;);c; is a family of non-empty sets indexed by an (infinite) set I, then
there exists a family (x;);c; with ; € S; (more formally, if I is a set of non-empty sets, then there
exists a function f on I with f(i) € ¢ for each i € I).

This allows us to perform the following basic operations:

— complements S\T ={x € S|z ¢ T}

— unions |J,_, S; =, # where T' = {S; | i € I'} by the axiom of replacement;

— intersections (), _, 5; ={z €, , 5; |z € 5; for all i};

— ordered pairs (S,T) = {{S},{S,T}} where {S} = {5, S} by axiom of pairing;

— binary unions S UT since 2 € N;
binary products S x T = {(z,y) € P(P(SUT)) |z € S,y € T};

— function sets map(Z, S) of all f € P(I x S) such that, for each i € I there is a unique f(i) € S|
such that (i, f(4)) € f;

= products [T, S; ={f: I = U,_, S| f(i) € S; for each i};

— disjoint unions J,_, 5; = U,_,({i} x 5;).

Motivation XV.1.1.2. — In category theory, we want to speak of large collections of mathematical
objects, e.g., ‘all groups’, ‘all topological spaces’, or ultimately ‘all sets’. However, if one is not,
careful, then these size issues can lead to paradoxes like Russel’s paradox.(*V-1) Hence, the collection

(XV.1) Russel’s paradoz states that: There is no set S such that z € S if and only if x is a set; or equivalently,
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of all sets is not a set. There are generally two ways to handle this.

(i) The first one, popularised by Grothendieck in SGA 4 (1963/1964), employs Grothendieck
universes which are postulated to be a set. Then the ‘set of all sets’ is possible by interpreting it as
the ‘set of all members in a Grothendieck universe’. These universes are defined in such a way that
all ordinary operations in ZFC can be performed in it.

(ii) The second one, much more common in current mathematics, introduces a new collection
type of classes, and there may be classes of sets which are not themselves sets, so-called prope
classes. This resolves the ‘set of all sets’ by saying that this is a ‘class of all sets’, prohibiting
recursion. The notion of classes is formalised in von Neumann-Bernays-Godel set theory (NBG)
which is a conservative extension of ZFC, i.e., any statement provable in ZFC is also provable in
NBG, and any statement that is provable in NBG but not in ZFC must involve classes.

We will cover both.
_— e e————————————

Definition XV.1.1.3. — A Grothendieck universe or just universe is a set U satisfying the
following properties:

(i) transitivity: if w € U and v € u, then v € U (or equivalently, u € U implies u C U );
(ii) power set: if uwe U, then P(U) CU;

(iii) undons: if I € U and u; € U for all i € I, then Uie[ u; €U;

(iv) natural numbers: N € U.

In (iv), the natural numbers N are interpreted as the set of von Neumann ordinals, i.e., 0 = g € N
and n = {@,n —1} for all n > 1, so that & € U by (i).(*V?)

Fact XV.1.1.4 (properties of universes). — Any universe U enjoys the following properties:
i) subsets: if u € U and v C u, then v € U;

(i
(ii) singletons: if uw € U, then {u} € U;
(iii) axiom schema of replacement: if I € U and u; € U for all i € I, then {u; |i € I} € U;
(iv) aziom of unions: if u € U, then |J _ € U;
(v) intersections: if I € U and u; € U for all i € I, then (,_ u; € U;
(vi) disjoint unions: if I € U and u; € U for all i € I, then [, _ u; € U;
(vii) function sets: if u,v € U, then map(u,v) € U;
(viil) products: if I € U and u; €U for all i € I, then J],_ u; € U.
\Proof. — For (i), u € U implies P(u) € U. Since v C u, we have v € P(u), so v € U by transitivity,
Similarly for (ii), since {u} € P(u), if u € U then {u} € U. Next, (ii) implies (iii): if I € & and
u; € U for all i € I, then {u; |i € I} =J,_ {u;} € U. (iv) follows from transitivity, and (v) follows
from (i).

The remaining statements follow from (i) and the following fact: if u,v € U, then uUv € U
Indeed, since 2 € N and N € U, we have 2 € U, whence uUv € U. For more details, see the definition
of the basic set operations in axiom XV.1.1.1. pid

In the context of category theory, we amend ZFC by the following axiom.

there is no set of all sets. Indeed, by way of contradiction, suppose that such a set S exists. By the axiom schema of|
nrestricted comprehension, consider the subset R ={z € S|z ¢ z} of S. If R € R, then R ¢ R, and if R ¢ R, then
R € R, a contradiction.
(XV-2) Originally, SGA 4 required U # @ and used the pairing property instead of (iv): if w,v € U, then
u,v} € U. Like in fact XV.1.1.4, one shows that v € U and @ € P(u) € U implies @ € U. Then by pairing and|
singletons, N C 2/, but not necessarily N € Z/. That is why by axiom XV.1.1.5, one w.l. 0.g. chooses a universe large
enough such that N € &. However, relaxing (iv) in this way also allows the set of all hereditarily finite sets to be aj
Grothendieck universe
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Axiom XV.1.1.5 (Grothendieck). — Every set belongs to some universe.

Definition XV.1.1.6. — Let U be a universe. A set is a U-set if it belongs to U, and a set is
U-class if it is a subset of U.*V?)

FExample XV.1.1.7. — The principle idea is to almost always consider I/-small objects only
given a universe U. For example, the category of all groups contains all Z/-small groups G whose
underlying set is U-small and whose group operation G x G — G is also U-small.

—_— o e———————

Definition XV.1.1.8. — A class is a set if it belongs to some other class. In particular, every
set is a class and classes only consist of sets. A class that is not a set is called a proper class.

Aziom XV.1.1.9 (von-Neumann-Bernays-Godel set theory, NBG). — NBG is a conservative
extension of ZFC (axiom XV.1.1.1) and can be expressed in first-order logic. Besides sets, we
introduce a new type of object: classes. The notions unions, power sets and functions (families
extend to classes. Moreover, we change the axioms of ZFC in the following way:

— The axiom of extensionality (equality of sets) is extended to classes.

— As a benefit of classes, the axiom schema of replacement can be replaced by a single axiom
since we may now speak of the class of (all) functions.

— We add theorem XV.1.1.10 below as an axiom. This avoids Russel’s paradox.

— If desired, we modify the axiom of choice to the aziom of global choice by not only choosing in
a family of non-empty sets, but choosing in the class of all non-empty sets. This is strictly stronger|
then ordinary choice.

[Every other axiom in ZFC is left untouched.

Von Neumann and Bernays realised that NBG is finitely axiomatisable by replacing theo-
rem XV.1.1.10 with seven other class existence axioms, four of them handling basic operations onl
classes, and three other manipulating tuples. With these axioms, theorem XV.1.1.10 is provable
within NBG.

Theorem XV.1.1.10 (class existence theorem). — For every formula ¢(x4,...,x,) that quantifies
only over sets, not classes, there exists a class consisting of all n-tuples of sets (x4, ..., x,,) satisfying ¢
Lemma XV.1.1.11. — Let f: A — B be an injective class function. If A is proper, then B ig
iproper.

\Proof. — Suppose that B is a set. Then the image f(A) C B is a set, and we have a bijection
f: A— f(A). We obtain a function f~': f(A) — A with image f~!(f(A4)) = A. By the axiom of
replacement, A is a set, a contradiction. i

Example XV.1.1.12. — By Russel’s paradox, the class C of all sets is a proper class. Similarly
the classes of all groups, A-modules, topological spaces, etc. are proper classes since we can always
find an of C into these classes and use lemma XV.1.1.11. For example, given a set S € C, we canl
associate the trivial group {S} consisting of one element; this defines an injection from C' to the
class of all groups.

(XV.3) Originally, SGA 4 does not define U-classes at all, as in the context of categories €, it often does not|
matter what Ob(€) and Mor(C) are w.r.t. U (they are always very big, and one can make them V-sets by choosing al
larger category V 3 {U, Ob(C), Mor(€)}). However, it generalises the idea of U-sets to U -small sets which are sets
that are in bijection with a Z/-set. This is sometimes necessary since some constructions like localisations in derived|
U -categories (with Z-hom-sets) lead outside of U, but are still Z-small. However, categories € with &-small hom-sets
‘U-locally small’) do not define hom-functors Home(—, X): C°P — Sety, into the category of U/-sets. Instead, a second
axiom in Bourbaki set theory (SGA does not use ZFC) says that one can find Z =~ Home (Y, X) with Z € U and
then just defines Home (Y, X) :=
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The following is one of the reasons for future size restrictions of categories.

Lemma XV.1.1.13. — Let f: A — B be a class function, which we identify with its graph. If A
is a proper class, then f is a proper class. In particular, f cannot be an element of another class
and map(A, B) is ill-defined if A is proper.

IProof. — Recall that the graph of f consists of a unique pair (z, f(z)) € A x B for each = €
A. Consider the surjective function f — A onto the first entry in (z, f(x)), which exists by
theorem XV.1.1.10. If f were a set, then A is a set by the axiom of replacement, a contradiction

i

Remark XV.1.1.14. — Any Grothendieck universe & provides a model for NBG by defining
classes to be U-classes and sets to be U-sets. However, the language of universes is strictly stronger|
than NBG. The reason is that universes allow stacking U, € U; € --- to construct ever larger
collections, but classes must not contain classes in NBG.

Convention XV.1.1.15. — We will mostly work within the language of classes and sets in NBG
If there is ever a need to pass to the language of Grothendieck universes, replace sets by U-small sets
and classes by subsets of U for any universe U.

XV.1.2. Categories.

Definition XV.1.2.1. — A category C consists of the following:
(i) a class Ob(C);
(ii) a class Home(X,Y) called hom-set for each X, Y € Ob(C);
(iii) @ map
o: Home(X,Y) x Home(Y, Z) — Home(X, Z2), (f,g)F—gof
called composition for each X,Y,Z € Ob(C);
satisfying the following properties:

(i) o is associative, i.e., (hog)o f = ho(go f) for all f € Homp(X,Y), g € Home (Y, Z)
h € Home(Z,W);

(ii) for each X € ODb(C), there exists an identity morphism (or just identity) idy €
Home (X, X) such that foidy =idy o f = f for all f € Home(X,Y).

Fact XV.1.2.2. — Identity morphisms are unique.

Notation XV.1.2.3. — Let € be a category. The elements of Ob(C) are called objects and the
elements of f € Home(X,Y) are called morphisms or arrows, often written as f: X — Y and
sometimes as f: Y < X. For a morphism f: X — Y, the object X is called the domain or source
and the object Y is called the codomain or target of f. We denote the class of all morphisms by
Mor(C) := UX,YEOb(C’) Hom(X,Y).

If a morphism f: X — Z can be written as a composition of g: X — Y and h: Y — Z, then we
say that f factorises through any of g, h or Y.

We will often drop the index from the notation Home(X,Y) if it is clear which category is meant
Other notations, which we will not use, include € := Ob(€) and C(X,Y) := Home(z,Y).

Motivation XV.1.2.4. — The categorical point of view emphasises not only the objects of a
mathematical theory, but also the relational morphisms between the objects. It is the radical thought
that objects can be best described not through their construction and properties, but by their
behaviour with other objects.

Some would even go as far as to only consider morphisms since there is an injection Ob(C) <
Mor(€), X + idy. This can be made precise by defining a category to just be a class of morphisms
or(@) with a few special maps on Mor(€), indicating composition and identity morphisms
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Definition XV.1.2.5. — Let C be a category. It is locally small if every hom-set Hom(X,Y)
for X, Y € Ob(C) is a set, otherwise, it is large. It is small if it is locally small and if Ob(C) is
set.

Warning XV.1.2.6. — Despite the name, hom-sets are not necessarily sets. But in most,
categories across mathematics, they are, i.e., most categories are locally small. For that reason
some literature define all categories to be locally small, e. g., SGA 4.

Remark XV.1.2.7. — Given a Grothendieck universe U, if a category € (or even a family of]
categories)
Example XV.1.2.8. — All of the following categories are only locally small, not small. Moreover

the following categories describe sets with some structure.

(i) The category of sets Set with maps as morphisms.

(ii) The category of groups Grp with group homomorphisms as morphisms.

(iii) The category of left A-modules A-LMod with A-linear maps as morphisms. If A =k is a
field, then we denote it by k-Vect, the category of all k-vector spaces. If A = Z are the integers
then we denote it by AbGrp, the category of abelian groups.

(iv) The category of topological spaces Top with continuous maps as morphisms.

(v) The category of pointed sets Set, with base point-preserving maps. Similarly, the category
of all pointed topological spaces Top, with base point-preserving continuous maps.

(vi) The category of binary relations. The objects are relations (X, p) on sets X, and morphisms
are relation-preserving maps f: (X,p) — (Y, 7), i.e., maps f: X — Y such that if (x,2") € p, then
(f(z), f(z") € 7.

(vil) Other categories include the category of models from logic, the category of graphs, the
category of finite-state automata, the category of smooth manifolds, etc.

However, there are also more abstract categories whose objects do not have an underlying set.

(viii) The category of matrices. It has integers as objects and matrices as morphisms, i.e.
Hom(n,m) = Mat,,,.,(Z). Composition is defined as Ao B = BA.

(ix) Let (I, <) be a poset (or more generally a preorder, i.e., not necessarily anti-symmetric)
This defines a category € with objects Ob(€) = I and morphisms

{pt} ifz <y,
%] otherwise.

Hom(z,y) = {

Composition exists since < is transitive, and reflexivity implies the identity morphism. A particular
example of this is to consider a topological space (X, 7) and set I =7 and < = C.

Notation XV.1.2.9. — (i) The empty category 0 = & has no objects and hence no morphisms
(ii) The trivial category 1 = {e} has only one object and no morphisms except for the identity
(iii) Let 2 = {® — o} denote the category consisting of two objects a and b with only one

non-identity morphism a — b.

Definition XV.1.2.10. — Let C be a category. The opposite category C°P of C is defined by
Ob(€°P) = Ob(C), Homeep (X,Y) = Home (Y, X) and composition is given by g o°P f:= fog. I
other words, we only flip all morphisms. We will always write o = o°P. Sometimes, we denote the
corresponding object or morphism in C°P of X € Ob(C) or f € Home(X,Y) by X°P and f°P, resp

Remark XV.1.2.11. — Many constructions and properties in category theory can be performed
in the opposite category. Logically translating this construction or property back to the original
category, we call this situation the dual to the original one. In other words, we flip all arrows for|
the dual situation. Many notions in category use the prefix ‘co-’ for the dual notion. Everything
that holds for one situation also holds for the dual situation, since the proof itself can be applied to
the opposite category. Thus, the dual proof is always tacitly implied
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Definition XV.1.2.12. — A morphism f: X = Y is an isomorphism if there exists a morphisms
1Y — X such that fof!' =idy and f~tof =idy. Such f~1 are automatically unique, whence
the notation. In this case, we also write f: X =Y and say that X and Y are isomorphic, written

X =Y.
Fact XV.1.2.13. — Isomorphisms form an equivalence relation.

Definition XV.1.2.14. — An endomorphism is a morphism of the form X — X. If it is also
an isomorphism, then it is an automorphism.

Definition XV.1.2.15. — (i) A morphism f: X — Y is a monomorphism if for any pair of
parallel morphisms gy,95: Z =X X with fog, = fog,, we have g, = go. In other words, f i
right-cancellable. We often write f: X < Y in this case.

(ii) Dually, a morphism f: X — Y is an epimorphism if for any pair of parallel morphisms
91,92 Y X Z with gy o f = gy o f, we have g = g5. In other words, f is left-cancellable. We ofte
write f: X =Y in this case.

Example XV.1.2.16. — In Set, the monomorphisms are precisely the injective functions and the
epimorphisms are precisely the surjective functions.

(i) Let f: X < Y be a monomorphism. If f(z,) = f(z,) for z;,z, € X, consider g, go: {pt} =
X with g;(pt) = x; for ¢ = 1,2. This shows that z; = z,, so f is injective. The converse is easy.

(ii) Let f: X — Y be a epimorphism. Consider the two maps g;,9,: ¥ = {0,1} defined as
g, = 1 and g, = X (x) (the indicator function on f(X)). This shows that g, = g,, so Y C f(X)
The converse is easy.

Remark XV.1.2.17. — A morphism f: X — Y is a:

(i) monomorphism if and only if fo—: Hom(Z, X) — Hom(Z,Y) is injective for all objects Z
(ii) epimorphism if and only if —o f: Hom(Y, Z) — Hom(X, Z) is injective for all objects Z.

In particular, the composition of two monomorphisms (resp. epimorphisms) is again a monomorphism
resp. epimorphism).

Definition XV.1.2.18. — For morphisms f: X =Y and g: Y — X, if go f =idy, we say that
f is a left inverse, retraction or split monomorphism of g and that g is a right inverse
section or split epimorphism of f. In this case, f is a monomorphism and g is an epimorphism

Fact XV.1.2.19. — Isomorphisms are monomorphisms and epimorphisms.

Warning XV.1.2.20. — A morphism that is both a monomorphisms and an epimorphisms
is not necessarily an isomorphism. For example, in Ring, the inclusion Z < Q is both a
monomorphism and epimorphism, but not an isomorphism: there is no ring map Q — Z.

2-out-of-6 property XV.1.2.21. — (i) The class of isomorphisms in a category C satisfies the
2-out-of-6 property: Given morphisms

f g h
X—Y —>272—U,

if go f and heo g are isomorphisms, then f, g, h and hogo f are isomorphisms.

(ii) Conversely, suppose that a class of morphisms (so-called weak equivalences) W C Mor(C)
contains all identities and satisfies the 2-out-of-6 property (i. e., if gof,hog € W, then f, g, h,hogof €
W). Then W contains all isomorphisms

IProof. — For (i), observe that fo(go f)~! is a right inverse of g and that (hog)~'oh is a left inverse
of g. Moreover, we have fo(go f)~! = (hog)~! o h by rearranging. Hence, g is an isomorphism
Thus, gL o(go f) = f and (hog)og ! = h are isomorphisms as well.

Conversely for (ii), let f be an isomorphism and consider f~'o fo f~!. Then f~!o f =id and
fo f=' =id are in W, and so is f by the 2-out-of-6 property. sig
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2-out-of-3 property XV.1.2.22. — The class of isomorphisms in a category satisfies the 2-out-of-3
property: Given morphisms

! g
X—Y —Z
if two of the morphisms f, g and go f are isomorphisms, then the third one is an isomorphism.

\Proof. — This can be directly proven. Alternatively, it is a direct consequence of the 2-out-of-6 prop;
erty XV.1.2.21. Namely, if f and g are isomorphisms, then applying the 2-out-of-6 property XV.1.2.2]
to
f idy g
X—Y —>Y—2Z7
shows that g oidy o f = g o f is an isomorphism. If f and go f are isomorphism, then applying the
2-out-of-6 property XV.1.2.21 to
idx f g
X—X—Y—Z7

shows that g is an isomorphism. Similarly for if g and g o f are isomorphisms. pi

Definition XV.1.2.23. — A category C is:

(i) discrete if all morphisms are identity morphisms;

(ii) a groupoid if all morphisms are isomorphisms;

(iii) thin if Home(X,Y') has at most one element for any X,Y € Ob(C);

(iv) non-empty if Ob(C) + &;

(v) finite if Mor(C) and hence Ob(C) (via Ob(C) = Mor(C), X + idy ) is finite;

(vi) connected if the diagram of C is weakly connected in the sense of graph theory, i.e., fo
any two X,Y € Ob(C), there is a sequence X = X,,...,X,, =Y of objects such that a morphis
X; = X, or X, — X, exists for all 0 <1 <n—1.

Example XV.1.2.24. — Any monoid M (i.e., a set with a associative product with unit) defines
a category with a single object and M as morphisms. Similarly, a group G defines a groupoid with
a single object and G as morphisms.

CzDoce—

Definition XV.1.2.25. — Let C be a category. The arrow category Arr(C) has Mor(C) as
objects and commutative squares

x 1, x

y 25y

as morphisms (u,v): f — g. The composition is pasting of squares and the identity morphisms are
the obvious ones. Additionally, there are the source map and target map

s: Ob(Arr(@)) — Ob(@), (X — V) — X;
t: Ob(Arr(@)) — Ob(@), (X —Y)r— Y.

Definition XV.1.2.26. — (i) An object I is initial if for any other object X, there is exactly
one morphisms I — X.
(ii) Dually, an object T is terminal if for any other object, there is exactly one morphisms
X —=T.
(iii) An object is a zero object if it is both initial and terminal, and we denote the zero object
by 0. A morphism X — Y is a zero morphism if it factorises through 0, i.e., X -0 — Y. By
abuse of notation, we will also denote this by 0: X — Y
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Fact XV.1.2.27. — If they exist, initial and terminal objects and unique up to unique isomorphism

IProof. — Let I and I’ be initial objects. Then there are unique morphisms I — I’ and I’ — [
Then the compositions I — I’ — I and I’ — I — I’ must be id; and id}/, resp., since the identity|
morphisms are the only morphisms I — I and I’ — I’. Thus, I =% I’ and I’ =% I are the unique

isomorphisms. i
Fact XV.1.2.28. — Let I and T be initial and terminal objects of a category, resp. If any
morphism T — I exists, then I =T 1is the zero object.

\Proof. — This is the same proof as fact XV.1.2.27. pi
Example XV.1.2.29. — (i) In Set, the initial object is @ and the terminal object is {pt}. The

same is true for Top.
(ii) In Top,, the zero object is ({pt}, pt).
(iii) In A-LMod, the zero object is the zero module 0. Similarly, the zero object of Grp is the
trivial group {1}.
(iv) The category of the poset (Z, <) has neither initial nor terminal object.

Example XV.1.2.30. — Fix a right A-module R and a left A-module L. We define a category|
whose objects are Z-linear maps f: R x L — M for M € Ob(AbGrp) with f(ra,l) = f(r,al) for all
a € A. The morphisms are Z-linear maps M — N such that the diagram

R x L

N

M N

commutes. Since any map f: R x L — M factorises through the tensor product R ® 4 L — M, the
object R x L -+ R ® 4 L is initial.

XV.1.3. Functors.

Definition XV.1.3.1. — Let C and D be two categories. A covariant functor or just functon
F: C — D consists of the following:

(i) @ map F: Ob(C) — Ob(D);
(ii) a map F: Home(X,Y) — Hom,(F(X), F(Y)) for all X,Y € C;

such that:

(i) Flidy) = idpy, for all X € Ob(€);
(ii) F(go f) = F(g) o F(f) for all morphisms f: X =Y and g: Y — Z in C.

These two properties are called functoriality of F.
Dually, a contravariant functor F: C — D is a functor C°° — D. In particular, it satisfies

Flge f)=F(f)°F(g).

Example XV.1.3.2. — (i) For two categories I and €, let X be an object of €. We define the
constant functor Ay: I — € by i > X on objects and f + idy on morphisms. Note that we
usually gather the domain I from context.

(ii) For a category €, the identity functor ido: € — € is defined in the obvious way. It induces
a contravariant functor C°P — C.

(iii) For an object X of a category C, the functor 1 — €, pt — X is the inclusion functor
of X. By abuse of notation, this is often denoted just by X.

(iv) For a category €, any functor € — € is called an endofunctor of @
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Convention XV.1.3.3. — We will avoid the distinction of covariant and contravariant functors
as much as possible. Instead, we will use the notations € — D and C°P? — D and just say functor|
to both of them.

Remark XV.1.3.4. — (i) Two functors F': ¢ — D and G: D — & can be composed in the
obvious way: compose the map on objects and the map on hom-sets. We denote their composition
by G o F', which is again a functor.

(ii) If F: € — D is a functor, then F°P: C°P — D°P is a functor.

Example XV.1.3.5. — (i) The fundamental group of a pointed topological space defines a functor|
my: Top, — Grp.
(ii) The dual space of a vector space defines a functor (—)*: k-Vect®® — k-Vect.

Fact XV.1.3.6. — Let F: C — D be a functor. If f is an isomorphism in C, then F(f) is a
isomorphism in D.

Definition XV.1.3.7. — A functor F: C — D is:

(i) faithful (resp. full, fully faithful) if Home(X,Y) — Homy, (F(X), F(Y)) is injective
(resp. surjective, bijective) for all X, Y € Ob(C);

(ii) essentially surjective if for each Y € Ob(D) there exists X € Ob(C) and an isomorphis
F(X)Y;

(iii) conservative if a morphism f in C is an isomorphism whenever F(f) is an isomorphism)
in D.
ALl of these properties are transitive, i.e., if F': € — D and G: D — & have one of these properties
then G o F' has this property as well.

Lemma XV.1.3.8. — Fully faithful functors F: C — D are conservative. Even stronger, if
F(X) = F(Y) for objects X and Y in C, then there exists a unique isomorphism X =Y in C.

\Proof. — Let f be a morphism in €. If F'(f) is an isomorphism, then since F is full, there exists a
morphism ¢ in € such that F'(g) is the inverse of f. Since F is faithful, F'(go f) = id and F(fog) = id
implies that go f =id and f o g = id, whence g is the inverse of f.

If there is an isomorphism F(X) =% F(Y), then by fully faithfulness, there is a corresponding
morphism X — Y in €, and this must be an isomorphism by the previous part. i

Lemma XV.1.3.9. — Let F: C — D be a faithful functor, and let f be a morphism in C. If
F(f) is an epimorphism (resp. monomorphism), then so is f.

Proof. — Let F(f): F(X) — F(Y) be an epimorphism in D and let g,h: Y =X Z be parallel
morphisms such that go f = ho f. Then F(g) o F(f) = F(h)o F(f). Since F(f) is an epimorphism

we have F(g) = F(h), so g = h because F is faithful. o
& S
Definition XV.1.3.10. — Let C be a category. Formally, a diagram of shape I in C is a functo

F: 1 — C. The category I is called the index category of F. The diagram is finite (resp. small
if I is finite (resp. small).

Informally, a diagram in C is a directed graph I (including loops and parallel edges) with objects
in C as vertices and morphisms in C as directed edges. A diagram in € commutes if for any tw
objects, any composition of morphisms along any direct path between them agree. We usually do nof
include the composition morphisms and identity morphisms in the diagram.
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Remark XV.1.3.11. — Diagrams are the main tool in category theory to visualise situations
and the prove statements. They are what equations are to algebraists. Most of the time, the index
categories are very small, often finite. We will rarely use the formal definition of a diagram, but
often draw a diagram and show that it commutes, which is sometimes called diagram chasing (in
the wider sense of category theory, not homological algebra). Checking commutativity is the same
as checking functoriality in the formal sense.

Erample XV.1.3.12. — Here are two diagrams:

x .y /l—\
,,i Jg x 1,y 9237
V—k>Z,

The first one commutes if go f = ko h, the second one if [ = go f. Note that not all diagrams
commute, e.g., ¢ ¢ o in general.

Definition XV.1.3.13. — Let C be a category. A subcategory C’ of C is defined by:
— Ob(€") C Ob(€) and Home, (X,Y) C Home(X,Y) for all X, Y € Ob(C’);
— composition in €’ is induced by C;
— identity morphisms in C’ are those from C.
It comes with a natural embedding functor €’ < C, which is faithful.
Moreover, a subcategory C’ is:
(i) full if Home (X,Y) = Home(X,Y) for all X, Y € Ob(C’), i.e., €’ has all morphisms of €
(ii) replete if for any X’ € Ob(C’) and any isomorphism f: X' = X in C, both X’ and f are
in C', i.e., C' is closed under isomorphisms;
(iii) saturated if it is full and replete.

Definition XV.1.3.14. — A category C is concrete if it has a faithful forgetful functon
For: € — Set.
Remark XV.1.3.15. — The term forgetful functor has no precise definition and is used for various

functors in category theory. It simply indicates that something is ‘forgotten’.

Example XV.1.3.16. — Most categories in mathematics are concrete and their forgetful functors
give the underlying set. For example, For: Top — Set forgets the topology, or For: Grp — Set
forgets the group structure. Other forgetful functors include AbGrp — Grp or Field — Ring. Note
that most forgetful functors are not full.

Lemma XV.1.3.17. — Let C be a concrete category with forgetful functor For: € — Set. Then q
morphism f of C is a monomorphism (resp. epimorphism) if For(f) is injective (resp. surjective)

\Proof. — Combine example XV.1.2.16 and lemma XV.1.3.9. i

Definition XV.1.3.18. — Let (C,),c; be a family of category indexed by a set I.

(i) The product category [[,_, C; has [],_, Ob(C;) as objects and ]],_, Home (X;,Y;) as
hom-sets.
(ii) The disjoint union category [[,_, C; has

[JobE) ={(x,i)|iel,X € ObE)}

1€l
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as objects and

Hom X,Y) =
e, & ( ) ] otherwise,

{Hom@i (X,Y) if both X,Y in C;,
as hom-sets.

If I is finite, say, (Cy,...,C,), then we write C; x -+ x C, and €, I1--- 11 C,, instead.

Remark XV.1.3.19. — Given a family of functors (F;: €; — 2);),c;, we naturally obtain functors
e, e i € = I, D and [ B I, G — T 2
Definition XV.1.3.20. — A bifunctor is a functor F: G, x C; — D. This means thal
F(X,,—): Cy = D and F(—,X,): €, — D are functors for all objects X; in C;, and the diagram

F<X17X2> M F<X17}/2)

| R L
F(Y;, X;) =0 F(R.Y;)

commutes for all morphisms f;: X; = Y, in C;.
Example XV.1.3.21. — (i) Let € be a locally small category. Then the bifunctor
Home(—,—): C°P x € — Set

is called the hom-functor. Note that € must be locally small for the functor to have a codomain|
If Grothendieck universes are assumed, then one can choose a sufficiently large universe and drop
the size restriction.

(ii) For an algebra A over a commutative ring k, we have bifunctors

—®4 —: A-RMod x A-LMod — k-Mod, Hom 4 (—,—): A-LMod°? x A-LMod — k-Mod.

oo

The following construction generalises many categories arising from two functors.
Definition XV.1.3.22 (Lawvere 1963). — Let F: C — & and G: D — & be two functors. The
comma category™V*) F | G or F/G consists of the following:

— the objects are triples (X,Y, f) with X € Ob(€), Y € Ob(D) and f: F(X) - G(Y) in &;
— the morphisms (X,Y, f) = (X',Y', ') are pairs of morphisms (u,v) with u: X — X’ in C
and v: Y =Y’ in D such that the diagram

commutes.

Composition is the obvious one from C x D. There are two faithful forgetful functors Fore: (F|G) —
C, (X,Y,f) X and Forp: (FlG) — D, (X,Y,f) Y.

Example XV.1.3.23. — The arrow category Arr(C) is the comma category ide | ide.

(XV.4) Historically, a_comma category was written as (F, G), hence the name
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Fact XV.1.3.24. — Let F: C — £ and G: D — & be functors. If C and D are locally small
then the comma category F | G is locally small. If € and D are small and if & is locally small
then F | G is small.

IProof. — Suppose that € and 2D are locally small. Let (X,Y, f) and (X', Y”, ') be two objects in
F' | G. Then we have

HomFiG((X,Y,f), (XY, ")) € Hompe(X, X’) x Hom,(Y,Y7)

where the right-hand side is a product of sets and hence a set. Thus, the left-hand side is a set and
F | G is locally small.
Now, suppose that € and 2 are small and that & is locally small. We have

Ob(F | G)COb(€)xOb(D) x [] ][] Homg(F(X),G(Y)),
XeOb(€C) YeODb(D)
where the right-hand side is a set. Thus, F' | G is small. i
Definition XV.1.3.25. — Let C be a category and let A be an object of C. Let A: 1 — C
pt = A be the inclusion of A.

(i) The over category or slice category C/A of C over A is the comma category ide | A
Explicitly, it has morphisms X — A as objects and commutative triangles

x— 1 .y

~N 7

as morphisms.
(ii) Dually, the under category or coslice category A/C of C under A is the comma categor:
A lide. Explicitly, it has morphisms A — X as objects and commutative triangles

x— 1 Ly

~N S

as morphisms.
\Both categories have forgetful functors For =s: €/A — € and For =t: A/C — C, resp.
Definition XV.1.3.26. — For a category C, let my(C) be the set of connected components in C

In other words, we define an equivalence relation on Ob(C) by X ~Y if X and Y are connected
Then 7y (C) is the class of equivalence classes of Ob(C) w.r.t. ~.

Remark XV.1.3.27. — If A € Ob(C), then the objects of €/A and of A/C are both the connected
component of A, i.e., the equivalence class [A] € m,(€). In particular, € is connected if and only if
m(C) is consists of one element.

Definition XV.1.3.28. — Let C be a category and let X be an object of C.

(i) Two monomorphisms f: Y < X and g: Z < X are isomorphic if there exists an isomorphism)
h:Y =% Z such that the diagram
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commutes, i.e., f = g in C/X. Note that such an h is unique since g is a monomorphism
A subobject of X is an isomorphism class of monomorphisms with target X.

(ii) Dually, two epimorphisms f: X = Y and g: X = Z are isomorphic if f = g in X/C
A quotient of X is an isomorphism class of epimorphisms with source X.

Remark XV.1.3.29. — We can impose a partial order on the class of all subobjects of X by
defining (f: Y & X) < (9: Z < X) if there exists a morphism f — ¢ in €/X. Note that such a
morphism f — ¢ is unique since g is a monomorphism.

XV.1.4. Natural transformations.

Definition XV.1.4.1. — Let F,G: C — D be two functors. A natural transformation
a: F' — G consists of a morphism ax: F(X) = G(X) for each X € Ob(C) such that the diagram

Fx) 29 Ry

axl Jay

ax) 2% qry)

commutes for every morphism f: X — Y in C. The commutativity of this square is called naturality
of a. We often visualise natural transformations by the diagram

and, if C is small, denote the class of all natural transformations by Nat(F,G).
A natural transformation o: F' — G is a natural isomorphism if ax is an isomorphism fo
each X € Ob(C). In this case, we say that F' and G are isomorphic.

Warning XV.1.4.2. — In order for Nat(F, G) to be defined, by lemma XV.1.1.13, Ob(€) must

be a set since any natural transformation n: F' — G is essentially a function Ob(€) — Mor(2D)
However, there is no real expense if we further require € to be small, so we do that. Alternatively
by choosing sufficiently large Grothendieck universes, we can remove the smallness condition.

Notation XV.1.4.3. — As with normal categories, we will use diagrams with categories as
vertices and functors as directed edges to visualise situations involving functors. Apart from saying
that such a diagram commutes, we also say that a diagram quasi-commutes if the composition of]
functors are equal up to natural isomorphism.

FExample XV.1.4.4. — Natural transformations formalise the idea that some map is ‘natural’
i.e., entails no choice. For example, the double dual space on k-vector spaces defines a natural
isomorphism from id; .. to the double dual (—)™: k-Vect — k-Vect since the diagram

v — ow

|k
V** L) W**
commutes for all k-linear maps f: V — W. Note that the isomorphism V 2% V* v (v* = v*(v))
entails no choice.

On the other hand, there cannot be a natural isomorphism from the identity functor on k-FinVect
to the single dual (—)*: k-FinVect®® — k-FinVect since the isomorphism V = V* is not natural
)Although V' — V™ is natural, the inverse map requires a choice of basis for V, and linear maps
f: V. — W almost never preserve bases. Another reason is that idy_giee IS covariant and (—)* is
contravariant, but this is besides the point
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Example XV.1.4.5. — Let € be a locally small category. The hom-functor Home(—, —): €°P x
C — Set is natural in both arguments. This means that any morphism f: X — Y in € gives natural
transformations

f. == Homg(—, f) = fo—: Homg(—, X) — Homg(—,Y),
£ o= Hom@(ﬂ _> =—of: Hom@(Y, —) — H0m€<X7 _)

of functors C°P — Set and € — Set, resp. These are also called hom-functors.

Definition XV.1.4.6. — Let C be a small category and D be a category. The functor category
Fun(C, D) from € to D has functors C — D as objects and natural transformations between functors
C — D as morphisms. If a: FF — G and B: G — H are two natural transformations, then thei
composition foa: F — H is defined by (Boa)y = By oay. Other notations include [C, D] and D
which we will not use often.

Warning XV.1.4.7. — Using any larger categories € for Fun(C, 2) is not possible by

lemma XV.1.1.13, because a functor F': € — D is effectively a function F': Ob(€) U Mor(€C) —
Ob(2D) UMor (D). Alternatively, one can choose a sufficiently large Grothendieck universe so that
everything is small, in which case the size restrictions disappear.

Remark XV.1.4.8. — Note that the natural isomorphisms between functors € — 2 are precisely|
the isomorphisms in Fun(C, D).

Notation XV.1.4.9. — For a small category €, we write End(C) := Fun(C, €) for the endofunc+
tor category of C.

Fact XV.1.4.10. — Let C be a small category and let D be a locally small category. Then
Fun(C, D) is locally small. If D is even small, then Fun(C, D) is also small.

\Proof. — Let D be locally small. Since a natural transformation a: F — G is a family (ay) XeOb(e)
we have

HomFun(G,D)(F7 G) = Nat(Fa G) - H HOIHg(F(X), G(X))
XeOb(e)
Since Ob(€) and Hom,(F(X),G(X)) for all X € Ob(C) are sets, the product on the right-hand
side is a set, and so is the left-hand side. Thus, Fun(C, D) is locally small.
Let D be small. Since Ob(2) is a set, Mor(2D) = [, ¥ <Ob(D) Hom 4 (X,Y) is also a set. A functon

F': € — D consists of two maps Ob(€) — Ob(2D) and Mor(€C) — Mor(D), so
Ob(Fun(C, D)) € P(Ob(€) x Ob(D)) x P(Mor(€C) x Mor(D)).
The right-hand side is a set, and so is the left-hand side. Thus, Fun(C, D) is small. pid

Remark XV.1.4.11. — Natural transformations can be composed in two ways.

(i) There is the horizontal composition. Let F, G, : € — D and F,, G,: D — & be functors. If
o Ff = G) and ay: F; — G, are natural transformations, then we obtain the natural composition
g0y Fy o F| — Gy o Gyt

jof B, FyoFy
/— — R
C Yo D yap & e e e &
~_ ~_ " \/1
Gy Gy GG,y

This defines a bifunctor

Fun(C D) x Fun(?D,E) — Fun(C,E)
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(ii) There is the vertical composition, which is the composition in functor categories. Let
F.G,H: C — D be functors. If a: FF — G and : G — H are natural transformations, then we
obtain the natural composition foa: F — H:

F
e =
ey e ¢ D
Y T

Both horizontal and vertical compositions are compatible. The middle four interchange law|
states that both compositions commute. It is easier to just see a picture:

F jol FyoFy

64 — G, —> D Gy —> £ AN~ ¢ GooGy — &
H, Hy H,yoH,
P 12 FyoFy

e | n” e ey e /P &
1 2 GyoGy

where

v = (B251) o (agay) = (By 0 ap)(By o p).
That both compositions indeed yield natural transformations and that the middle four interchange
law holds follow by horizontal and vertical pasting of naturality squares.

Remark XV.1.4.12. — Let Cat be the category of small categories, whose morphisms are
functors between small categories, i.e., Homc,,(C, D) = Fun(C, 2). This is a 2-category, which by
definition enjoys the following properties:

(i) There are 0-morphisms (small categories), 1-morphisms (functors) and 2-morphisms (natural
transformations).

(ii) Each hom-set Fun(C, D) is itself a category under vertical composition.
(iii) If we take Ob(Cat) as objects and 2-cells

as morphisms, then we again obtain a category with horizontal composition.

(iv) The identity morphisms in the categories described in (ii) and (iii) are compatible, i.e., the
horizontal composition of vertical identity morphisms is the expected vertical identity morphism.
(v) The middle four exchange law holds.

This leads to a rich theory of higher categories, which is out of our scope.

Definition XV.1.4.13. — Let a: F' — G be a natural transformation of functors € — D. If
H: D — & is a functor, then whiskering o and H is the horizontal composition Ho :=idy o a:

F HoF
6 WD Mg e e
~—_ 7

G T

~
11oG

Maybe add higher cat
egory theory.
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Similarly, if H: £ — C is a functor, then whiskering H and « is the horizontal compositio
oH = aoidy:

F /FH\.

s 40 Do €7 larr &
~_ \/I

G GoH
Observation XV.1.4.14. — Interestingly enough, natural transformations can be described 1-cat-
egorically. Let F,G: € =X D be two functors. The natural transformations Nat(F, G) correspond to
bifunctors H: € x 2 — 2 with the property that the diagram

C-spex2¢250

D

commutes. Here, ¢, and ¢; denote the obvious embedding functors € < € x 2.
Indeed, write 2 = {0 — 1}. Since H is a bifunctor, the diagram

H(X,0) 2Y% gy, o)

| |

HX,1) 29N gy,

in D commutes for all morphisms f: X — Y in €. Since H(—,0) = F and H(—, 1) = G, this square
is the naturality square. Thus, the collection of all ‘morphisms’ ay: H(X,0) - H(X,1) in D fony
X € Ob(C) defines a natural transformation a.

Lemma XV.1.4.15. — The endomorphisms End(ide) = Homp, g (ide,ide) as a hom-set of
End(C) form a commutative monoid. Hence, the automorphisms Aut(ide) form an abelian group.

\Proof. — The class End(ide) is obviously a monoid. Let «, : ide — ide be two natural transfor:
mations and we need to check commutativity pointwise. For any X € Ob(C), applying the naturality]
square of « to the morphism By : X — X gives the commutative square

x Px, x

ol

x 2, x

Lemma XV.1.4.16. — Let ¢: C — D be a functor and let I be a small category. If ¢ is faithfu
(resp. fully faithful), then so is the functor

¢o—: Fun(l,C) — Fun(l, D), F+— ¢oF.
\Proof. — Fix two functors F,G: I — €. For natural transformations «, 8: ¢ o F — ¢ o G, suppose
that ¢ o v = ¢ o 8. Then for each X € Ob(I), we have ¢(ay) = ¢(Sx), so ax = Bx by faithfulness
of ¢. Thus, a = .

Now, suppose that ¢ is additionally full, and let a: ¢ o F' — ¢ o G be a natural transformation
Then for each X € Ob([I), there is a unique morphism By : F(X) — G(X) such that ¢(Bx) = ax
These [y define a natural transformation g: F' — G: for any morphism f: X — Y in I, the
naturality of ay = ¢(Sx) gives the commutative square

s(F(x)) 258 o (r(v))

cb(ﬁx)l y(m
o(G(X)) 2N sy
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Since ¢ is faithful, we obtain the commutative square

F(x) 29 pey)
S
ax) 2% qy).

XV.1.5. Equivalence of categories.

It is obvious how to define an isomorphism of categories.

Motivation XV.1.5.1. — A functor F': € — 2D is an isomorphism of categories if there exists

a functor G: D — € such that G o F =ide and F o G =idy. In this case, we say that € and D are
isomorphic and we write C = D.

In practice, however, this situation is too restrictive and virtually never appears: isomorphic
categories have the same datum from a categorical view and cannot be distinguished.

Example XV.1.5.2. — For a small category € and a category 2, we have a true isomorphism of|
categories
Fun(C D)°P = Fun(C°P, D°P), F+—opoFoop

where the functor op swaps composition of morphisms in € and 2D°P, resp. (cf. remark XV.1.3.4).

Example XV.1.5.3. — For small categories € and 2D and a category &, we have a true isomorphism
of categories

Fun(€ x D,&) = Fun(C, Fun(D, &)), Fr— (X+— F(X,—))

and similarly Fun(€ x 2,¢&) = Fun(D,Fun(C,£)). This is sometimes called currying, and the
inverse is called uncurrying. An important example is currying of the hom-functor.

Convention XV.1.5.4. — Most results in this subsection require the axiom of choice. However
we will explicitly say this again in each statement.

We introduce a weaker, but much more useful, notion.

Definition XV.1.5.5. — A functor F': € — D is an equivalence of categories if there exists
a functor G: D — C such that n: ide = Go F and €: F o G =~ idy, are natural isomorphisms. I

this case, we say that G is the quasi-inverse of F', and vice versa. Moreover, we say that C and D
are equivalent and write C ~ D.

Fact XV.1.5.6. — Fquivalences of categories form an equivalence relation.

Lemma XV.1.5.7 (universal property of subcategories). — Assume the axiom of choice. Lel
F: C — D be a functor and let v: D" < D be the embedding of a full subcategory D’. Suppose
that F is essentially surjective onto D', i.e., for each X € Ob(C) there exists Y € Ob(D’) an
an isomorphism F(X) =Y. Then there exists a functor F': C — D’ such that there is a natura
isomorphism «: F =% 1o F’, and F’ is unique with this property up to unique isomorphism. More
precisely, if B: F =% 10 G’ is a natural isomorphism, then there exists a unique natural isomorphis
v: G' =% F’ such that a = (vy) o B.

\Proof. — By the axiom of choice, choose for each X € Ob(€) some Y € Ob(2’) and an isomorphism
dx: Y = F(X), and define F'(X) :=Y. On morphisms f: X — X’ in €, define

b

Px F(f)
F(fi: F'(X)—FX)— FX)— F/(X)
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This defines a functor F’: € — 2D’ since F is functorial. The natural isomorphism a: F 2% o F’
is given by ay = ¢3': F(X) 25 Y = (F'(X)). The uniqueness is easily seen since o = (v7) o 3
means that ay = vy o By for each X € Ob(€), and if By is an isomorphism, then vy = ay o f%*
necessarily. pid

Definition XV.1.5.8. — A category C is skeletal if isomorphic objects in C are already equal
The skeleton of C is a subcategory sk(C) such that the embedding sk(C) & € is an equivalence of|
categories.

Remark XV.1.5.9. — Observe that if 7 is a natural isomorphism of functors whose target is a
skeletal category, then 7 is the identity. Hence, an equivalence of skeletal categories is an isomorphism)
of categories. This shows that the skeleton of a category, if it exists, is unique up to isomorphism.

Lemma XV.1.5.10. — FEvery category has a skeleton.

\Proof. — Let € be a category. By the axiom of choice, pick an object from each isomorphism
class of Ob(€). This generates a full subcategory sk(€) of €, and no two distinct objects in
sk(€) are isomorphic. If ¢: sk(€) < € is the embedding functor, applying lemma XV.1.5.7 to ide
shows that there exists a functor F”: € — sk(€) such that ¢ o F’ = id,. Conversely, observe that
to(F o1)=(toF)or=ideot =1t =toidgy). Since ¢ is fully faithful and hence conservative
lemma XV.1.3.8), we thus have F” ot 2 idgye). st

Proposition XV.1.5.11 (characterisation of equivalences of categories). — Assuming the aziom
of choice, a functor is an equivalence of categories if and only if it is fully faithful and essentially
surjective.

\Proof. — Let F': € — 2 be an equivalence of categories with quasi-inverse G: D — €. Let
m: ide = G o F and €: F o G =% id, be natural isomorphisms. Consider

Home (X, Y) 5 Homy, (F(X), F(Y)) > Home(G(F(X)), G(F(X)),

which is f 5 ayto foay by naturality of a. In particular, this map is bijective, and hence F is faithful
The same argument with 5 shows that G is faithful. For fullness of F, let ¢ € Hom, (F(X), F(Y))
and consider f = ay o G(g) o ay € Home(X,Y). Then G(F(f)) = G(g), so F(f) = g since G is
faithful. Thus, F' is full. For essential surjectivity, given any Y € Ob(2D), we have an isomorphism
By: F(G(Y)) =Y.

For the converse, let F: € — D be a fully faithful and essentially surjective functor. By
lemma XV.1.5.10, consider the skeleton sk(€) with the equivalence of categories ip: sk(C) & €
and let ke be the quasi-inverse of tp. Similarly, define sk(2), v and k5. Consider the functor
H := Kkp o Fouo: sk(C) — sk(D), which is again fully faithful and essentially surjective by the
previous part. We want to show that this is an isomorphism of categories. For Y € Ob(sk(D))
there exists X € Ob(sk(€)) such that H(X) =Y, so H(X) =Y in sk(D). If H(X) = H(X’) for
X, X" € Ob(sk(€)), then X = X’ by lemma XV.1.3.8 and hence X = X’ in sk(C). Thus, H is
bijective on objects, and fully faithfulness implies that H is bijective on morphisms, as desired. Now
set G = 1o o H™ ! o k.p, which is clearly a quasi-inverse of F. Ol

Definition XV.1.5.12. — The essential image of a functor F': C — D is the smallest saturated,
subcategory of D containing F(Ob(C)).

Corollary XV.1.5.13. — Let F: C — D be a fully faithful functor, and let D’ be the essentia
image of F. Then F induces an equivalence of categories F': C = D', and if 1: D’ < D is the
embedding, then F = 1o F’
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\Proof. — The induced F” is fully faithful like ', but now even essentially surjective. Thus, F is an
equivalence of categories, and we clearly have F' = o F’ (in fact, Fy = (1o F’) for all X € Ob(C))
it

Counterexample XV.1.5.14. — Corollary XV.1.5.13 may fail when F' is not full, i.e., F': € — D
may not factor through a full subcategory of 2 that is equivalent to C.

Let € be the category consisting of a single object ¢ and a single idempotent morphism ¢ — ¢
other than id,.. Consider the obvious functor F': 2 — € mapping the non-trivial morphism of 2 to
c — c¢. Since every hom-set of 2 is a singleton, F' is faithful. The only full subcategories of € are 0
and 2D itself, neither of them being equivalent to 2.

Ezample XV.1.5.15. — For k a field, let € be the category with Ob(€) = N and Home(n,m) =
Mat,, ., (k). This category is a skeleton of the category of finite-dimensional k-vector spaces. The
embedding ¢ is given by ¢(n) = k™ for n € N and ¢(4) = A for A € Mat,,,,(k), and ¢ is an
equivalence of categories.

Example XV.1.5.16. — Let (C;);c; be a family of categories indexed by a set I. If I = ¢, then
we have equivalences [[,__ €; ~1and [],__€; ~0.

Definition XV.1.5.17. — A category is essentially small if it is equivalent to a small category

Remark XV.1.5.18. — A category C is essentially small if and only if € is locally small and
there is a subset S C Ob(€) such that any object of € is isomorphic to an object in S. In other
words, € is essentially small if and only if sk(€) is small.

XV.1.6. Yoneda lemma and representable functors.

Definition XV.1.6.1. — Let C be a small category. The Yoneda embedding of C is the functo
he: € — Fun(C°P, Set), X +— Home(—, X).

There is also the contravariant Yoneda embedding

h¢: €°P — Fun(C, Set), X +— Home (X, —).

Both are obtained from the hom-functor Home: C°P x € — Set.

The name ‘embedding’ will be justified in corollary XV.1.6.7.

Remark XV.1.6.3. — Since Home (X, —) = Homeop (—, X°P) where X = X°P in C°P, we see that
h¢ is just the usual Yoneda embedding

h® = hgop : €°P — Fun((C°P)°P, Set), X°P +— Hompop (—, X°P).
Thus, any result about the contravariant Yoneda embedding is completely dual.

Notation XV.1.6.4. — We will also write he(X) = Home(—, X) and h®(X) = Homg (X, —) if €
is locally small.

Yoneda lemma XV.1.6.5. — Let C be a small category.
(i) For any functor F: C°? — Set and any X € Ob(C), we have an isomorphism of sets

Nat(he(X), F') = Homp,y@or ser) (he (X), F) — FI(X), n > nx(idx).

This isomorphism is natural in F' and X, i. e., these isomorphisms define a natural isomorphism of]

Remark XV.1.6.2. — Note that Fun(C°P, Set) and Fun(C, Set) are not small, but locally small]

functors C°P x Fun(C°P, Set) — Set

Skip  definition of]
half-full functors
Definition 1.3.17
IProposition 1.3.18.
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(ii) Dually, for any functor F: C — Set and any X € Ob(C), we have an isomorphism of sets
Nat(h®(X), F) = Homp,,eser) (€ (X), F) = F(X),  n+—nx(idy)

which is natural in F and X, i. e., it defines a natural isomorphism of functors Fun(C, Set)°P x C°P —
Set.

Proof. — 1t is not surprising that this is an isomorphism: the value 1y (idy) completely characy
terises n since for any morphism f: Y — X in €, naturality of n shows that

idX’_—Of>f

"’{ Iny (XV.1.6.5.1
nx(idx) & ny (f),

so ny = F(—)(nx(idx)).

We need to exhibit an inverse ¢: F(X) — Nat(he(X),F). For s € F(X), a natural trans;
formation ¢(s) consists of maps ¢(s)y: Home(Y,X) — F(Y) with Y € Ob(C), which we define
by

¢(s)y: Home (Y, X) — Homg, (F(X), F(Y)) — F(Y),  fr—= F(f) — F(f)(s).
Then ¢(s) is indeed a natural transformation since for any morphism g: Z — Y in C°P, the diagram

Home(Y, X) —2%s Home(Z, X)

Yl l¢(3)z
(Y)

F

commutes. One easily checks that ¢ is indeed the inverse.
For naturality, it suffices to check naturality in F' and in X separately. If a: F' — G is a natural
transformation, then the diagram

Nat(he(X), F) —== Nat(he(X), G) n——————ae°n
F(X) —2 4 G(X), nx(idy) —— (ax o mx)(idy)

commutes. If f: X — Y is a morphism in €, then the diagram

ohC

Nat(he(X), F) % Nat(he (V), F) N —— nohe(f)
Fx) — s Ry, Ny (idy) —— F(f)(nx(idy))

commutes since (h.(f))y = f o — and by diagram (XV.1.6.5.1) (naturality of 1), we have
F(f)(nx(idx)) = ny (f) = ny (f e idy) = (nohe(f))y (idy). ot

Remark XV.1.6.6. — If we do not insist on a bijection of classes but instead spell out the
correspondence explicitly (‘Any natural transformation n: Home(—, X) — F is uniquely determined
by nx(idy) € F(X), and any s € F(X) defines a unique natural transformation n such that
Nnx(idy) = s”), then the Yoneda lemma XV.1.6.5 also holds for locally small categories € as the
proof does not require € to be small at all. This is also true for naturality if we state naturality|
elementwise. Alternatively, the Yoneda lemma XV.1.6.5 always holds if we choose a sufficiently large
Grothendieck universe
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Corollary XV.1.6.7. — For C a small category, the Yoneda embeddings he and h® are full
faithful (justifying the name ‘embedding’).

\Proof. — Taking F' = he(Y), we obtain

Homp,,(eop set) (he(X),he(Y)) = he(Y)(X) = Home (X, Y). ot

Corollary XV.1.6.8. — Let f: X — Y be a morphism in a small category C. If the hom-functo
fo—: Homp(—,X) = Home(—,Y) (resp. —o f: Homp(Y,—) =% Home(X,—)) is a natura
isomorphism, then f is an isomorphism.

Proof. — By hypothesis, he(f): he(X) — he(Y) is a (natural) isomorphism. Since he is fully
faithful (corollary XV.1.6.7), we see that f is an isomorphism. i

It is a good idea to generalise corollary XV.1.6.8 to arbitrarily sized categories.

Lemma XV.1.6.9. — Let X and Y be objects in C with a bijection ¢y : Home(W, X) =%
Home(W,Y) for each W € Ob(C) that is natural in W, i. e., the corresponding naturality square
commutes. Then there exists a unique isomorphism f: X =Y such that ¢y = f o —, namel
f=¢x(idy).

The dual statement holds for bijections vy, : Home (Y, W) =% Home(X, W), giving the isomor
phism ¥y (idy): X 2 Y.

Proof. — Let f=¢x(idy): X =Y and g = ¢3! (idy): Y — X. By naturality, the square

Homg (X, X) —25 Home(X,Y) idy ——— f
E
Home (Y, X) —— Homp(Y,Y), g——— fog=1idy

commutes, showing that f o g = idy by diagram chasing. A similar argument with gzﬁ;vl shows that
go f =1idy, whence f is an isomorphism. If ¢y, = f’ o — for some other morphism f’: X — Y, then
[ =ox(idy) = f. it

The Yoneda lemma can be seen as an ultra abstract generalisation of Cayley’s theorem from
group theory.

Cayley’s theorem XV.1.6.10. — Any group is isomorphic to a subgroup of a permutation group

\Proof. — Let G be a group, and let BG = {pt} be the groupoid with a single object and G as
morphisms.(XV-?) Observe that functors F': BGP — Set correspond to right G-sets F(pt), and
natural transformations a: F' — G of functors BG°P — Set correspond to right G-equivariant maps
ot F(pt) — G(pt). Hence, hpg(pt) = Hompg(—,pt) is precisely G itself as a right G-set, fully
faithfulness of the Yoneda embedding (corollary XV.1.6.7) gives the bijection

G = Hompg(pt, pt) — Homp,,paer ser) (e (Pt), hpg (pt)) = Endg (G),
gr— (z+— gx).
In fact, this bijection is a group homomorphism, and End.(G) = Aut,(G). Thus, we have an

injective group homomorphism G =% Aut(G) < Sym(G) where Sym(G) is the permutation group
of the underlying set G. i

(XV.5) The notation BG is from homotopy theory and denotes the classifying space of a topological group. Inl
our case, GG is discrete

Skip Corollary 1.4.
on smallness of special
case of comma cate;
gories.
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—_— o e————

Definition XV.1.6.11. — Let C be a locally small category. A functor F: C°P — Set (resp
F: C — Set) is representable if there is a natural isomorphism n: Home(—, X) = F (resp
n: Home(X,—) 2 F) for an object X in C. In this case, n is called a representation of F an
is uniquely determined by an element s € F(X) by the Yoneda lemma XV.1.6.5. We call (X, s) the
universal element for F and call X a representative of F'.

Remark XV.1.6.12. — Suppose that € is small. If X and X’ are two representatives of F' with
natural isomorphisms he(X) =2 F = he(X'), then there exists a unique isomorphism X = X’ by
corollary XV.1.6.7 and lemma XV.1.3.8. Thus, the pair (X,he(X) = F) of representative and
representation is unique up to unique isomorphism. We can generalise to locally small € by virtue
of lemma XV.1.6.9.

Lemma XV.1.6.13 (characterisation of representability). — Let € be a locally small category
A functor F': C°P — Set is representable if and only if there exist X € Ob(C) and s € F(X) such
that Home (Y, X) =% F(Y), f = F(f)(s) is bijective for all Y € Ob(C).

Proof. — Any pair (X,s) with X € Ob(€) and s € F(X) defines a unique natural transformation
n: he(X) — F by the Yoneda lemma XV.1.6.5 (remark XV.1.6.6). By the proof of the Yoneda
lemma XV.1.6.5, for each Y € Ob(€) the map 1y : Home(Y, X) — F(Y) is of the form f +— F(f)(s)
Hence, n is a natural isomorphism if and only if all ny- are bijective. uif

Definition XV.1.6.14. — Let {pt}: 1 — Set is the inclusion of the singleton set.

(i) Let F: C°P — Set be a functor. The category of elements el(F') of F is the comm
category {pt} | F. Explicitly, it consists of the following:

— the objects are pairs (X, s) with X € Ob(C) and s € F(X);

— the morphisms (X,s) — (Y, t) are morphisms f: X =Y in C such that F(f)(t) = s.

(ii) Dually, let F: C — Set be a functor. The category of elements el(F) of F is the comma
category F | {pt}. Explicitly, it consists of the following:

— the objects are pairs (X, s) with X € Ob(C) and s € F(X);

— the morphisms (X,s) — (Y,t) are morphisms f: X =Y in C such that F(f)(s) =1t (we are
covariant now).

Both categories come with the faithful forgetful functor For: el(F) — C.

FErample XV.1.6.15. — Over and under categories are special cases of categories of elements
[For an object A of €, we have an isomorphism of categories

el(he(A)) = C/A, (X,5: X — A) > s.

Indeed, a morphism f: (X,s) — (Y,t) in el(he(A)) satisfies Home(f, A)(f) = to f = s and is
mapped to the commutative triangle

x— 1 Ly

A

A.

Similarly, we have an isomorphism of categories el(h®(A)) ~ A/C.

Proposition XV.1.6.16. — Let C be a locally small category. A functor F: C°P — Set (resp
F': C — Set) is representable if and only if el(F) has a terminal (resp. initial) object. In particular
the universal element for F is the terminal (resp. initial) object in el(F)
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\Proof. — An object (X, s) in el(F) is terminal if and only if there exists exactly one morphism
(Y,t) — (X, s) for each object (Y,t) in el(F) (with Y € Ob(€) and ¢t € F(Y)). Such a morphism
(Y,t) — (X, s) is uniquely described by a morphism f: Y — X in € such that F(f)(s) =t. So
this condition is equivalent to saying that Home (Y, X) — F(X), f — F(f)(s) is bijective for any|
Y € Ob(C). This is equivalent to F' being representable by lemma XV.1.6.13. pid

Example XV.1.6.17. — Representable functors generalise the universal property of initial and
terminal objects. Let € be a locally small category. A terminal object X of € is characterised
as a representative of the constant functor Ay, : €°P — Set. Indeed, if Home(—, X) = Ay,
then Home (Y, X) = {pt} for all Y € Ob(€), so X is terminal. Dually, an initial object of € is
characterised as a representative of Ay, : € — Set.

The language of representable functors is the right language to talk about universal properties
like Kan extensions, adjoint functors and limits).

FExample XV.1.6.18. — Fix a right A-module R and a left A-module L. Recall from examj
ple XV.1.2.30 that the category of all bilinear maps R x L — M € Ob(AbGrp) has the (canonical
initial object R x L - R ® 4 L. Hence, the functor

F': AbGrp —» Set, M + {bilinear R x L — M}

has a representation F' = Homy,(R ® 4 L, —). The representative R ® 4 L with the universal element
s: R x L —- R®,4 L appear in the universal property of tensor products: for each bilinear map
f: Rx L — M, that is, f € F(M), there is a unique Z-linear map R ® , L — M such that the
following diagram commutes:

RxL —— R®, L

\ j{a!

M.

FExample XV.1.6.19. — For a group G and a commutative ring k, consider the functor
F = Homg,, (G, (—)*): k-Alg — Set.

This characterises the group algebra k[G] via the representation F' = Homy a,(k[G], —), and the
universal element is the canonical map s: G < k[G]*. It encodes the following universal property
for each group homomorphism f: G — A* with A a k-algebra, there exists a unique k-algebra map
k[G] — A such that the following diagram commutes:

Example XV.1.6.20. — Representable functors are ubiquitous. Here are a couple of representay
tives of functors.

(i) The forgetful functor For: Top — Set is represented by {pt} with universal element pt.
(ii) The forgetful functor For: Grp — Set is represented by Z with universal element 1.

(iii) The forgetful functor For: Ring — Set is represented by Z[z] with universal element x.
(iv) The forgetful functor For: A-Mod — Set is represented by A with universal element 1.
(v) Taking units (—)*: Ring — Set is represented by Z[z,z~!] with universal element x.

Warning XV.1.6.21. — In the following subsections, we will cover other ways to express
universal properties. There are two approaches in their definitions:
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(i) A definition which formulates everything in the language of representable functors. The
proofs rely on the Yoneda lemma XV.1.6.5 (remark XV.1.6.6) and are very elegant/short. However
this only works if we assume various smallness conditions in order for the functors’ codomain to be
Set (e.g., € is locally small, or I is small and € is locally small for Fun(Z, €) to be locally small).

(ii) A most general definition which does not rely on representable functors and has no size
restrictions. The proofs amount to diagram chasing and are longer.

For instructive reasons, we often provide both proofs. Adopting Grothendieck universe, one
can circumvent the size restrictions of representable functors by always passing to a sufficiently]
large universe. However, we avoid this abstract nonsense.
XV.1.7. Adjoint functors.
Like representable functors, adjoint functors are ubiquitous.

The slogan is ‘Adjoint functors arise everywhere’.

—Saunders MacLane, Categories for the Working Mathematician

Definition XV.1.7.1 (Kan 1958). — Let L: € — D and R: D — C be two functors. The pai
of functors (L, R) is adjoint or is an adjunction if there is a bijection of classes

Hom 4 (L(X),Y) = Home(X, R(Y))

for all X € Ob(C) and Y € Ob(D) such that this bijection is natural in X and Y, i.e., the
corresponding naturality square

Hom 4 (L(X),Y) ——— Home(X, R(Y))
go—oL(f)l JR(Q)f’—L’f
Hom 4 (L(X"),Y") —— Home(X', R(Y"))

commutes for all f: X' — X in C and all g: Y — Y’ in D. In this case, L is the left adjoint of R
and R is the right adjoint of L, and we write L 4 R. We will express this situation in diagrams as

\Moreover, we call the bijection the adjunction isomorphism, and if f is an element of eithe
side, its image under the adjunction isomorphism is the adjunct of f.

Example XV.1.7.2. — For sets X, Y and Z, we have an isomorphism
HomSet (X X Y? Z) = HomSet (X7 HomSet(Y7 Z))

which is natural in X, Y and Z. Hence, the functors — x Y and Homsg,, (Y, —) are adjoint. The
same works for, e.g., Top.

Example XV.1.7.3. — Let R be a (not necessarily commutative) algebra over a commutative
ring k. For a k-module K and for left R-modules M and N, recall that the tensor-hom adjunction

Homp (N ®;, K, M) = Hom,, (K, Homg (N, M))

shows that N @, — and Hom, (N, —) are adjoint functors R-LMod — R-LMod. Let For: R-LMod —
k-Mod yield the underlying k-module structure. With N = R, we obtain the adjunction

Homp(RQ®, K, M) = Hom, (K,Homgy (R, M)) = Hom, (K, For(M))
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Hence, the extension of scalars R @, — is a left adjoint of the restriction of scalars For.
Similarly, swapping the roles of R and k, for a right R-module K, a left R-module N and a
k-module M, we have the tensor-hom adjunction

Hom, (K ® N, M) = Hompg (N, Hom, (K, M)).
With K = R, we obtain
Hom,, (For(N), M) = Hom, (R ®, N, M) = Homg(R, Hom, (R, M)).
Hence, the coextension of scalars Homy (R, M) is a right adjoint of the restriction of scalars For.

Example XV.1.7.4. — The forgetful functor For: Top — Set admits both left and right adjoints
Let D: Set — Top be the functor that endows a set with the discrete topology, and let I: Set — Top
be the functor that endows a set with the indiscrete topology. Then we have natural bijections

HomTop(D<X)7 Y) = HomSet (X7 FOI‘(Y)), HomSet (FOI‘(X), Y) = HomTop <X7 I<Y))
Hence, we obtain adjunctions D - For - I.

Example XV.1.7.5. — In various contexts in mathematics, a forgetful functor almost always
has a left adjoint which is some kind of free construction. Interestingly, right adjoints of forgetful
functors are rarer. Here some examples:

(i) For: Ring — AbGrp. The free ring of an abelian group A is B _ A®",

(ii) For: A-Mod — Set. The free A-module on a set X is A®X.

(iii) For: CommRing — Set. The free commutative ring on a set X is the polynomial ring Z[X]
(iv) For: k-Alg — Set. The free k-algebra on a set X is the free k-algebra k(X).

(v) (—=)*: Ring — Grp. The free ring on a group G is the group ring Z[G|.

There is an alternative definition of adjunctions.

Proposition XV.1.7.6. — A pair (L, R) of functors C &= D is adjoint if and only if there exis
natural transformations n: ide — Ro L and €: L o R — id,, satisfying the triangle identities

(Re)o (nR) =idg,  (eL)o (Ln) = idy,
or in diagrams:
R RoLoR L= LoRoL
s N e
) L

\Here, the juxtaposition of a natural transformation and a functor is whiskering. In this case, 1 is the
unit and € is the counit of the adjunction L 4 R. Moreover, adjuncts are given by the commutative
diagrams

Hom,,(L(X),Y) —— Home(R(L(X)), R(Y))
Hom (X, R(Y))

and
Home (X, R(Y)) —— Homyp,(L(X), L(R(Y)))

T -

Hom, (L(X),Y)

for all X € Ob(C) and Y € Ob(D)

Insert reference to
representation theory
defining  (co)induc;
tion (Frobenius
reciprocity). Or seg
[Riel6, Ex. 4.1.11].
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\Proof. — Let L 4 R be an adjunction. Under the adjunction isomorphism
Hom,(L(X), L(X)) = Home (X, R(L(X))),

the adjunct of id, x) gives a morphism 7y : X — R(L(X)) for each X € Ob(C). These assemble
into a natural transformation 7: ide — R o L by naturality of the adjunction isomorphism.

To see the adjunct formula, for f € Hom 4 (L(X),Y'), the naturality of the adjunction isomorphism
gives the commutative square

fo—

Hom, (L(X), L(X)) —— Hom(L(X),Y) idL<X) —_— f
Home (X, R(L(X))) L5 Home (X, R(Y)), Ny ——— R(f) ony.

Thus, the adjunct of f is R(f)ony.
Applying this adjunction formula to ey, € Home(L(R(Y)),Y) (with X = R(Y)), we obtain
R(ey) © nNp(y) = idg(y) for any Y € Ob(D), which is the triangle inequality (Re) o (nR?) = idp.
For the converse, assume the triangle identities. We define the adjunction maps
R —o!
Homp(L(X), Y) = Home (R(L(X)), R(Y)) — Home(X, R(Y)),
Home (X, R(Y)) — Homyp (L(X), L(R(Y))) — Homy(L(X),Y).

Direct computation with the naturality of the (co)units and triangle identities shows that these are
mutually inverse, e.g., for f: L(X) — Y we have

ey o L(R(f) onx) =€y o L(R(f)) o L(nx) = fo €Lx)° Linx)=f

by fist using naturality of € and then the triangle identity (¢L) o (Ln) = id;. Naturality of the
adjunction isomorphism follows easily from functoriality of L and R. pi

Observation XV.1.7.7. — Let L 4 R be an adjunction € = 2 with (co)units (n,e). For any
Y, Y’ € Ob(D), consider the diagram

Homg (R(Y), R(Y")) —£— Homy, (L(R(Y)), L(R(Y")))
RT \ ky,o, (XV.1.7.7.1
Hom.,(Y,Y’) ——~ Hom,(L(R(Y)),Y").

The upper right triangle commutes because this is the adjunct diagram from proposition XV.1.7.6
The outer square commutes since for any morphism f: Y — Y’ we have ey, o L(R(f)) = f o ey by
naturality of €. Hence, the lower left triangle, i.e., the diagram

Hom,,(Y,Y’) —2— Home(R(Y), R(Y"))

T, [

Hom g, (L(R(Y)),Y’),
commutes. Dually, the diagram

Homp (X, X') —2— Hom,,(L(X), L(X"))

P

Home (X, R(L(X")))

commutes for all X, X’ € Ob(®)
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Remark XV.1.7.8. — If € and D are locally small, then hom-functors are set-valued and we can
instead define that L 4 R is an adjunction of functors € &2 2 if there is a natural isomorphism

Homy,(L(—),—) = Home(—, R(—))

of bifunctors C°P x D — Set.

XV.1.8. Properties of adjoint functors.

Proposition XV.1.8.1 (adjoints from object-wise representation). — Let L: € — D be a functor
If each object Y € Ob(D) has an object R(Y) € Ob(C) such that there is a bijection of classes

Hom,(L(X),Y) =~ Homg (X, R(Y))

for all X € Ob(€) and natural in X, then R: Ob(D) — Ob(C) can be uniquely extended to
functor R: D — C which is right adjoint to L. The dual statement for the existence of left adjoints
also holds.

\Proof with the Yoneda lemma. — The functor Homp(L(—),Y): C°P — Set is represented by R(Y)
for each Y. Moreover, naturality says that for any morphism ¢g: ¥ — Y” in 2D the square

Hom, (L(—),Y) —Z—— Hom,,(L(—),Y”")

| |

Homg (—, R(Y)) 22RO fom o (—, R(Y"))

commutes and hence defines the natural transformation Homge(—, R(g)). The Yoneda lemma XV.1.6.5
yields a unique R(g): R(Y) — R(Y"), extending R to a functor. sig

\Proof with (co)units. — Define the counit £: L e R — id, in the same way as in the proof of|
proposition XV.1.7.6, which is natural since the adjunction isomorphism is natural in X. Then for|
morphisms g: Y — Y’ in D, define R(g) as the adjunct of goey € Hom4,(L(R(Y)),Y”). Note that
this definition is forced by observation XV.1.7.7 if R shall be a right adjoint of L.

To show functoriality R(ho g) = R(h) o R(g) for another morphism h: Y" — Y” in D, we show
equality under the adjunction isomorphism. By naturality of the given isomorphism in X, we the
commutative square

Hom,(L(R(Y")), V") —E9N yom, (L(R(Y)),Y") hoey, — hoey o L(R(g))
?i | l l
Homg(R(Y"), R(Y")) —=2L, Home(R(Y), R(Y")), R(h) —— R(h) > R(g),

so the adjunct of R(h) o R(g) is hoey o L(R(g)). But by naturality of £, we have ey o L(R(g)) =
9°cr(Rr(y)), and hence the adjunct of hoey o L(R(g)) is also the adjunct of R(h o g), as desired
[Finally, we see that the isomorphism is also natural in Y, given by post-composition, i.e., the
following diagram commutes:

Hom,,(L(X),Y) <= Hom,(L(X),Y")

| }

Homo(X. R(Y)) 295 Hom,(X.R(Y")).
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Proposition XV.1.8.2 (uniqueness of adjoints). — If a functor L: C — D admits a right adjoint
then it is unique up to natural isomorphism. In more detail, if L 4 R and L 4 R’ are two adjunctions
then there exists a unique natural isomorphism ¢: R =% R’ such that:

(i) either, if € and &’ are the counits of L 4 R and L 4 R’, resp., we have € o (L¢) = ¢;
(ii) or equivalently, the diagram

Homg (X, R(Y)) Over Homg (X, R'(Y))

Hom, (L(X),Y)

commutes for all X € Ob(€) and Y € Ob(D) and is natural in X and Y.
The dual statement holds for left adjoints.

\Proof with the Yoneda lemma. — The adjunction isomorphisms of L 4 R and L - R’ give rise to a
natural isomorphism

a: Homg,(—, R(Y)) = Home(L(—),Y) = Homy(—, R'(Y))

of functors C°P — Set for all Y € Ob(D). By the uniqueness of representable functors (req
mark XV.1.6.12), we obtain a unique isomorphism ¢y-: R(Y) =% R’(Y). These assemble into a
natural isomorphism ¢: R — R’ by the naturality of the Yoneda lemma XV.1.6.5.

For uniqueness, note that in the proof of the Yoneda lemma XV.1.6.5, we have seen that for
each X € Ob(C), the component ay is of the form f - so f where s € Home(R(Y), R'(Y)) is the
unique element corresponding to a.. Thus, s = ¢y-. uif

\Proof with (co)units. — Let (n,¢) and (n’,&’) be the (co)unit pairs for L 4 R and L 4 R’, resp
Consider the natural transformations

R ’ R'e nR’ Re’
$:R— R oLoR— R, V:R —s RoLoR — R.

To show that these are mutually inverse, we show equality, e. g., ¥y 0@y = id gy for each Y € Ob(D)
by showing equality of the adjuncts of both sides. Recall from proposition XV.1.7.6 that the adjunct
formula is €y o L(—) on morphisms R(Y) — R(Y). We have the following identities:
— ey o L(R(gy)) = €y o €p(p/(y)) by naturality of € applied to &}: L(R'(Y)) = Y;
— enr/(vy) ° Lgrr(v)) = idp g/ (y)) by the triangle identity (eL) o (Ln) = id;
— €y o L(R'(ey)) = €y ° €7 (y) by naturality of &” applied to ey : L(R(Y)) — Y;

/

€Lry) © LRyy) = 1dL(rey)) by the triangle identity (¢'L) o (L) = idy.

Thus,
ey o L(R(gy) o MR/ (v) °© R'(ey) o 7732(}/))
= ey o L(R(ey)) ° L(UR'(Y)) o L(R (ey)) o L(Uk(y))
=gy o EL(R/(Y)) ° L(nR’(Y)) o L(R'(ey)) o L(ﬁ}z(y))
ey o L(R'(ey)) o L(npy))

= ey °Epiriyy) ° LRy))

= ¢y,

as desired.

For uniqueness, just observe that the condition &3 o L(Py) = €y for all Y € Ob(D) says that
the adjunct of @y is €y by proposition XV.1.7.6. Since the adjunction map is bijective, this shows
uniqueness of @, i
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Proposition XV.1.8.3 (horizontal composition of adjoints). — Given an adjunction Ly 4 R,
of functors € =2 D and an adjunction L, 4 Ry of functors D & &, then we have an adjunction
Ly oLy 4Ry o Ry of functors € 22 D. Or as a diagram:

L, Ly LyoLy
/> — /

C 1L D 1 €& “~aaany c 1 &
~_— ~_~—
R, R, RyoR,

\Proof. — We have bijections
Hom, (L, (L, (X)), Y) 2= Homy (L, (X), By(Y)) = Home (X, Ry (Ry(Y)))
for all X € Ob(€) and Y € Ob(&) natural in X and Y. g

Warning XV.1.8.4. — There is no vertical composition of adjoints! If F 4 G -4 H, then we
do not have F' 4 H since they are both functors in the same direction.

[ e —

Proposition XV.1.8.5. — Let L 4 R be an adjunction of functors € = D with (co)units (n,¢e)

(i) The right adjoint R is fully faithful if and only if the counit e: L o R ~% id,, is a natura
isomorphism.

(ii) Dually, the left adjoint L is fully faithful if and only if the unit n: ide =% R o L is a natura
isomorphism.

\Proof. — Recall from observation XV.1.7.7 that the diagram

Hom,,(Y,Y’) — Homg(R(Y), R(Y"))

T, I

Homy, (L(R(Y)),Y”)

commutes for all Y, Y’ € Ob(2). In particular, R is fully faithful if and only if £y is an isomorphism
for all Y € Ob(D), i.e., if and only if ¢ is a natural isomorphism. i

Corollary XV.1.8.6. — Let L 4 R be an adjunction. Then the following are equivalent:

(i) L is an equivalence of categories.
(ii) R is an equivalence of categories.
(iii) L and R are fully faithful.

In this case, L and R are mutually quasi-inverse, and their (co)units are natural isomorphisms. The
adjoint pair L 4 R of equivalences is sometimes called an adjoint equivalence.

\Proof. — Suppose that R is an equivalence of categories, i.e., it is fully faithful and essentially,
surjective by proposition XV.1.5.11 (this holds even without the axiom of choice). Then the counit ¢
is a natural isomorphism. To show that L: Home (X, X’) — Hom (L(X), L(X")) is bijective for
any X, X’ € Ob(C), there are isomorphisms R(Y) = X and X’ = R(Y”’) for some Y,Y’ € Ob(D)
Therefore, it suffices to show that L: Home(R(Y), R(Y")) — Hom,(L(R(Y)), L(R(Y"))) is bijective
But this is the case since this map appears in diagram (XV.1.7.7.1) from observation XV.1.7.7 and
€ is an isomorphism:

Home(R(Y), R(Y")) —E— Homy,(L(R(Y)), L(R(Y")))

RT \ ley/o_

Hom.,(Y,Y’) ——Y s Homp(L(R(Y)),Y").




276 CHAPTER XV. CATEGORIES AND FUNCTORS

Thus, L is fully faithful and we showed that (ii) implies (iii). All other statements are either dual on
immediate from proposition XV.1.8.5. CI7]

The converse also holds.

Proposition XV.1.8.7. — Any pair L: C — D and R: D — C of mutually quasi-inverse
equivalences can be promoted to an adjoint equivalence L 4 R. This means that there are natura
isomorphisms n: ide = Ro L and €: L o R =% id,, satisfying the triangle identities.

Proof. — Let n: ide =% R o L be a natural isomorphism given by the equivalence. Then the map

Hom,, (L(X),Y) i) Home(R(L(X)), R(Y)) 70—"); Home (X, R(Y))

is a bijection since R is fully faithful and since ny is an isomorphism. This map is also natural in X]
since R is functorial and since 7 is natural. By proposition XV.1.8.1, this defines an adjunction
L R. o]

Alternative proof sketch. — Given natural isomorphism 7: ide =% Ro L and {: L o R — idy from
the equivalence of categories, we define the natural isomorphism

(LoR)¢™! Ln 'R 3
€eeLoR —= LoRoLoR — LoR—idy.

It remains to check the triangle identities for (n),¢), which we will not do here. For an explicit and
tedious calculation, see [Riel6, Proposition 4.3.5] for a conventional calculation or [nLa26, adjoint
equivalence] for a more visual calculation with string diagrams. i

Remark XV.1.8.8. — Hence, if F': € — D and G: D — € are mutually quasi-inverse equivalences
of categories, then G is both left and right adjoint of F' by symmetry.

§ XV.2. LIMITS

XV.2.1. Definition of limits.

)As with representable functors and adjunctions, limits arise everywhere. Limits are the most common|
incarnation of universal properties across mathematics and are the primary (if not only) way to
construct new objects. The most common and visual definition is the following.

XV.2.1.1. — Recall that a diagram is a functor F': I — € where [ is called the index category
Moreover, F'is finite or small if I is. Also, recall that the constant functor Ay : I — € for X € Ob(C)
maps every object of I to X (and every morphism of I to idy).

Definition XV.2.1.2. — A functor A: € — Fun(I,C€), X — Ay is called a diagonal functor. If

I is discrete and small, then Fun(I, C) = HieOb(I) Cand A: € — [, _, € is given by X = (X);conn)

Definition XV.2.1.3. — (i) Let F': I°® — € be a diagram (we use this opposite conventio

because of the Yoneda lemma XV.1.6.5). For an object X of C, a cone over F is a family of
morphisms (a;: X — F(i));con(r) which are compatible with all morphism F(f): F(j) — F(i) fo

all morphisms f: i — jin I, i.e., the diagram

X
y F(f)Y
F(j) ————— F()

commutes for all morphisms f: i — j in 1. Equivalently, a cone over F' is a natural transformation|
a: Ay — F
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(ii) Dually, let F: I — C be a diagram. For an object X of C, a cocone under F is a family of
morphisms (B;: X — F(i));con(r) such that the diagram

commutes for all morphisms f: i — jin I. FEquivalently, a cocone under F is a natural transformation|
BI F — Ax.

Remark XV.2.1.4. — Let F: I°°? — € be a diagram, and let A: ¢ — Fun(I°P,C) be the
diagonal functor. Then the cones over F' are precisely the objects in the comma category A | F]
where F': 1 — Fun(/°P, ) is the inclusion of . Thus, we obtain a category of cones over F'
Dually, the category of cocones under F'is F' | A.

Let us explicitly describe the morphisms in the category of cones. A morphism between two
cones (a;: X — F(i));eon(r) and (B;: X — F(i));con(r) over F are morphisms f: X — Y in € such
that

commutes for all ¢ € Ob(I). Equivalently, a morphism of cones a: Ay — F and §: Ay — Fis a
natural transformation ¢: Ay — Ay such that 5o ¢ = «a, or as a diagram,

NoA

Note that by naturality of ¢ and by definition of constant functors, we have ¢; = ¢,;: X — Y for all
i,j € Ob(I). Hence, we have ¢ = A for the morphism f = ¢,: X — Y in C.

Definition XV.2.1.5. — (i) Let F: I°® — C be a diagram. A limit cone or universal cone
over F' is a terminal object in the category of cones over F. The vertex of the limit cone is called
limit or projective limit in C and we write lim; F = limo, F' = lim,.; F(i). Explicitly, o limit
cone over F is a cone

lim; F

RN

. F(f)
F(j)

such that for any other cone over F with vertex X, there exists a unique morphism X — lim; F]
such that the diagram

F(i)

commutes for all f: i — § in I
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(ii) Let F: I — € be a diagram. Dually, a colimit cone*V %) or universal cocone under F
is an initial object in the category of cocones under F. The vertex of the colimit cone is calle
colimit or inductive limit in C and we write colim; F' = colim,.; F. Exzplicitly, a colimit cone
over F' is a cone

colim; F'

such that for any other cocone under F' with vertex X, there exists a unique morphism colim; F' — X]|
such that the diagram

F(i) F(j)
colim; F
%3!
X

commutes for all f:i— jin I.

Remark XV.2.1.6. — Let ¢: J — I be a functor and let ¢°P: J°P — I°P be induced by ¢. If
F': I°°? — C is a diagram, then there exists a canonical morphism lim; F' — lim ;(F o ¢°P) if the
limits exist. This morphism is natural in ¢, i.e., let ¢, d5: J =X I be two functors with a natural
transformation a: ¢; — ¢5. Then the triangle

lim; F

T

Sl (F o 637)

lim ; (F o ¢7”)

commutes. Dually, if F': I — € is a diagram, then there exists a canonical morphism colim ;(Fo¢) —
colim; F' if the colimits exist, and this morphism is natural in ¢.

Remark XV.2.1.7. — Limits and colimits are formally dual. For a diagram F': [°? — C, let
F°P: | — C°P be the dual diagram. Then (lim; F')°P = colim; F*°P.

Definition XV.2.1.8. — For a diagram F: I°® — C (resp. F': I — C), we say that the lima
lim; F (resp. colimit colim; F), if it exists, is finite or small if F is.

Construction XV.2.1.9. — There is again an (almost) equivalent definition via the Yoneda
lemma, but it only works for locally small categories €. We first consider a Set-valued small diagram|
[': I°P — Set. Then the limit of F' is formally defined as

h;n F = HOmFun<Iop7Set> (A{pt}7 F) (XV2191

where A oty P — Set maps everything to the singleton set {pt}. Conceptually, every a € lim; F|
gives a family of elements «;(pt) € F'(i) for i € Ob(I) that are compatible under the image of F'. In
other words, chasing an element € X through any cone 5: Ay — F, the limit lim; F' gives all
possible choices for (3;(%));con(1)-

(XV.6) We say colimit cone instead of colimit cocone since the latter is a mouthful
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We now extend this definition to general diagrams by means of the Yoneda embedding. Let
F': I°P — © be a small diagram in a locally small category €. Then there is a functor

F:@% — Set, Xi— h}n(h@(X) o F') = Hompy, (rop set) (A ey, Home (X, F)).

Note that any a € lim;(h®(X) o F) carries the same datum (a;(pt): X — F(i));con(r) as a cone

A

Ay — F over F. Hence, the category of elements el(F') is the category of cones over F. By
proposition XV.1.6.16, a limit of F' is a representative of F'| i.e.,

F= Homgypop set) (Aqpty, Home (—, F)) = Home (—, li}n F)

where Home (X, F') = h®(X)o F is a functor I°P — Set. By the Yoneda lemma XV.1.6.5, this natural
isomorphism gives rise to a natural transformation Ay, — Home(lim; F', F) (corresponding to
idji, ), Which is a limit cone Ay, p — F over F.

This general definition recovers the definition in equation (XV.2.1.9.1): for a small diagram|
F': I°P — Set, plugging in X = {pt} gives a natural bijection

Homgy, (ror set) (Dpeys F) 2 Hompyy ron sery (A ey, b ({pt}) o F)
=~ Homg,, ({pt}, li}n F)

~ lim F
T

because of the representation ide,, = h>*({pt}).
Dually, let F': I — € be a small diagram in a locally small category €. Then, since h®"” = h,
by remark XV.1.6.3, a representation

F = lim(he(—) 0 F) = Homp,yfor set) (D ey Home (F°P, =) 2 Home (colim F, ) (XV.2.1.9.2

defines the colimit colim; F' of F' and the colimt cone F' — A

colim, ¢ under F.

Remark XV.2.1.10. — Equivalently, we could define the colimit of a small diagram F': I — € in
construction XV.2.1.9 as a representative of the functor

F(X) = (colim(he(X)*P o F))™ 2 lim(he (X) o F°P)

using remark XV.2.1.7. Dually, the same works for limits of a small diagram F': I°? — C.

Example XV.2.1.11. — (i) Let € be a category. Then lim id is the initial object and colime ide
is the terminal object in €, provided they exist.

(ii) Let ¢ be the terminal object of I. Then for any diagram F': I — C, we have colim; F' = F'(t)
since F' — Ap, is already a cocone, and the universality of this cocone is automatic. Dually, ¢ is
the initial object of I°P, so for any diagram F': I°P — €, we have lim; F = F(t).

Observation XV.2.1.12 ((co)limits are adjoint to the constant functor). — Suppose that a
category € admits all limits of shape I with I small. For any natural transformation a: F — G of]
diagrams I°P — €, the limit cone over F' defines a cone over GG by naturality of a. Hence, we obtain
a unique morphism lim; F' — lim; G by the universal property of lim; G. Thus, there is a functor
lim;: Fun(I°P,€) — €. Dually, there is colim;: Fun(Z,€) — C.

Let A: € — Fun(I°P, €) be the diagonal functor. Then there is a bijection

Homp,ror ) (Ax,Y) = Home (X, li}n Y)

natural in X and Y, because each cone Ay — Y corresponds to a unique morphism X — lim; Y by
the universal property. Thus, the functors A - lim; are adjoint. Dually, the functors colim; 4 A
are adjoint
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XV.2.2. Properties of limits.

Fact XV.2.2.1 (uniqueness of limits). — Given a diagram F, if limits over F (resp. colimits
under F') exist, then they are unique up to unique isomorphism.

\Proof. — This follows from the uniqueness of terminal objects in categories, e. g., the categories of
cones over a diagram. Alternatively, perform the same proof as in fact X'V.1.2.27. i

\Proof with the Yoneda lemma. — If F is a small diagram, then this follows by uniqueness of repre;
sentatives (remark XV.1.6.12). sid

Definition XV.2.2.2. — (i) A category C admits limits (resp. admits colimits) of shape I
if every diagram I°P — C (resp. I — C) has a limit (resp. colimit) in C.

(ii) A category C is complete (resp. cocomplete) if it admits all small limits (resp. small
colimits) in C.

Fact XV.2.2.3. — Let (C,),cg be a family of categories admitting limits (resp. colimits) of shape I
indexed by a set S. Then the product Hses C, also admits limits (resp. colimits) of shape I.

Proof. — Let F': I°? — Hses C, be a diagram of shape I. Then 7 o F': I°? — (, is a diagram
in C; admitting a limit. One can now check that lim; F"is [ _ lim; (7, o F). g

Proposition XV.2.2.4 (Set is (co)complete). — (i) For any small diagram F: I°? — Set, its

limit is given by

h}nF = {(l’i)ieOb(I) € H F(i)

icOb(I)

F(f)(z;) =z, forall f € Hom[(i,j)}.
(ii) For any small diagram F: I — Set, its colimit is given by
colim = 11 F(i)/w
1€Ob([I)

where the equivalence relation ~ is generated by x; ~ x; € F(i) x F(j) if F(f)(z;) = z; for somg
f € Hom;(4, 7).

IProof. — Since Set is locally small, we use equation (XV.2.1.9.1) as the definition for limits. For
each i € Ob(I), we have a map
h}nF = HomFun(IOP,Set)(A{pt}7 F) — HomSet<A{pt}(i)a F(7’>> = F(Z)

for each ¢ € Ob(I). This induces an injective map lim; F' — [].

#cOb(I) F(i), whose image is precisely|

the set given in (i).
By equation (XV.2.1.9.2) and (i), we have

Hom@(collim F,S) = li}n Hompyy(fop set) (£ S)

1%

{(p(i))ie [[ Homs.(F(i),5)

i€Ob(I)

{pGHomSet< H F(i)75’>

icOb(I)

p(i) = p(j) o F(f) for allf=i—>j}

IR

p(z) = p(y) whenever z ~ y}

%Homset( H F(i) N,S)

1eOb(T)




XV.2. LIMITS 281

for any set S, and the isomorphisms are natural in S. Now, (ii) follows from the Yoneda
lemma XV.1.6.5. s

Warning XV.2.2.5. — The category Set admits all small limits, but not all large limits
Let I = Ob(Set) be the discrete category of all sets. Then the limit of the large diagram
F: I°P — Set is the initial object lim; F' = HS S = @. Indeed, any cone over F' with vertex S must
in particular, give a map S — &, which is only possible if S = & (there is only one cone over F').
However, if I = Ob(Set) \ {&} is the discrete category of all non-empty sets, then the limit of the
large diagram F: I°P — Set cannot exist. Otherwise, the limit cone of F' gives a non-surjective(*V:7)
map m: lim; F — P(lim; F), say, f misses S € P(lim; F'). By the axiom of global choice, choose
an element of each non-empty set except P(lim; F'). These choices and S € P(lim; F') give rise to a
cone Ay — F which cannot factor through lim; F' because 7 misses 5.

This phenomenon is not specific to Set. In general, a category cannot admit all large limits.

Proposition XV.2.2.6 (Freyd). — If a category C admits products indexed by sets of cardinality
# Mor(C), then it is already thin, i. e., there is at most one morphism X —'Y for any X,Y € Ob(C)

\Proof. — By way of contradiction, suppose that there are two parallel morphisms X =X Y. By the
universal property of HMor(@) Y, the hom-set Home (X, HMor@ Y) is in bijection with the class of
all families of morphisms (f;: X = Y),cnor(@)- Since there are two choices for each f;, we see that
the cardinality of Home (X, HMor(€> Y) is at least 2#Mer(©) — LP(Mor(€)), but as a subclass of

Mor(€) it can only have cardinality at most # Mor(C), a contradiction. i

\Proof using the Yoneda lemma. — Suppose that € is small. By way of contradiction, suppose that
# Home(X,Y) > 2. By proposition XV.2.2.8] we have

# Mor(€) > # Homg (X, I1 Y) = [ #Home(X,Y) > 2#Mer€) = gp(Mor(€)),
)

Mor (€ Mor ()
which is absurd. ig

Definition XV.2.2.7. — Let F: C — D be a functor.

(i) Let J: I°® — € be a diagram, and suppose that lim; J is a limit of J with limit cong
a: Ay, ;g — J. Then F preserves the limit lim;J if F(lim;J) is a limit of F o J with
limit cone Fa (this is a whiskering Apyyy,, ) — F o J). In particular, the canonical morphis
F(lim; J) = lim;(F o J) 4s an isomorphism.

(ii) Dually, let J: I — C be a diagram, and suppose that colim; J is a limit of J with colimif
cone a: J = Ao, - Then F preserves the colimit colim; J if F(colim; J) is a colimit of Fo.J
with colimit cone Fa (this is a whiskering FoJ — Ap(iim, 7). In particular, the canonical morphism
colim;(F o J) =% F(colim; J) is an isomorphism.

(iii) The functor F is continuous (resp. cocontinuous) if it preserves all small limits (resp
small colimits) in C.

Proposition XV.2.2.8 (hom-functors preserve limits). — Let € be a locally small category. If
diagram F: I°P — C (resp. F': I — C) has a limit (resp. colimit) in C, then there is an isomorphism)

Home (X, li}n F) = hHIl Home (X, F (7)),
1€

Home(collim F, X) = ljr? Home(F (i), X),
1€

(XV.7) This is well-known from the theory of cardinalities (Cantor’s diagonal argument). For any map|
f: S — P(S), consider T={se S|s¢ f(s)}. Then T + f(s) forall se S
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resp., of sets for all X € Ob(C) which is natural in X. Note that the right-hand (co)limits are take
in Set.

Proof. — Let a: Ay, p — F be the limit cone of lim; F. We need to show that the cone
Home (X, ) over Home (X, F') with Home (X, lim; F) at the tip is universal.

Let 8: Ag — Hompe(X, F) be any other cone. Each s € S gives a family of morphisms
B;(s): X — F(i) compatible under the image of Home (X, F), i. e., post-composition with morphisms
F(i) — F(j), so these morphisms assemble into a cone Ay — F. By the universal property of
lim; F, all §,(s) factor through a single morphism X — lim; F'; so we define the map of cones
f: S = Home(X,lim; F) by defining f(s) to be that morphism. One easily checks that f is unique
such that it induces a map of cones from 5 to Home(X, «). Thus, Home (X, lim; F) is a limit.

By a diagram chase in the naturality square, one also verifies naturality (use that the canonical

isomorphism is explicitly given by f = (a; o f);con(r), cf. proposition XV.2.2.4). s
\Proof using the Yoneda lemma. — Suppose that the diagram F' is small. Then this follows imme;
diately from construction XV.2.1.9 (i.e., by definition). (7]

Example XV.2.2.9. — Let V be a k-vector space. Then the hom-functor Hom,, (V, —): k-Vect —
k-Vect is cocontinuous if and only if V' is finite-dimensional. Obviously, it is continuous.

Proposition XV.2.2.10 (limits in functor categories are computed pointwise). — For the functo
category Fun(D, C) (with D small), let evy: Fun(D,C) — C, G +— G(X) be the evaluation functo
at X € Ob(D).

Let F': I°P — Fun(D,C) be a diagram such that evy o F': I°? — € has a limit for all X € Ob(D)
Then F has a limit in Fun(D, C), which is described pointwise by the isomorphism

(lim F)(X) =2 lim(evy o F') = lim F(i)(X)
1 1 icl
for each X € Ob(D) which is natural in X. In particular, evy preserves lim; F.
The dual statement with colimits also holds.

\Proof. — Define G: D — €, X + lim;(evy o F), which is a functor. Indeed, note that we can
uncurry F' to a bifunctor F': I°P x D — €, that is, F is functorial in both entries. If f: X — Y is a
morphism in 2, then the diagram

G(X)
F(i)(X) FG)(X)
F(l)(f)l lFO)(f)
F)(Y) FGI(Y)

commutes for all morphisms ¢ — j in I. Hence, Ag(x) — evy o F' is a cone and we obtain a unique
morphism G(X) — G(Y) by the universal property of G(Y). Functoriality follows from a similar
argument.

We need to show that G is a limit of F' with limit cone a: Ay — F. Let : Ay — F be a cone
Then pointwise, 3 gives rise to cones evy 3 in € with tip G(X). By the universal property of G(X)
we obtain a unique morphism H(X) — G(X). Moreover, for every morphism f: X — Y in D the
naturality square

HX) 2 gy

| |

ax) 29 g
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commutes since both compositions give a morphism from the cone Ay x) — evy o F' to the limit
cone Ag(y) — evy o I, so they must be equal. Thus, these H(X) — G(X) assemble into the natural
transformation H — (. One checks that this transformation H — G is unique such that  factorises
through it and . pid

\Proof with the Yoneda lemma. — Suppose that € is locally small so that Fun(2, €) is locally small|
We check that G: D — €, X + lim,.; F(7)(X) is a functor. Any morphism f: X — Y in 2 induces
a morphism F(i)(X) — F(i)(Y) for all « € Ob(I). Hence, we obtain a natural transformation
morphism of representations)

Home (—, G(X)) 2 lim Homg (~, F(i)(X)) — lim Home (—, F(7)(Y)) 2 Home (—, G(Y))
1€ 1€
of functors €°P — Set. The isomorphisms above follow from proposition XV.2.2.8 (or by definition
assuming [ is small). By the Yoneda lemma XV.1.6.5, this induces a unique morphism G(f): G(X) —
G(Y).
For each functor H: D — €, we have an isomorphism
HomFun(D,E) (H’ G) = HomFun(D,@) (H’ EIEIIIIF(Z)(_» = 11,leHIl HomFun(D,@) (H’ F(l)(_»

by proposition XV.2.2.8 (or by definition assuming I is small) which is natural in H. Hence
G represents the functor on the right-hand side and thus, G = lim; F' by construction XV.2.1.9

i
Corollary XV.2.2.11. — For a small category C, the functor categories Fun(C°P,Set) and
Fun(C, Set) admit all limits and colimits.
\Proof. — Combine propositions XV.2.2.4 and XV.2.2.10. pid

The following statement is very powerful, one of the main reasons why we consider adjoint
functors at all.

Theorem XV.2.2.12 (right adjoints preserve limits, RAPL). — Let L 4 R be adjoints C = D
If a diagram F: I°°® — D has a limit in D, then R preserves lim; F, i.e., we have a canonica
isomorphism

R(li}nF) — li}n(R o F).

The dual statement with L and colimits also holds.

Proof. — Let a: Ay, p — F be the limit cone, and we need to show that Ra: Agyy,, gy = Ro F]
is a limit cone over Ro F. Let 8: Ay — R o F be a cone in €. Then there is an adjunct cone
LB: Apx) — F over F in D which uniquely factorises through a. Let L(X) — lim; F' be the
resulting unique morphism in 2. Then its adjunct X — R(lim; F') gives a morphism in € through
which S factorises uniquely. pid

Proof with the Yoneda lemma. — Suppose that € and 2D are locally small. In the following we will
use proposition XV.2.2.8 or require that I is small. Then we have a chain of natural isomorphisms

Hom@(—,R(li}n F)) = HomD(L(—),li}nF) = li}nHomD(L(—), F)
= li}n Home(—, Ro F') = Home(—, li}n(R o I)).

By the Yoneda lemma XV.1.6.5, we obtain an isomorphism f: R(lim; F') = lim (R o F'), which is
given by evaluating the above chain at R(lim; F) and tracing the identity. For each i € Ob(I), we
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obtain by naturality a commutative square

Home(R(lim; F), R(lim; F')) —— Home(R(lim; F),lim;(R o F'))

R(ai)°7j/ l

Home(R(lim; F), R(F(i))) =——= Home(R(lim; F), R(F(3)))
where a: Ay, p — F'is the limit cone. Chasing the identity of R(lim; F), we see that f must be
the canonical morphism. pid
Corollary XV.2.2.13 (equivalences of categories preserve and create limits). — Let E: C =~ D

be an equivalence of categories, and let F': I°°? — C be a diagram. Then lim; F' exists in C if an
only if lim;(E o F) exists in D, in which case we have an isomorphism

B(lim F) = lim(E o F).

The dual statement for colimits also holds.

\Proof. — By proposition XV.1.8.7, we can promote E to an adjoint equivalence, in which case
E is a right adjoint of a quasi-inverse D =% €. If lim; F' exists, then the preservation statement
follows from theorem XV.2.2.12. Conversely, suppose that lim;(E o F) exists. Since E is essentially
surjective, there exists X € Ob(C) such that lim;(E o F') = E(X), which is also a limit of Eo F'
Since FE is fully faithful, we can lift the limit cone over F o F' with tip E(X) uniquely to a cone
over F' with tip X. Again by lifting along E, we argue that X = lim; F' is the limit of F. i

Proposition XV.2.2.14 (limits commute). — Let F: I°P x J°P — € be a bifunctor with smal
index categories I and J, which induces functors Fy: J°? — Fun(I°P,C) and Fy: I°? — Fun(J°P,C)
Then there are isomorphisms

lilenfl ljlergl F(i,j) = h}n 11}nF‘I = ¥1XHL1]F = h}n h}n F; = 1]1€I51 lzleHIl F(i,j)
if the limits on the left-hand and right-hand side exist. In particular, F' has a limit.
The dual statement for colimits also holds.

\Proof. — We check that lim;lim; F; has the universal property of the limit of F'; the other|
isomorphism follows by symmetry. Let a: Ay — F be a cone. Then we obtain a cone a;: (Ay); —
F; indexed by J°P where (Ay);: JP — Fun(I°P,€), j = AL" (see example XV.1.5.3). By the
universal property, a; uniquely factorises through a natural transformation AL” — lim ; F}, which
again is a cone indexed by I°P. Again by the universal property, this uniquely factorises through al
morphism X — lim; lim ; F;. Uniqueness can be easily checked. (7]

Remark XV.2.2.15. — There is a much more elegant proof if € admits all limits of shape I and J
with I and J small. Then there is a functor lim;: Fun(/°?,C) — €. Let F': I°? x J°° — C be a
bifunctor, which induces F;: J°P — Fun(/°P,€). Then F} has a limit since Fun(I°P, ) admits all
limits of shape J by proposition XV.2.2.10. Since lim; is is a right adjoint to the diagonal functor A
it preserves limits by theorem XV.2.2.12. Thus, we have a canonical isomorphism

hgn(h}n F) =~ 11?(11p ofy) = 11}11(11?1 Fy)

since (lim; oFy)(j) = lim(ev; o F;) == (lim; Fy)(j) for all j € Ob(J) as limits in functor categories
are computed pointwise (proposition XV.2.2.10)
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Fact XV.2.2.16. — Let C be a category that admits all colimits (resp. small colimits) of shape T
and let F: C — D be a functor preserving such colimits. Then for any A € Ob(D), the comm
category F' | A admits all colimits (resp. small colimits) of shape I. In particular, For: F | A — C
preserves such colimits.

The dual statement on limits and A | F also holds true.

\Proof. — Let G: I — F'| A be a diagram. We obtain a diagram ForoG: I — € which has a colimit,
colim;(For o G). Since F preserves colimits, we obtain a morphism F(colim;(Foro G)) — A. Tt ig
now easy to see that it satisfies the universal property of colim; G. i

XV.2.3. Special (co)limits.

Definition XV.2.3.1. — Let I = 0 be the empty category. The limit over the diagram F: I°P — C
is the terminal object of C. Dually, the colimit over the diagram F: I — C is the initial object
of C.

Definition XV.2.3.2. — Let I be a discrete category and let (X;);con(r) be a family of objects
in C. The limit over a diagram F: I — C, i > X; is the product of (X;);con). We write
Hid X, :=lim; F' and it comes with projection morphisms m;: Hie[ X, = X, for eachi€ 1. The
universal property is visualised by the diagram

T
/ 33!\‘
X 5— Hie] X, — X;.

Dually, the colimit under a diagram F: 1 — C, i — X, is the coproduct of the objects
(F'())icob(r)- We write [[,_, X; == colim; F' and it comes with inclusion morphisms v;: X; —

. X, for each i € I. The universal property is visualised by the diagram

el "

X%H X<—X

Nk

T.

Notation XV.2.3.3. — If I ={1,...,n} is finite, then we usually write X; X - x X := Hie] X,
and X, 111X, := [],_, X,.

Warning XV.2.3.4. — In general, projections are not generally epimorphisms, not even inl
Set. If (X;);c; is a family such that one but not all X is empty, then Hie] X,; = & by the same

argument as in warning XV.2.2.5. However, if all X, are non-empty, then Hie] X, is the Cartesian
product and hence all projections are surjective, i.e., epimorphisms (example XV.1.2.16).

Remark XV.2.3.5. — By proposition XV.2.2.8, for any locally small category € and a family off
objects (X;),c; of €, we have bijections

Hom, (Y,sz) > [[Home(Y,X;),  Home (H XZ-,Y> > [ [ Home(X,,Y)

i€l el el el

if the product and coproduct of (X;)..; in € exist
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Definition XV.2.3.6. — Let I = {® I o} be a parallel pair of arrows. The limit over the
diagram F: I°? — C is the equaliser of a pair of morphisms (f,g) in C, for which we write
Eq(f,g) :=lim; F. The universal property is visualised by the diagram

~

EL

Eq(

eo--

~

f
’9)*>X:9§Y-

Dually, the colimit over the diagram F': I — C is the coequaliser of a pair of morphisms (f,g)
in C, for which we write Coeq(f,g) := colim; F'. The universal property is visualised by the diagra

f
X :g; Y —— Coeq(f,g)
E
T.
Example XV.2.3.7. — For € = Set and two maps f,g: X XY, we have Eq(f,g) = {z € X|
f(z) = g(z)} and Coeq(f,g) =Y/~ where y; ~ y, if there exists some = € X with f(x) =y, and
9(x) = ys,.

Remark XV.2.3.8. — By proposition XV.2.2.8, for any locally small category € and parallel
morphisms f,g: X XY, we have bijections

Home (2, Eq(f, 9)) = {u € Home(Z, X) | fou = geouj,
Home(Coeq(f, g), Z) = {u € Home(Y,Z) |uo f = uo g}.

if the equaliser and coequaliser of (f,g) in € exist.

Fact XV.2.3.9. — Let f,g: X =Y be two parallel morphisms in a category.

(i) If the equaliser Eq(f,g) exists, then the canonical morphism Eq(f,g) — X is an monomor;
iphism.

(ii) Dually, if the coequaliser Coeq(f,g) exists, then the canonical morphism Y — Coeq(f, g) i
an epimorphism.

Proof. — Straightforward by definition and the universal property of (co)equalisers. i

Lemma XV.2.3.10. — Let F': € — D be a functor.

(i) Suppose that C admits and F preserves equalisers (resp. coequalisers). If F is conservative
then F is faithful.

(ii) Conversely, suppose that morphisms in C that are monomorphisms and epimorphisms are
isomorphisms. If F is faithful, then F is conservative.

IProof. — Under the assumptions of (i) with kernels, let f,g: X =X Y be morphisms with F(f) =
F(g). Let u: Eq(f,g9) — X be the canonical morphism. Then F(Eq(f,g)) = Eq(F(f),F(g))
whence F'(u) is an isomorphism. Since F is conservative, u is an isomorphism. By definition
fou=gou,so f =g, that is, F' is faithful. The statement with cokernels follows dually.

Under the assumptions of (ii), let f be a morphism such that F(f) is an isomorphism. By
lemma XV.1.3.9 (F reflects monomorphisms and epimorphisms), we see that f is a monomorphism
and epimorphism. Hence, f is an isomorphism, i.e., F' is conservative. pid

—_— s o ee—————
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Definition XV.2.3.11. — Let I = {® + ¢ — o} be a so-called span. The limit of a diagra
F: I°? — C is the pullback or fibre product™V*) of the two morphsims f: X — Z and g: Y — Z
in C. We write X X, Y :=lim; F (although f and g cannot be neglected). The universal property is
visualised by the diagram

T

~

XXV — X
L]
Y —— Z.

Dually, the colimit of a diagram F: I — C is the pushout of two morphisms X < Z — Y, fo
which we write X 11, Y := colim; F'. The universal property is visualised by the diagram

Z — X

I

Definition XV.2.3.12. — A commutative square

Y —— X,

L

X, — Z
in C is a:
(i) Cartesian square if Y = X, x; X, is a pullback;
(ii) co-Cartesian square if Z = X, 11, X, is a pushout.
Remark XV.2.3.13. — Let X — Z < Y be morphisms. Then the product X x Y induces

morphisms X x Y =¢ Z. By definition of pullbacks, X x , Y — X x Y is the equaliser of X xY =X Z
Dually, for morphisms X < Z — Y, the pushout X I, Y is the coequaliser of Z =X X IT Y.

Remark XV.2.3.14. — We can generalise pullbacks and pushouts in a category € via (co)products
in (co)slice categories.

(i) Let Z be an object of €, and recall that €/Z is the slice category whose objects are morphisms
X — Z. Then the pullback or fibre product of a family of morphisms (X; — Z),.; indexed by a set I
is For(HieI X, = Z). Here, For: €/Z — C is the forgetful functor. We recover the usual pullback
if I ={0,1}.

(ii) Dually, the pushout of a family of morphisms (Z — X;);c; in € indexed by a set I ig
For([[,_, Z — X;) where For: Z/€C — € is the forgetful functor.

Lemma XV.2.3.15 (pullbacks preserve monomorphisms). — (i) Let

Xx,V — X

Lo
1 (9) i J{"

y — L 7z

(XV-8) Namesake is the special pullback in Top of a continuous map f: X — Y along the inclusion of a point
y} < Y. Then X x4 {y} is the fibre f~1(y)
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be a pullback square. If g is a monomorphism (resp. isomorphism), then f*(g) is.
(ii) Dually, let

—_—

(9)
Y

PN

_r
-
— X

NN
=
N

be a pushout square. If g is an epimorphism (resp. isomorphism), then f,.(g) is.

\Proof. — We denote X x,Y — X by ¢g*(f). Firstly, suppose that ¢ is a monomorphism. Let
hi,hy: T =X X X, Y be morphisms such that f*(g) o hy = f*(g) o hy. Since g is a monomorphism
we also have g*(f) o hy = g*(f) o hy. The universal property of X X, Y implies h; = h,.

Now, suppose that ¢ is an isomorphism. Then

1,
y £ x
-
SR
y L5z
is also a pullback square. Hence, the canonical morphism f*(g): X x, Y — Y induced by the
universal property of Y is an isomorphism. pid
Lemma XV.2.3.16 (pasting of pullbacks). — Consider a commutative diagram

X —sY —— 7

L

X —Y — 7.

(i) Suppose that the right-hand square is Cartesian. Then the left-hand square is Cartesian if
and only if the outer square is.
(ii) Suppose that the left-hand square is co-Cartesian. Then the right-hand square is co-Cartesian)
if and only if the outer square is.

\Proof. — Consider the diagram

L

X —Y —— 7.

Suppose that the left-hand square is a pullback and suppose that h exists such that everything
commutes. Then the universal property of Y gives a unique g, and the universal property the
left-hand square gives a unique f. Conversely, suppose that the outer square is a pullback and
suppose that ¢ (and hence h) exists such that everything commutes. Then the universal property of|
the outer square gives a unique f, and the universal property of Y shows that the triangle withl
morphisms f and g commutes. pid

Definition XV.2.3.17. — Let f: X — Y be a morphism
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(i) Suppose that the pullback X Xy X induced by f exists, and let my, 79 X Xy X =X X be the
projections. The canonical morphism Ap: X — X Xy X such that my o Ay =my0 Ay =idy is the
diagonal morphism of f. Visually, we have the commutative diagram

x 1 v

(ii) Dually, suppose that the pushout Y Iy Y induced by f exists, and let t1,1,,: Y XY Y]
be the inclusions. The canonical morphism AT: Y 11y Y — Y such that Af o1y = A o1y =idy is
the codiagonal morphism of f. Visually, we have the commutative diagram

x ' Ly

ik

Y 25 VI, Y

idy

XV.2.4. Existence of limits.

In fact, remark XV.2.3.13 holds in full generality, i.e., we can construct any (co)limit from (co)prodi
ucts and (co)equalisers.

XV.2.4.1. — Recall that the arrow category Arr(C) of a category € comes with the domain and
codomain maps s,t: Mor(€) — Ob(€) given by (X - Y) > X and (X = Y) = Y, resp.

Theorem XV.2.4.2 (existence of limits). — (i) Let F': I°? — € be a diagram. Suppose that the
products HieObu) F(i) and erMor(I) F(t(f)) exist in €. Then F has a limit if and only if the
diagram

[T cntor(r (E () o myp)
F(i) fertortd) <f)< I Fe) (XV.2.4.2.1

i€0b(I) I entonn) mstr) feMor()

has an equaliser. In this case, lim; F' is the equaliser.
(ii) Dually, let F: I — C be a diagram. Suppose that the coproducts |]

erMor(I) F(s(f)) exist in C. Then F has a colimit if and only if the diagram

icOb(I) F(i) and

I Mor (F(f)”s(f))
I Fst) ——t 1] FO)
)

feMor(I) erMor(I) Le(f) i€Ob(I

as a_coequaliser. In this case, colim; F' is the coequaliser

Skip definition aften
[KS06, Not. 2.2.8].
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\Proof. — We first construct diagram (XV.2.4.2.1). For each f € Mor(7), the following morphisms
exist:
F(f)
H F(i) — F(6(f) — F(s(f)), H F(i) —» F(s(f)).

1€Ob(I 1€O0Ob(I

FeMor(D) F(t(f)), we obtain the morphisms into erMoru) F(t(f))-

F (1) be a morphism giving a cone over diagram (XV.2.4.2.1). By construction
icOb(I )F(z) —» F(j) for each j € Ob(I) such that F(f)ca; =,

for each morphism f: i — j of I. Thus the a; constitute a cone a: Ay — F over F. Conversely

if a: Ay — F is a cone over F', then the components «,;: X — F(i) for each ¢ € Ob(I) induce
a morphism X — [ F, and naturality of « shows that this morphism gives a cone over

By the universal property of []
Let X — [T, _ Ob(I
we obtain morphlsms a;: X =]

4€Ob(I)
diagram (XV.2.4.2.1). The statement follows. ol

\Proof with the Yoneda lemma. — Assume that I is small. If € = Set, then this follows from the
explicit description of limits in proposition XV.2.2.4 and example XV.2.3.7. Hence, for general
locally compact categories € the statement is true for Home (X, F'): I°P — Set and

He or (F(f)”%(f)"—)
T Home(X, Fli)) —mt t T Home(X, F(t(£)

1€0b(I) I estor(n) (st © ) feMor(I)

for all X € Ob(€) and natural in X. In particular, the equaliser of the above diagram is canonically]
isomorphic to Home(X,lim; F'). By the uniqueness of representatives (remark XV.1.6.12), the
statement is true for F' and diagram (XV.2.4.2.1). i

Corollary XV.2.4.3. — (i) A category admits all (co)limits (resp. is (co)complete) if and onl
if it admits all (co)products (resp. small (co)products) and all (co)equalisers.

(ii) A functor preserves all (co)limits (resp. is (co)continuous) if and only if it preserves al
(co)products (resp. small (co)products) and all (co)equalisers.

Corollary XV.2.4.4. — For a category, the following statements are equivalent:
(i) It admits all finite (co)limits.
(ii) It admits a terminal/initial object, all binary (co)products and all (co)equalisers.
(iii) It admits a terminal/initial object and all pullbacks/pushouts.

Proof. — The equivalence of (i) and (ii) is clear since terminal objects are empty products.

For the equivalence of (ii) and (iii), suppose that the category € admits a terminal object T
Then binary products Z; x Z, of Z;, Zy € Ob(€) and equalisers Eq(f, g) of morphisms f,g: X XY
in € are pullbacks

Iy XLy —— 2y Eq(f,9) —— X
B B
I
Zy ——— T, Yy —X 5 Y xY,

whose universal properties can be verified easily. Conversely, a pullback can be written as anl
equaliser of a product of morphisms, see remark XV.2.3.13. i

XV.2.5. Base change.

Definition XV.2.5.1. — Let C be a category admitting fibre products
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(i) For any morphism f:Y — Z in C, the base change functor f*: C/Z — C/Y induce
by f is defined by taking the fibre product of X — Z along f to obtain X x, Y — Y, i.e., we have
the pullback square

(ii) A colimit of a diagram F: I — C is stable under base change or universal if all base
change functors preserve that colimit. In other words, we have the canonical isomorphism
colim(F(i) x , Y) = (cohm F(i)> Xy Y
il il
for any morphisms Y — Z and colim,.; F (i) — Z in C.
Lemma XV.2.5.2. — Small colimits in Set are stable under base change.

\Proof. — Let Z be a set and consider a map Y — Z of sets. By proposition XV.2.2.4, Set/Z
admits all binary products (pullbacks in Set), so the functor — x , Y': Set/Z — Set/Z is well-defined
Define the functor

Hom 4(Y,~): Set/Z — Set/Z,  Homy(Y, W) := || Homs. (Y,, W)
2€Z
where Y, is the fibre of z € Z along Y — Z. Note that Home ,(Y, W) is a set over Z by sending the
component Homs,, (Y, W,) to z, and Home (Y ,—) is functorial by mapping between components
of the disjoint union.
These two functors are adjoint, i.e., there is an adjunction isomorphism

Homgy 7 (X %z Y, W) = Homg,, (X, Hom ,(Y,W)). (XV.2.5.2.1

Indeed, any map A — B of sets over Z restricts on fibres to a map A, — B, for any z € Z, and
conversely, any family (A, — B,),c, of maps defines a map A — B of sets over Z. Hence, we only
need to show the adjunction isomorphism

HomSet<Xz X sz? VVZ) = HomSet(X27 HomSet(Y;a VVZ))

for each z € Z, which is example XV.1.7.2. Taking the product over all z € Z gives equa
tion (XV.2.5.2.1). Thus, — x, Y is left adjoint and preserves colimits by theorem XV.2.2.12
i

Corollary XV.2.5.3. — For small categories C, small colimits in Fun(C°P, Set) are stable unde
base change.

\Proof. — This follows since (co)limits in Fun(C°P, Set) are computed pointwise (proposition XV.2.2.10).
For example, we have (X X, Y)(U) = X(U) Xz Y(U) for all U € Ob(C). st

Counterexample XV.2.5.4. — In Z-Mod, not even finite colimits are stable under base change
Recall that the trivial module 0 is the empty colimit (the initial object). If finite colimits were stable
under base change, we would have 0 x M = 0 for all Z-modules M (the colimit on the right-hand
side is taken over the empty index category). In fact, for any morphism f: M — 0 the diagram

M
/ id
0%—O0xM=0— M

commutes by the universal property of products. Since 0 is initial, the dashed morphism is f and
admits a right inverse 0 — M. Thus, f: M =% 0 is an isomorphism and Z-Mod == 0
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XV.2.6. Kan extensions.

)As before, Kan extensions are ubiquitous.

All Concepts Are Kan Extensions [section title].

The notion of Kan extensions subsumes all the other fundamental concepts of category
theory.

—Saunders MacLane, Categories for the Working Mathematician

Definition XV.2.6.1. — Let ¢: I — J be a functor. For each functor G: J — C, it induces
functor ¢*(G):=Go¢: I — C.

(i) A left Kan extension of a functor F': I — C along ¢ is, if it exists, a functor Lan, F': J —
together with a natural transformation ngp: F — ¢*(Lan¢ F) such that each natural transformatio
F — ¢*(G) factorises uniquely through ng:

QS N 1 % c
N N
J J. a
(ii) Dually, a right Kan extension of a functor F: I — C along ¢ is, if it exists, a functo

Rang, F': J — € together with a natural transformation ep: ¢*(Rany F') — F such that each natura
transformation ¢*(G) — F factorises uniquely through €p:

I—F e I—f e
)H = EFW ‘D'QN

DN A NG
J J. a

The left and right Kan extensions solve the extension problems

j N j N

771/ /7 cF /z
d)l ///Land)F ¢l ///Ran¢F
J, J,
by giving the indicated natural transformations induced by idLa%F and idRa%F, resp.

Observation XV.2.6.2. — If I and J are small, then ¢*: Fun(J, ) — Fun(Z,C) is a well-defined
functor. In this case, we can give an adjunction style definition for a functor F': I — C.

(i) A left Kan extension of F' along ¢ is a functor Lany F': J — € such that the there is a
bijection
Hompyy,(1.¢)(F, #*(G)) = Homp,, (5 ¢ (Lang F, G) (XV.2.6.2.1

which is natural in G: J — C.
(ii) Dually, a right Kan extension of a functor F' along ¢ is a functor Ran, '+ J — C such that
there is a bijection

HomFun(I,C“') ((b* (G)7 F) = HomFun(J,C') (G, Ran¢ F)

which is natural in G: .J — C
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If the Kan extensions exist for all F, then we obtain functors Lan,: Fun(/,€) — Fun(J,€) and
Rang: Fun(Z,€) — Fun(J,C) by proposition XV.1.8.1 which form adjunctions

Lang

L N
Fun(Z,C) «¢*— Fun(J,C).
ot

Ran,,

In this case, 1 (resp. €) is precisely the unit (resp. counit) of the adjunction Lan, 4 ¢* (resp
¢* 4 Ran,,).

Fact XV.2.6.3. — Left (resp. right) Kan extensions are unique up to unique natural isomorphism

\Proof. — Either use the universal property like for limits or, in the case of adjunctions, use
lemma XV.1.6.9. i

Remark XV.2.6.4. — Left and right Kan extensions are mutually dual. Since there is an
isomorphism of categories Fun(l,€)°P =~ Fun(I°P,C°P), F — F°P  we have a bijection
HomFun(JOP eop) (G°P, Ran op F° oP) = HomFun Iop @op) ((¢°P)*(GP), F°P)

= Homp,y(1,0)00 ((¢7)P(G), F) = Homp,y1.0)(F, ¢"(G)) = Homp,yj,¢) (Lang F, G)
= Homp,y,(s,e)0r (G, Lany” F) = Hompy,jop @or) (GP, (Lang” F)°P)

that is natural in G € Fun(J, €)°P. If left and right Kan extensions extend to functors on Fun(I, C)
then uniqueness of adjoints up to natural isomorphism (proposition XV.1.8.2) implies that the
diagram

19P

Fun(I, C)°P & Fun(J,C)°P
| |
Fun(I°P,C°P) —> Fun(J°P, C°P)

quasi-commutes.

Proposition XV.2.6.5. — Let ¢: I — J be a functor.

(i) Let F': I — C be a diagram such that Lang F' exists, and let np: F' — ¢* Lan, F' be the
adjunct of idp.,, r (unit). Then the canonical morphism

colim; np

colIim F — colIim ¢* Lan, F' — co}jim Lang F (XV.2.6.5.1

is an isomorphism in C where the second morphism is from remark XV.2.1.6.

(ii) Dually, let F': I°P — C is a diagram such that Ran e, F' exists, and let e p: (¢°P)* Ran yop F —

F be the adjunct of idg,, . g (counit). Then the canonical morphism
$oP

lim;ep

1i§n Ranop F' — li}n(d)ol’)* Rangop, I — li}nF

is an isomorphism in C where the first morphism is from remark XV.2.1.6.

In other words, we have isomorphisms

lim lim F(i) = lim F'(i), colim F'(i) = colim colim F'(i).
J<J q)kt) ¥ I/Cl <=1 J=J (p\l)‘)]
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Proof by universal properties. — Observe that there is a natural isomorphism ¢*(A%) = AL of
constant functors for all X € Ob(€). Let a: F — AL =~ ¢*(A%) be a cone. The universal
property of Lan, F' shows that a factorises through 7p: F' — ¢*(Lan, F') and the cone ¢*(3) for
a unique cone 3: Lany, F' — AY;. Then the universal property of colim Lan, F' gives a unique
morphism colim ; Lan, /' — X. This shows that colim ; Lan, F* satisfies the same universal property,
as colim; F' and hence they are canonically isomorphic. pid

\Proof by adjunction. — Suppose that I and J are small so that Fun(Z, €) and Fun(J, €) are defined
Using the adjunction colim 4 A (observation XV.2.1.12), we have the bijections

Hom@(co}]im Lan, F, X) 2 Hompy,(; ¢)(Lan, F, AY) = Hompy,(g,e) (F, **(A%))
=~ Homp,1.¢) (F, A%) = Hom@(collim F, X)

which are natural in X € Ob(€). By lemma XV.1.6.9, we obtain an isomorphism colim; F' =%
colim; Lan, F' by chasing the identity of colim; Lan, F' through the bijections. Recall from the
adjunct formula in proposition XV.1.7.6 that the second isomorphism is ¢*(—) o np (this only
requires naturality in one entry, not both). Hence, the isomorphism is indeed the morphism in
equation (XV.2.6.5.1). st

e e o E— .

In general, Kan extensions are rather poorly behaved. The following describes a nicely behaved
Kan extension.

Theorem XV.2.6.6. — Let ¢: I — J and F: I — C be functors. By abuse of notation, lel
i: 1 — J denotes the inclusion functor of j € Ob(J).

(i) Suppose that lim; 4 F = lim ) F(i) exists for all j € Ob(J). Then Ran, F': J — C exists

and is computed pointwise by

=i

Rany F(j) = lim F(i
JFG) = Tim F)
for all j € Ob(J).
(ii) Dually, suppose that colim, ; F' = colim ;) _,; F'(i) exists for all j € Ob(J). Then Lang F': J —
C exists and is computed pointwise by

Lan, F(j) = colim F'(¢
o F() = colim F(i)

for all j € Ob(J).

In this case, Rany F' and Lang F' are called pointwise right Kan extension and pointwise left
Kan extension, resp.

Proof by universal properties. — We first construct the functor Rany F. Define Ran, F'(j) =
lim; ;) F'(i) for each j € Ob(J). Each morphism f: j — j" in J induces a functor (5 | ¢) — (j 1 @)
sending j° — ¢(i) to j — j° — ¢(i), so a diagram indexed by j| ¢ is also indexed by j' | ¢. Hence, the
morphisms Ran,, F'(j) = lim;_, ,;) F'(i) — F (i) for each (j — ¢(i)) € Ob(j | ¢) form a cone indexed
by j' | ¢, and the universal property gives a morphism Ran, F'(f): Rany F(j) — Rang F(j5').

To prove that Rany F' is a Kan extension, define e5: ¢*(Ran, F') — F by the universal cone
i.e, (ep);: Rany, F(¢(i)) = lim;_, ;) F(i) = F(i). Let a: ¢*(G) — F be a natural transformation
where G: J — €. To show the universal property, we need to construct a natural transformation
f: G — Rany F such that a = £ 0 $*(6). For each j € Ob(.J), we define the component 0;: G(j)
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Ran,, F'(j) = lim;_, 4, F'(i) by constructing the cone

J—¢
G(j)
N
G(o(i)) G(o(i'))
F(i) F(i)

over F' indexed by j | ¢ and using the universal property of Rany F'(j) to obtain 6;. Naturality of ¢
follows by functoriality of lim;_,, ;). The condition a = € o ¢*(0) is obviously satisfied (consider
idG<id¢m>). For all j — ¢(i), we have the commutative diagram

which shows that the choice for 6; is unique. (7]

\Proof with adjunctions. — Let I and J be small. To prove that Ran, I’ is a Kan extension, we
show equation (XV.2.6.2.1). We first define

®: Hompyy1,6)(¢"(G), F') — Hompyy (s ¢) (G, Ran, F).

Let u € Homp,, 1@ (¢"(G), F). Then for each j € Ob(J) and each (j — ¢(i)) € Ob(j | ¢), the
diagram

G(j) —————— G(pi)) ——————y F(i)

@(u);\\\\$ /

commutes. The morphisms @(u); are functorial in j and hence define a natural transformation
@(u) € G — Ran,, F'. Now, we define

¥: Homp,y,(se) (G, Rany F)) — Homp,,1¢)(¢"(G), F).
Let v € Homp,,,( 5 ¢) (G, Ran,, I). Then for each i € Ob(I), we define a morphism

Vg(s
U (v),: G((i) — Rany F(¢(i)) = lLim F(i') — F(i).
B(i)— (i)
These morphisms are functorial in ¢ and hence define a natural transformation ¥ (v): ¢*(G) — F. It
is now easy to check that @ and ¥ are mutually inverse. s

Corollary XV.2.6.7. — Let C be a complete (resp. cocomplete) category, let I be a small and J|
a locally small category. Then the (pointed) Kan extension Ran, F' (resp. Lan, F') of F': I — C
along ¢: I ] exists
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\Proof. — By the size hypothesis on ¢, for each j € Ob(J) the category j | ¢ is small. Since C is
complete, it admits all limits of shape j | ¢. Theorem XV.2.6.6 implies the statement. pid

Warning XV.2.6.8. — The size condition on I in corollary XV.2.6.7 cannot be improved

If corollary XV.2.6.7 were true for all large (or even locally small) categories I, then propoq
sition XV.2.6.5 below shows that any complete category € admits all limits of that size. By
proposition XV.2.2.6, every complete category would be thin, which is clearly not the case for|
C = Set. Even assuming Grothendieck universes, by proposition XV.2.2.6, there will always be
limits which do not exist in € if € is not thin, however large the universe was chosen.

Corollary XV.2.6.9. — Let ¢: I — J be a fully faithful functor of small categories, and suppose
that the pointwise right (resp. left) Kan extension functor Ran, (resp. Lang) exists. Then the
Kan extension is fully faithful and there is a natural isomorphism €: ¢* o Rany =% dpyn(re) (resp

n: idpyyre) 2 ¢" o Lang ).

\Proof. — There is an isomorphism of categories
i1 =(i1id)) = (poildoid;) = (4(3) | 6).
Hence, there is an isomorphism

*Rany F(i) = Rany F(¢(i)) = lim F(i')=lim F(i') = F(i
6" Ran, F(i) = Ran, F(6(0) = lim | F(i) = lim F(7) = F(0)
which is natural in ¢ (the last equality follows since id; is the initial object in ¢/I). In other words
we have a natural isomorphism ¢* Ran, ' > F for all F' € Fun([,C), giving a natural isomorphism
counit) ¢* o Ran, 2% idp,y e Proposition XV.1.8.5 implies that Ran, is fully faithful. pi

oo
As an application, we recast some concepts as Kan extensions.

Proposition XV.2.6.10 (limits are Kan extensions). — Let ¢: I — 1 be the functor to the
terminal category. The colimits are left Kan extensions along ¢ and limits are right Kan extensions
along ¢.

\Proof with universal properties. — Let F': I — € be a functor. For any X € Ob(C), the composition
¢*(X) = Xo¢p: I — 1 — C is the constant functor A i, where X: 1 — €, pt = X by abuse of notation
Hence, the universal property of left Kan extensions is the universal property of colimits: each natural
transformation F© — Ay factors uniquely through the natural transformation F' — ¢* (Lan¢ F)
[Thus, Lan F' is the colimit colim; F' considered as a functor 1 — C. o]

\Proof with adjunctions. — Suppose that I is small. Note that ¢* = A: € — Fun([,€), X — Ay
is the constant functor. The statement now follows from the adjunction triples colim; 4 A 4 lim;
observation XV.2.1.12) and Lan, 4 ¢* + Ran, (observation XV.2.6.2) and the uniqueness of adjoints
proposition XV.1.8.2).

If we only consider a specific diagram F': I — €, then all referenced statements above can be
specialised to F' and the proof works the same (use lemma XV.1.6.9 for uniqueness). i

Proposition XV.2.6.11 (adjunctions are Kan extensions). — Let L: € — D and R: D — C be
functors. If L 4 R, then R = Lan; ide and L = Ranpyidy, and the Kan extensions are pointwise.

\Proof with universal properties. — Let n: ide — Ro L and €: L o R — id4, be the unit and counit

resp. We check that R satisfies the universal property of Lan; ide with 1. Let a: ide — F o L be

a natural transformation for a functor F: D — €. We first show that § = (Fe) o (aR) satisfies

o = (AL) o n by doing a similar calculation as in the (co)units proof of proposition XV.1.8.2. We
ave the following identities:
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— apx) °Nx = F(L(ny)) e ax by naturality of o applied to ny: X — R(L(X));
— enx) ° L(nx) =idyx) by the triangle inequality (cL) o (Ln) =id,.

Hence, for each X € Ob(€) we have

Flepx)) e arxy) o nx = Flepx)) o F(L(ny)) e ax = F(idyx)) o ax =idpx) °c ax = ax,

as desired. For uniqueness, we have the following identities:

— Oy o R(ey) = Fl(ey) 01 (g(y) by naturality of 6 applied to ey : L(R(Y)) — Y;
— R(ey) o npy) = idg(y) by the triangle inequality (Re) o (nR) = idp.

Hence, for each Y € Ob(2) we have

F(ey)o AR(y) = Fley)o oL(R(Y)) °NR(Y) = Oy o R(ey) © R(y) = Oy,
as expected. i

\Proof with adjunctions. — Suppose that € and 2 are small, and let (n,¢) be the (co)units. We
need to show that the maps

HomFunu)’@) (R, F) = HomFun(a@) (id@, Fo L), o (aL) o1, (FE) [} (OéR) — o,

which are natural in F', are mutually inverse. This proves that R is Lanj ide.
For each a: ide — F o L, we show ((F'¢) o (aR))L o = « like in the proof above. The other
identity (Fe) o ((aL) o n)R = o is proven with a similar argument. ol

XV.2.7. Final functors.

Definition XV.2.7.1. — (i) A functor ¢: J — I is final V") if the comma category i | ¢ is
connected (hence non-empty) for each i € Ob(I).

(ii) Dually, a functor ¢: J — I is initial if ¢°P: J°P — I°P is final, i.e., ¢ | i is connected fo
each i € Ob(I).

Fact XV.2.7.2. — Let L 4 R be adjoint functors I = J. Then R is final and L is initial.

\Proof. — Let n: id; — R o L be the unit. For each i € Ob(I), the category ] R is non-empty since
it contains 7;: i — R(L(4)). Given any object f:i — R(j) of i | R, let f: L(i) — j be its adjunct
By the adjunct formula from proposition XV.1.7.6, we have R(f) on;, = f, that is, f and 7, are

connected by R(f). Thus, i | R is connected and R is final. (]

Fact XV.2.7.3. — Let F': C — D be a functor, and let T be a terminal object of €. Then F(T)
is terminal if and only if F is final. The dual statement holds for initial objects in C.

IProof. — Let Y € Ob(2D) be arbitrary. If F' is final, then Y | F' is connected and, in particular
non-empty. Let f: Y — F(X) be an object of Y | F. Then there exists a morphism u: X — T
in C, so F(u) o f is a morphism Y — F(T). If there are two morphisms v,v" : Y =X F(T), then
connectivity gives a morphism u: T'— T such that F(u) ov =v’. But T is terminal, so u = id.
Conversely, suppose that F'(T') is terminal. Then Y | F' is non-empty as it contains the unique
morphism v: Y — F(T). For any object f: Y — F(X) in Y | F, the unique morphism u: X — T
gives a morphism F(u)o f: Y — F(T), which must equal v by uniqueness. Thus, f and v are
connected. pid

(XV.9) Historically, final functors were called cofinal and initial functors were called co-cofinal, a notion

imported from order theory (a subset B of a preordered set A is cofinal if for each a € A, there is some b € B such|
that a < b). Here, ‘co-’ is used in the Latin sense of cum (‘with’) and not in the sense of contra (‘against’). Modern|
usage avoids these terms since there is nothing dual about the prefix ‘co-’ in ‘cofinal’




298 CHAPTER XV. CATEGORIES AND FUNCTORS

—_— o e————

Before we come to a characterisation of final functors, namely that changing diagrams along ¢
does not change their colimit, we need a couple of lemmas.

Fact XV.2.7.4. — Let Ax: I — C be a constant functor with connected index category I. The
lim; Ay = colim; Ay = X, if the (co)limits exist.

\Proof. — For any cone a: Ay — Ay over Ay, we have idy o a; = a; whenever there exists a
morphism ¢ — j in I. Since I is connected, induction shows that each ¢, is some given f: X =Y

The same is true for colimits. i

Lemma XV.2.7.5. — Consider the small constant diagram Ag: I — Set. Then colim; Ag =2
Hno(l) S. In particular, if S = {pt}, then colim; Ag = my(I).

\Proof. — Consider m,(I) as a discrete category with the flmctor m: I — my(I) that collapses
connected components. Then Ag factorises through 7; let Ag: wy(I) — Set denote the induced
constant functor. Since (m | [i]) 2 I /i is connected for any [i] € m(]), the colimit colim;; Ag =5

exists, and so the Kan extension Lan Ag = AS exists by theorem XV.2.6.6. By propositions XV.2.6.5
and XV.2.2.4, we obtain colim; Ag = colim, ) Ag =[] o S. st
To

Lemma XV.2.7.6. — Let F: I — Set be a small diagram. Then colim; F' = 7 (el(F)).

IProof. — Recall that el(F') has pairs (¢,2) with i € Ob(I) and x € F(i) as objects, and a morphism|
(i,2) — (4,y) is a morphism f: i — j in I such that F(f)(x) = y. By proposition XV.2.2.4, we have

coimF= ] F [1  {(.2)}/~ = Ob(el(F))/~ = my(el(F))

1€Ob(I) (z,w)eOb(el(F))

where the equivalence relation ~ is generated by (z ~ y) = ((4,2) ~ (j,y)) with € F(i) and
y € F(j) such that there exists f: i — j with F(f)(z) = v. it

Corollary XV.2.7.7. — Let F: C — D and G: C — & be two functors from a small category €
to locally small categories D and €. Let A € Ob(D) and B € Ob(E). Then there is an isomorphism,

i Hom., (A, F(X)) = I Hom,(G(X), B).
GO Gy Homo (A, F(X)) = | colim | Home(G(X), B)

\Proof. — We define the category I as follows.

— The objects of I are triples (X, s,t) with X € Ob(€) and morphisms s: A — F(X) in D and
t: G(X)— BinE.

— The morphisms (X, s,t) — (X’,s,t") of I are morphisms f: X — X’ such that the diagrams

—>G " —>F ")

\/ \/

commute.

Consider the functors Homy(A, F): (G | B) — Set and Hom.(G, B): (A ] F)°® — Set. By the
size hypotheses, G | B and A | F' is small, so the colimits of these functors exist. Then we
have isomorphisms of categories I = el g(Homy (A, F)) and I°P 2 el 4 pjor (Home (G, B)). By
lemma XV.2.7.6, we obtain

colim Hom, (A, F(X)) = my(I) = 7y (I°P) = colim Hom,(G(X), B). sig

(GX)=B)e(G{B) (A=F(X))e(ALTF)
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Lemma XV.2.7.8. — Let I be a small category, and consider the hom-functor Hom,(i,—): I —
Set. Then colim . ; Hom, (i, j) = {pt}.

\Proof. — We show that

pt—id;
{pt} — Hom,(i,i) — cohmHomI(z 7).

is surjective. For any [f] € colim;c; Hom,(3, j), let f: i — j be the morphism in I whose image in
the colimit is [f], see proposition XV.2.2.8. Then there is a commutative diagram

Homy, (i, 1) colim ;. ; Hom/ (3, ) id, ———
/ iJV!
fo—
HOIHI(L .7)7
Proposition XV.2.7.9 (characterisation of finality). — Let ¢: J — I be a functor between smal

categories. Then the following are equivalent.

(i) ¢ is final, or equivalently, ¢°P is initial.

(ii) For any diagram F': I°? — Set, the canonical morphism lim; F — lim ;(F o ¢°P) is a
isomorphism.

(iii) Dually, for any diagram F: I — Set, the canonical morphism colim ;(F o ¢) — colim; F' i
an isomorphism.

(iv) For any diagram F: I°? — C in a complete category C, the canonical morphism lim; F' —
lim ;(F o ¢°P) is an isomorphism.

(v) Dually, for any diagram F: I — C in a cocomplete category C, the canonical morphis
colim ;(F o ¢) — colim; F is an isomorphism.

(vi) colim . ; Hom, (i, ¢(j)) = {pt} for all i € Ob(I).

\Proof. — Obviously, (iv) implies (ii) and (v) implies (iii) (using proposition XV.2.2.4). Further
iii) implies (vi) by lemma XV.2.7.8. Also, (iv) and (v) are equivalent since they are formally dual
We show that (ii) implies (iv). Let F': I°? — € with € complete. Then

Hom@(XJi}n F) =~ li}rnHom@(X7F) - 1i}nH0m@(X, F o ¢°P) =~ Hom@(X,li§n(F o ¢°P))

is an isomorphism that is natural in X € Ob(C) by (ii) and proposition XV.2.2.8. Then coroly
lary XV.1.6.8 implies (iv). Note that this does not work for showing that (iii) implies (v).

Next, we show that (vi) implies (i) by utilising corollary XV.2.7.7. Counsider the functors
¢: JJ — I and Ay, : J — Set. Hence with (vi), for each i € Ob(I), there is an isomorphism

t} = colim Hom;,(i,¢(j)) =2  colim Home, (A t cohm t
) JET=(B ey Hpt)) 1600 = | colim | Homsa(Bpy () {pt}) = | colim, _ {pt}-

On the other hand, by lemma XV.2.7.5, we have

<H<§<(3‘1>§Ier<liw>{pt} = o s0)els) By (1) = ol 39)-
Thus, i ] ¢ is connected. This implies (i).

Finally, we show that (i) implies (v). We need to construct an inverse to a: colim ;(F o ¢) —
colim; F. Let ¢ € Ob(I). Each object i — ¢(j) in i | ¢ induces a morphism F'(i) — F(¢(j)), which
assemble into a natural transformation Ap;) — F o ¢ of functors (i | ¢) — €. Since i | ¢ is small
so that the colimits exist, we obtain a morphism

colim  Ap, —  colim  F(¢(j)) = colim(F o ¢ o For;) — colim(F' o ¢)

T=o(7)E(ile) =7 et o) ith
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where For,: (i | ¢) — J is the forgetful functor. Since i | ¢ is connected by (i), we have
colim;_, ;) Ap(;) = F(i). The universal property of colimits gives 3: colim; F' — colim ;(F' o ¢).

We check that a and 8 are mutually inverse. Let A\: F' = A g, g and p: Fo g — A (pog)
be the colimit cones. Note that by construction, we have

(F(z‘) e colim F 2, colim(F o ¢)) _ (F(z') M R 2 colim(F o ¢))

for some (hence any since i | ¢ is connected) morphism f: i — ¢(j) in I. On the other hand, we
have

Hj o Ag(s
(F(gzb(j)) — colim(F o ¢) ~ colim F) - (F(¢(j)) i colim F)
Hence,
aoffol :aoujOF(f) :>‘¢(j)°F(f) = A,
Boaou;=PFeXg ) =pje Flidyy) = p

for all i € Ob(/) and j € Ob(.J). By the universal properties of colimits, this implies ao8 = id gy, p
and foa = idgglim,(Fog)- oI

Corollary XV.2.7.10. — Let ¢: J — I be a final functor of small categories. Then my(J) =2 my(I)
\In particular, I is connected if and only if J is connected.
\Proof. — Let Afpt} and A‘{Ipt} be the constant functors into Set. Then A{th} = Afpt} o ¢. By

proposition XV.2.7.9; we have colim A{th} = colimJ(Afpt} o ¢) = colim; Afpt}. So, my(J) =2 wy (1)
due to lemma XV.2.7.5. o]

(L  ——

Fact XV.2.7.11. — Let ¢: K — J and ¢: J — I be functors of small categories.

(i) If ¢ and ¢ are final, then ¢ o) is final.
(ii) If ¢ o and ¢ are final, then ¢ is final.
(iii) If ¢ o is final and if ¢ is fully faithful, then ¢ and ¥ are final.

The dual statement holds for initial functors.

\Proof. — For any Set-valued diagram F': I — Set, we have morphisms
. ! . g )
co}gm(F °cpor)) — CO}]HH(F o) — CO]IIm F

of sets. By proposition XV.2.7.9, g is an isomorphism if and only if ¢ is final, and go f an isomorphisml
if and only if ¢ o4 is final. Moreover, if 4 is final, then f is an isomorphism. This implies (i) and (ii)

For (iii), since ¢ is fully faithful, we have an isomorphism of categories j | ¥ = ¢(j) | ¢ o ¢ for all
j € Ob(J). Since ¢ o4 is final, the category j | ¢ is connected, whence 1 is final. Then ¢ is final
by (ii). o

Definition XV.2.7.12. — (i) A category I is finally small if there exists a final functor J — I
with J small.

(ii) A category I is initially small if I°P is finally small, i. e., there exists an initial functo
J — I with J small.

Remark XV.2.7.13. — If € is a cocomplete (resp. complete) category and if I is a finally (resp
initially) small category, then @ admits all colimits (resp. limits) of shape I by proposition XV.2.7.9
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Corollary XV.2.7.14. — Let I be finally (resp. initially) small. Then there exists a small ful
subcategory J of I such that the embedding functor J — I is final (resp. initial).

\Proof. — Let f: K — I be final with K small. Let J be the full subcategory of I with Ob(J) =
f(Ob(K)). Then J is small. Let ¢: J — I be the fully faithful embedding functor and let ¢: K — J
be induced by f. Since ¢ o 9 is final, fact XV.2.7.11 implies that ¢ is final. pid

XV.2.8. Free cocompletions and Yoneda extensions.

Motivation XV.2.8.1. — A category € might not have all (co)limits. One way to mitigate is
that if € is small, then we can pass to the (co)complete category Fun(C°P, Set) (corollary XV.2.2.11
via the Yoneda embedding he: € — Fun(C°P, Set), X — Home(—, X). Then € is a full subcategory|
of Fun(€°P, Set) and Moreover, if € is complete, then he is continuous (proposition XV.2.2.8), but
even if € is cocomplete, then he might still be not cocontinuous.

Definition XV.2.8.2. — Let C be a small category.

(i) The category Fun(C°P,Set) is the free cocompletion of C. We consider C as a ful
subcategory via the Yoneda embedding he: € — Fun(C°P,Set). Hence, we will write X := he(X) =
Home(—, X) for X € Ob(C) and X(A) :=Home(A, X) for A € Ob(C). In this sense, given a smal
diagram F: I — € in C, the formal colimit of F in Fun(C°P,Set) is colim!; F := colim; (he o F)

(ii) Dually, the category Fun(C,Set)°P is the free completion of C. We also consider C as the
full subcategory of Fun(C, Set)°P via the Yoneda embedding (h®)°P: € — Fun(C, Set)°P. Given a smal
diagram F: I°° — C in C, the formal limit of F in Fun(C Set)°P is limf; F := lim;((h®)°P o F).

Remark XV.2.8.3. — For consistency reasons, we could have defined the limit of a small
diagram F': I°? — € by a representation lim;((h®)°P(—) o F') = Homg(—,lim; F') agreeing with
construction XV.2.1.9.
Moreover, (h®)°P: € — Fun(C, Set)°P is again fully faithful, and the Yoneda lemma XV.1.6.5
holds:
Hommpy e 5ey00 (s (B€)°P (X)) = F(X)

for every X € Ob(€) and every functor F': € — Set and this isomorphism is natural in F' and X
i.e., a natural isomorphism of functors Fun(C, Set) x € — Set.

Remark XV.2.8.4. — Let F': I — C be a small diagram with € small. Then colim; F', as a
representative of a covariant functor € — Set, can be considered as an object of Fun(C, Set), but
colim!; F' is an object of Fun(€°P, Set). Dually for small diagrams F': [°P — €, the limit lim; F is
an object of Fun(C°P, Set), but lim; F is an object of Fun(C, Set)°P.

Remark XV.2.8.5. — Both notions of formal (co)limits are dual. Let F': I°? — € be a small
diagram, and let F°P: I — C°P be induced by F. Then

(lirlnf F)°p = (li}n((h@)‘)p o F))°P =~ collim(h@ o F°P) = coljim(h@c,p o FP) = col}mf Fep.

Observation XV.2.8.6. — Let € be a small category. Let F': I — Fun(C°P,Set) be a small
diagram, and let X € Ob(€). Then by the Yoneda lemma XV.1.6.5 and proposition XV.2.2.10, we
have

Hompyy,(gor set) (X colIim F) = (coljirn F)(X) = colim F(i)(X) = coliIm Hompyy(gor set) (X F(4)).
: fou :

el

Dually for small diagrams F': I°P — Fun(C, Set)°P, we have

Hottp,y @ serpop (lim £, X) = (lim F)(X) = lim F'(2)(X) = lim Homp,, e serjor (£(2), X).
1€ €
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Note that the isomorphism is generally false if X € Ob(Fun(C°P, Set)) (resp. X € Ob(Fun(C, Set)°P))
On the other hand, proposition XV.2.2.8 implies that for small diagrams F': I — Fun(C°P, Set)
and G € Ob(Fun(C°P, Set)), we have

Homp,, (@ set) (Collim F,.G) = li}n Hompy, @or set) (£, G),
and dually for small diagrams F': I — Fun(C, Set) and G € Ob(Fun(C, Set)), we have
Hompy, @ set) (G, li}n F) li}n Hompy, @ set) (G, F).
Hence, for small diagrams F': I — € and G: J — € we have

. f . . f B ~ 12 . . f B
Homg v, s (colin’ F(),colitn! G/(7)) 2 lim Hompy s o (F(0), colim! G(3)

= tim colim Homp, or,se (F(7). G(3) 2 lim colim Home (F(0), G/(4)

where the last isomorphism holds since the Yoneda embedding is fully faithful (corollary XV.1.6.7)
Dually, for small diagrams F': I°? — € and G: J°? — €, we have

Hompyp @ set) (lin}f F(), lirrbf G(j)) = limlim Home (G(5), F(i)).
) ic je i

jed i€l

Remark XV.2.8.7. — Let C be a category. Suppose that € is cocomplete, and let F': I — € be
a small diagram. Then there is a canonical morphism

col}mf F = collim Home (X, F) — Home (X, colIim F)= he(collim F).

Dually, suppose that € is complete, and let F': I°® — € be a small diagram. Then there is a
canonical morphism

(hG)OP(li?a F) = Hom@(li}n F.X)— li}n Home(F, X) = lirInf F.

The following statements relates formal colimits and limits by setting G = ide.

Proposition XV.2.8.8. — Let C be a small category, and let F: I — C be a small diagram
Assume that colim®; F is represented by some X € Ob(C), that is, colim’; F =~ X. Then for any
functor G: C — D, we have colim;(G o F) = G(X).

\Proof. — Let Y € Ob(D) be arbitrary, and define the functor
Hom(G,Y): C°P — Set, Z +— Hom4(G(Z),Y).
Then we have isomorphisms
HomD(coljim(G o F),Y) = li}n Hom,(Go F\Y) = li}n(}fom(G, Y) o F°P)
= H}n Hompyy, (@op set) (£, Hom (G,Y)) = HomFunwop’Set)(col}mf F,Hom(G,Y))
= Hompyy(gor ser) (X Hom (G,Y)) = Hom (G,Y)(X) = Homy (F(X),Y)

which are natural in Y by using observation XV.2.8.6 and the Yoneda lemma XV.1.6.5. Finally
corollary XV.1.6.8 implies the statement. pid

CzDoce—

Our next goal is to show that extending functors to the free cocompletion makes them coconting
uous. But first, a very technical lemma
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Lemma XV.2.8.9. — Let C be a small category. Let A: C°P — Set be a functor, and we
denote the inclusion 1 — Fun(C°P,Set) by A as well. Then there is an equivalence of categories
¢: (Idpyn(eor ser) + A) = Fun(C°P, Set) /A = Fun((he | A)°P, Set) such that the diagram

he | A
For w} (XV.2.89.1
Fun(C°P, Set) /A ¢ Fun((he | A)°P, Set)

quasi-commutes where For: (he | A) — Fun(C°P,Set)/A, (X, he(X) - A) = (he(X) — A).

IProof. — We construct ¢ as follows. Let t: G — A be an object of Fun(€°P,Set)/A. For each
object s: X — A in he | A, define ¢(t): (he | A)°P — Set by

¢(t)(s) := Hompyygon ser) /4 (For(s), t) = {u € G(X) | tx(u) = s € A(X)}

the equality uses the Yoneda lemma XV.1.6.5). It is obvious that this hom-functor is functorial. If
G =Y € Ob(C), then

¢(t) (S) = HomFun(C’UP,Set)/A (FOI‘(S), FOI‘(t)) = Hom(h@iA)"P (<X7 5)7 (Ya t))v

so diagram (XV.2.8.9.1) quasi-commutes.

For the quasi-inverse ¢: Fun((he | A)°P,Set) — Fun(C°P,Set)/A, let F': (he | A)°P — Set be
a functor. We need to construct an object in Fun(€°P,Set)/ A, which we denote as ¥(F) — A by
abuse of notation. For each X € Ob(C), we define ¥)(F) — A by

V() (X) :={(z,8)|s € A(X),z € F(X = A)} — A(X), (z,8) s

where we used the Yoneda lemma XV.1.6.5 to associate s: X — A to s € A(X)). Functoriality of ¢
in F' can be readily checked.
We omit the proof that ¢ and v are indeed quasi-inverse. pid

The following can be considered as a dual of the Yoneda lemma XV.1.6.5.(XV-10) Essentially
while the Yoneda lemma XV.1.6.5 states that the free cocompletion contains the category fully
faithfully, the co-Yoneda lemma XV.2.8.10 states that the image of the Yoneda embedding is dense

Co-Yoneda lemma XV.2.8.10 (density formula, presheaves are colimits of representables). —
ILet C be a small category. Let A: C°P — Set be a functor, and let For,: (he L A) — C be the
forgetful functor where A is understood as an object of Fun(C°P,Set). Then
colim! For , = colim V = A.
helA VA

\Proof. — Note that by the Yoneda lemma XV.1.6.5, we have an isomorphism of categories (he) A) =2
({pt} 4 A) = el(A). For any B: C°P — Set, we have a map

HomFun(C’OP,Set) (A’ B) — \lﬂ HomFun(E’OP,Set) (V7 B) — 1}1234 B(V)

by the universal property of limits and the Yoneda lemma XV.1.6.5. By proposition XV.2.2.8, anl
element of limy,_, 4, B(V) is a family (zy 4)) v ) € H(v,s)eob(el(A)) B(V) such that for all f: V — W]
in € we have B(f)(z(w)) = 7, wWhere A(f)(s) =t. But such a family defines a unique natural
transformation n: A — B by ny/(s) = z(y ), the compatibility property of the family is exactly
naturality of . Hence, we obtain a bijection

HomFun(C’°p7Set) (A7 B) — ‘}.ILI}L‘ HomFun(COP,Set) (V7 B) = HomFun((‘,’Dp,Set) (C‘O/l_l’l'qulf V7 B)

which is natural in B, and corollary XV.1.6.8 finishes i
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Move to some
\Proposition XV.2.8.11. — Let C be a small calegory. Let F': I — C be a small diagram. Setling place when

A := colim®; F, the induced functor needed.
F: 1T — (helA), F(i): he(F(i)) — collim(h@ oF)=A

is final. Note that he | A is generally not essentially small.

\Proof. — The situation is the quasi-commutative diagram

I —E5 (hel A) 22 Fun(@OP Set)/A —=— Fun(€°P, Set)

Fun((he | A)Op Set)

by lemma XV.2.8.9 where ¢ is an equivalence of categories (recall that s denotes the forgetful functor
that yields the domain). Hence, we obtain

p! (colIim(hhelA o F)) = colIim((;S_1 ohp 40 F) =~ colIim(For o F) =~ (colIim(s oForo ) — A) = id,

by corollary XV.2.2.13 and fact XV.2.2.16. Since id 4 is the terminal object in Fun(€°P, Set)/A, we
see that colimy(hy, | 4 ° F) is the terminal object in Fun((he | A)°P, Set) as well. Using that hy,_ e
fully faithful (corollary XV.1.6.7) and observation XV.2.8.6, for all objects (X,s: X — A) in he 14
we have

collim Homhem((X7 s), F) = colIim HomFun«h@iA)op’Set)((X, s), hy, a0 F)
& Hompp((hypa)er,ser) (X5 8), COIIim(hh@LA o F)) == {pt}.
Proposition XV.2.7.9 implies that F is final. i

Theorem XV.2.8.12. — Let C be a small category and let D be a cocomplete category. Lel
F': € — D be a functor. Then the pointwise left Kan extension Lany , F': Fun(C°P, Set) — D exists
is cocontinuous and satisfies (Lanh@ F)ohe = F

Conwversely, if a functor F': Fun(C°P,Set) — D satisfies Fohp = F and preserves small colimits
in C (i. e., for any small diagram G: I — € we have F(colim®; G) = colim;(F ohp o G)), then therd
is a unique natural isomorphism F = Lan,, F. We call Lany, , F' the Yoneda extension of F'.

Proof. — For brevity, write [ := Lany, F. By corollary XV.2.6.7, F exists and is pointwise, i.e.
F(A) = colimy, , 4 F(U) for all A € Ob(Fun(€°P, Set)) where the limit is indexed by he | A. Note
that for all V € Ob(€), we have F(he(V)) = colimy,_,y F(U) = F(V) which is natural in V (we
used that he is fully faithful, corollary XV.1.6.7).

It remains to show that F' is cocontinuous. Recall from the proof of proposition XV.2.8.8 that
for Y € Ob(D) we defined Home (F,Y): C°P — Set by

Hompyy,(gor ser) (U, Hom (F,Y)) = Hom (F,Y)(U) := Homy,(F(U),Y).
for all U € Ob(€). For any A: C°P — Set, we hence obtain
Hompyy, go ser) (A, Hom (F,Y)) = HomFun(@c,p,Set)(cgl_i)rEf U, Hom (F,Y))
= lim Hompy,eon ser) (U Hom (F,Y)) = [}1314 Hom, (F(U),Y)

T USA
= HomD(c[?ligl F(U),Y) =~ Homyp(F(A),Y),
—

(XV.10) The duality arises if we consider the Yoneda lemma XV.1.6.5 as an end formula. Then the co-Yoneda|
lemma XV.2.8.10 can be written as a coend formula
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using observation XV.2.8.6 at various places. Plugging in A = colim; G for any small diagram
G: I — Fun(C°P, Set), we obtain

HomD(F(collim G),Y) = Homp,,@or set) (colIim G, Hom (F,Y))
= li}n Hompyy(@op set) (G, Hom (F,Y)) = li}n Hom, (F(G),Y) = HomD(collim F(G),Y).

Since everything was natural in Y, corollary XV.1.6.8 implies that colim; F(G) = F(colim; G) is
the canonical isomorphism.

For uniqueness, suppose that a functor F': Fun(C°P, Set) — D satisfies Fohp = F and preserves
small colimits in €. Then for any functor A: €°P — Set, we have A = colim;,_, , U by the co-Yoneda
lemma XV.2.8.10. Hence,

~ % i ~ 1 n ~ 1
F(A) = F(cglgg U) = c[})grle(h@(U)) = cggglF(U).

By theorem XV.2.6.6, F' is a pointwise left Kan extension along he and uniqueness of Kan extensions
finishes. i

Notation XV.2.8.13. — Let F: ¢ — D be a functor of small categories. We write F' :=
Lany, (hyp o F): Fun(C°P, Set) — Fun(2D°P, Set) for the pointwise left Kan extension associated to
hy o F': € — Fun(2D°P,Set). In particular, for all functors A: €°P — Set and all V' € Ob(D) we
have

F(A)(V) = (colimh, (F(U)))(V) = colim Hom,,(V, F(U)).
U—A U—A
By theorem XV.2.8.12, F" is cocontinuous.

Proposition XV.2.8.14. — Let F: C — D be a functor of small categories. Then there is
natural isomorphism F = Lanpe, of functors Fun(C°P, Set) — Fun(2D°P, Set).

\Proof. — First of all, Langep : Fun(C°P,Set) — Fun(2D°P, Set) exists and is pointwise by corol
lary XV.2.6.7. By corollary XV.2.7.7 and the Yoneda lemma XV.1.6.5, for all functors A: €°P — Set
and all V' € Ob(2D) we have isomorphisms

F(A)Y(V) =~ colim Hom,(V, F(U)) 2 colim Homp oo cori (ho(U), A
(A)(V) Lookim omq(V, F(U)) (Solim Homip e v set) (he(U), A)
= lim A(U) = Lange, A(V
pSolm (U) = Lanpe, A(V)
which are natural in A (and in V). This implies ' 2 Lan jop. sig
XV.2.9. Filtered colimits.
XV.2.9.1. — Recall that a directed set is a non-empty poset (I, <) (i.e., < is reflexive, anti-symy

metric and transitive) such that for any 4, j € I, there exists some k € I with ¢ < k and j < k. In
other words, any finite subset of I has an upper bound. Dually, a codirected set is a poset (I, <)
such that the opposite (I°P, <°P) is directed.

Motivation XV.2.9.2. — A non-trivial question is under which circumstances limits can commute
with colimits (cf. proposition XV.2.2.14). Historically, one of the first observations was that
finite limits commute with sequential colimits indexed by N with its total order. This result was
subsequently generalised to directed colimits (more common direct limit) indexed by directed sets T

and ultimately to filtered colimits. Of course, the dual result on cofiltered limits also holds

Skip [KS06, Not. 2.7.3]
due to Universe usi

age (Cj is not small for
Fun(C, A)).

Maybe add subsection|
on idempotent com;
pletion, also called
Cauchy  completion|
See [KS06, Exer. 2.9].
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Counterexample XV.2.9.3. — Let For: AbGrp — Set be the forgetful functor. Since For is
right adjoint to the free functor Set — AbGrp, X  Z®X | it preserves limits (theorem XV.2.2.12)
However, it does not preserve all colimits. For instance, the coproduct of two A-modules M and M|
is the direct sum M @& N, but the coproduct of their underlying sets For(M) and For(NN) is thein
disjoint union. The reason is that for small index categories I, the functor colim;: Fun(Z, Set) — Set
does not preserve finite limits in general. Otherwise, for any small diagram F': I — AbGrp, the
addition map + would induce

colilm For(F(i)) x cqliIm For(F(i)) = cqliIm For(F(i) x F(i)) — cqliIm For(F(i)),
1€ S 1€ S

and colim,.; For(F'(i)) would have the structure of an abelian group.

Definition XV.2.9.4. — A category I is filtered if the following properties are satisfied:

(i) I is non-empty.

(ii) For any i,j € Ob(I), there exists k € Ob(I) and morphisms i — k and j — k.

(iii) For any parallel morphisms f,g: i =X j, there exists a morphism h: j — k such thai
hof=hog.

These are visualised by the diagrams

A diagram F: I — C is filtered if I is filtered. A colimit colim; F' is filtered if F is filtered.
Dually, a category I is cofiltered if I°P is filtered, i.e.,
(i) I is non-empty.
(ii) For any i,j € Ob([), there exists k € Ob(I) and morphisms k — i and k — j.
(iii) For any parallel morphisms f,g: 1 =X j, there exists a morphism h: k — i such thai
f (e} h = g o h

We similarly define cofiltered diagrams and cofiltered limits.

Example XV.2.9.5. — Recall that a preordered set (I, <) can be understood as a category I
by setting Ob(I) = I and Hom, (7, j) = {(¢,7) | i < j}. This category is thin. Conversely, any thin
category is a preordered set. Obviously, preordered sets are filtered categories.

Fact XV.2.9.6. — (i) A category is filtered if it has a terminal object.
(ii) A category is filtered if it admits all finite colimits.
(iii) A product of filtered categories is filtered.
(iv) Filtered categories are connected.

The dual statement on cofiltered categories also holds true.

\Proof. — By definition. i

Lemma XV.2.9.7. — (i) Let F: I — C be a small diagram. Let J be the category of finite finite
subcategories of I ordered by inclusion. Then J is small and filtered, and we have a canonica
isomorphism

colim F' = colim colim F| ;
I Jed J

where F|;: .J — C denotes the restriction of F to.J € J, if the colimits exist
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(ii) Dually, let F: I°? — € be a small diagram. Let g be the poset of finite subsets of Ob(I)
ordered by inclusion. Then J°P is small and cofiltered, and we have a canonical isomorphism

lim F = lim lim F| jop
I Jed J
where F|jop: JoP — € denotes the restriction of F to J°P € J°P, if the limits exist.

\Proof. — Since Mor(J) C P(Mor(I)) is a set, J is small. Also, since J is thin, we can easily check
that it is filtered.

Let us prove the isomorphism. Let K be the full subcategory of J x I consisting of objects (.J, 1)
with ¢ € Ob(J). Then the morphisms are (J,i) — (J',i’) with J < J" and ¢ — ¢’ in I. Then the
forgetful functor ¢: K — I induced by J x I — I is final. Indeed, for any i € Ob(I), the category|
i | ¢ consists of objects f: i — ¢(J,i") =i’. In particular, the diagram

i —L s 9, 1)

oo o) N
o({i},i) — o(J I {i},7")
commutes for any f, so i | ¢ is connected. Thus, propositions XV.2.6.5 and XV.2.7.9 imply that

lim F' = colim (£ o ¢) 2 coli lim F(p(k
colim 2 colin(F o §) = ool coim F(6(0)

where the inner colimit is indexed by For, | J and For,: K — J is the (other) forgetful functor.
Furthermore, for each J € J the functor

id
Gy J — (Forg LJ),  j (Fory(J,5) =J —>J)

is final. Indeed, first note that (Fory | J) = {(J',j") | J* < J}. Under this identification, for
any object k = (J’,j") in Fory | J, the category k | v; is connected: its objects are of the
form k = (J',5") — (J,7) = ¢¥;(j) and are connected to k — (J,5") = ¢;(j) via the morphism
(J,j") — (J,7) (we have j* € Ob(J”) C Ob(J)). Thus, proposition XV.2.7.9 implies that

li F(o(k)) = colim(F o ¢o = colim F’ i
plolim | (¢(k)) == colim(F o ¢ o 1) ;) = colim F[,
Corollary XV.2.9.8. — (i) If a category admits all small filtered colimits and all finite colimits

(resp. finite coproducts), then it is cocomplete (resp. admits all small coproducts).
(ii) If a functor preserves small filtered colimits and all finite colimits (resp. finite coproducts)
then it is cocontinuous (resp. preserves small coproducts).

The dual statement on limits also holds true.

Cf. corollary XV.2.4.3 which states that if a category admits all small coproducts and all finite
colimits (coequalisers suffice), then it is cocomplete.

Notation XV.2.9.9. — Especially in algebra, the image of a (co)filtered diagram is often called a
co)filtered system.

Czoe——

Lemma XV.2.9.10. — A category I is filtered if and only if for any functor ¢: J — I with J
finite, there exists i € Ob(I) such that lim;c ; Hom(¢(j),1) # &
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\Proof. — Assume that [ is filtered, and let ¢: J — I be a functor with J finite. Since [ is filtered
and since J is finite, we find some i; € Ob(I) such that there are morphisms f;: ¢(j) — i; for all
j € Ob(J). Similarly, for each j € Ob(J) there is a morphism g;: i; — k; such that the composition

NN fir 9
o(j) — o(j') — iy — k;

is the same for all morphisms h: j — j/ in J. Again, there are morphisms h;: k; — i, for each
i € Ob(J), and there is a morphism i, — i3 such that the composition

% h :
iy —> kj iy —> g

is the same for all h;. Then the family of compositions

i 9; h;
o(7) iy —> ky — iy — g

over all j € Ob(J) defines an element of lim;. ; Hom,(¢(j),i3) by proposition XII.2.1.5.

Conversely, assume the other property. We check the definition of filteredness for 7. Applying
the property to any functor ¢: J — I with J finite, we see that I is non-empty. For any ¢, j € Ob([I)
define ¢: 1111 — I. Then there is some k € Ob([) such that Hom, (i, k) x Hom;(j, k) # &, so
there are morphisms ¢ — k and j — k. Finally, for any parallel morphisms f,g: i = j, define
¢: {¢ =X e} — I. Then there is some k € Ob([) such that Eq(— o f,— o g) # @& where both
precompositions are maps Hom;(j, k) — Hom,(i, k). Any element h: j — k in the equaliser satisfies
hof=hog. i

This leads to a very explicit description of filtered colimits in Set (cf. proposition XV.2.2.4, where
the equivalence relation must be transitively generated). Note that I being filtered is crucial.

Proposition XV.2.9.11. — Let F: I — Set be a small filtered diagram. On HieOb(D F(1), fo

x € F(i) and y € F(j) define x ~ y if there are s: i — k and t: j — k such that F(s)(x) = F(¢)(y)
Then ~ is an equivalence relation and colim; F' = HieOb(U F(i)/~.

\Proof. — Reflexivity and symmetry of ~ is obvious. Suppose that z; ~ z, and z, ~ x5 with
xy € F(iy) for A =1,2,3. Then we have the diagram of solid morphisms

)

F(iy) F(iy) F(ig
F(j1) F(jz)

~ -
~ -

\\)\ k//

F(k)

where z; and z, are sent to the same element, and x, and x5 are sent to the same element. By
applying lemma XV.2.9.10 to the span j; < i3 — jy, we obtain the dashed morphisms such that
everything commutes. A diagram chase shows that x; ~ x4, so ~ is transitive. The representation
of colim; F' follows from proposition XV.2.2.8. i

Remark XV.2.9.12. — There is no real dual statement to proposition XV.2.9.11 because limits
in Set are already much better behaved. Compare: for a small diagram F': I°? — Set, we have
(2;)icob(r) € lim; F satistying F'(f)(z;) = z; for all f: 7 — jin I.

Corollary XV.2.9.13. — Let F': I — Set be a small filtered diagram
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(i) Let S C colim; F' be a finite subset. Then there exists some i € Ob(I) such that S i
contained in the image of the canonical map F (i) — colim; F.

(ii) Suppose that x,y € F(i) have the same image under F(i) — colim; F. Then there exists
morphism f: i — j such that x,y € F(i) have the same image under F(f): F(i) — F(j).

\Proof. — We identify colim; F' = HieObu) F(i)/~ as in proposition XV.2.9.11. If z € F(i) and
y € F(j), then there exist morphisms ¢ — k and j — k such that the images of x and y lie in F'(k)

Hence, lifting every element of S and applying this observation proves (i).
For (ii), proposition XV.2.9.11 implies that there are morphisms s,¢: i ¢ k such that F(s)(z)

Sl

F(t)(y). Then there is a morphism u: k — j such that f = uos =wuot, so F(f)(x) = F(f)(y).
XV.2.10. Filtered colimits commute with finite limits.

This is the most important property of filtered colimits.

Theorem XV.2.10.1 (filtered colimits commute with finite limits). — Let I be a small category

Then I is filtered if and only if for any finite category J and any diagram F: I x J°P — Set, we
have a canonical isomorphism

colimlim F'(7, j) — lim colim F'(, ).
icl  jeJ jeJ el

The dual statement about cofiltered limits commuting with finite colimits also holds true.

\Proof. — Suppose that [ is filtered. In order to show that colim; preserves finite limits, by virtue
of corollary XV.2.4.4, we show that it preserves all equalisers and binary products (the terminal
object is obviously preserved).

We show that colim; preserves equalisers. Let o, 8: F =X G be two natural transformations of]
functors I — Set. Note that Eq(«, 3) being the equaliser means that Eq(a, 8)(i) — F(i) = G(7) is
an equaliser diagram for all i € Ob(I). We need to show that ¢ in the diagram

colim; Eq(a, 3)

i
+ colim; a
Eq(colim; a, colim; 8) —*— colim; F —= colim; G
colim; 8

is bijective.

The map ¢ is surjective. Indeed, represent = € Eq(colim; «, colim; ) by some x; € F (%) such that
o, (z;), B;(z;) € G(3) have the same image in colim; G. By corollary XV.2.9.13, there is f: i — j such
that G(f)(;(z;)) = G(f)(Bi(z;)) € G(j). Setting x; := F(f)(z;), we have a;(x;) = B;(z;) € G(j)
by naturality of o and 3, whence z; € Eq(a;, 8;) = Eq(a, 8)(j). Since z; = F(f)(z;), the images

of z; and z; in colim; I agree by proposition XV.2.9.11, and since ¢ is injective, we must have

b(z,) = .

’?[‘he map ¢ is also injective. Indeed, let z,y € colim; Eq(a, 8) with ¢(z) = ¢(y). By coroly
lary XV.2.9.13, we can represent = and y by z;,y, € Eq(a, 8)(i), resp., for the same i € Ob(I)
Since z; and y; have the same image in colim; F, there exists f: ¢ — j such that F(f)(x;) =
F(f)(y;) € F(j) by corollary XV.2.9.13. Hence, F(f)(x;) = F(f)(y;) € Ea(a, 8)(j), and = y by
proposition XV.2.9.11.

In the case of binary products, let F,G: I — Set be two functors, and we need to show that
¢: colim;(F x G) — (colim; F') x (colim; G) is bijective. The proof is very similar.

For surjectivity, let « € colim; F' and y € colim; G. Since [ is filtered, we may represent = and y
by z, € F(i) and y;, € G(i), resp., for the same i € Ob(I). Hence, (z;,y;) € (F x G)(i) and
oz, y,) = (z,9)

Add [KS06, Cor. 3.1.5]
later when covering
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For injectivity, let x,y € colim;(F x G) with ¢(z) = ¢(y). Since I is filtered, we may represent
2 and y by (x1,x5) and (y;,ys) in F(i) x G(i) = (F x G)() for the same ¢ € Ob(I). By assumption
x, and y; have the same image in colim; F'. So, corollary XV.2.9.13 gives some f: ¢ — j such that
F(f)(x,) = F(f)(y,) € F(j). By a similar argument and since I is filtered, we may choose f such
that also G(f)(z4) = G(f)(y,) € G(j). Thus, x = y by proposition XV.2.9.11.

Conversely, suppose that colim; preserves finite limits. We appeal to lemma XV.2.9.10 to show
that I is filtered. Let ¢: J — I be a functor with J finite. By lemma XV.2.7.8, we have

colim lim Hom (¢(j), ) = lim colim Hom  (4(j), ) = hIgl{pt} =~ {pt}
je

el jed jed el

Hence, on the left-hand side, there exists some i € Ob(I) such that lim;. ; Hom(¢(j),7) # @. &5

Corollary XV.2.10.2. — In Fun(C°P, Set), small filtered colimits commute with finite limits.

\Proof. — This follows from theorem XV.2.10.1 since (co)limits in functor categories like Fun(€°P, Set
are computed pointwise (proposition XV.2.2.10). (7]

Warning XV.2.10.3. — It is not true that filtered colimits commute with finite limits in an

category. Consider the one-point-compactification N* := NII {co} where N is discrete, and let €
be the partially ordered set of all closed subsets of N* ordered by inclusion. This means that the
objects of € are all finite subsets of N and all sets U II {oo} where U C N.

Let (C;);c; be the family of all finite subsets of N. Then colim,.; C; = N* since the only closed
subset of N* containing N is N*. Also, observe that {oo} NU = {oco} NU for any U C N* since any
cone with tip S has the property S C {oco} N U and the product is maximal with this property
Hence,

{o0} x chiIm C,={oo} x N ={o0} # 3= chiIm@ = colilm({oo} x C;).
1€ 1€ 1€

Lemma XV.2.10.4. — Let ¢p: K — I and ¢: J — I be functors.

(i) Suppose that v is final. If K is filtered and if ¢ | (k) is filtered for all k € Ob(K), then J
is filtered.

(ii) Dually, suppose that v is initial. If K is cofiltered and if ¥(k) ] ¢ is cofiltered for al
k € Ob(K), then J is cofiltered.

Proof. — Let F': A — J be a finite diagram. Since ® is final, ¢(F(a)) | ¥ is connected for all
a € Ob(A), so there exists some ¢(F(a)) — ¥(k,) for some k, € Ob(K). Since K is filtered, there
exists some k € Ob(K) such that we obtain morphisms ¢(F(a)) — (k). This is functorial in a, so
we obtain a diagram A — (¢ o F | ¢(k)). Since ¢ | (k) is filtered, the diagram admits a cocone
which gives a cocone of F' under the forgetful functor For: (¢ | ¢(k)) — J. sid

Alternative proof. — Assume that I, J and K are small. Let F': J — Set be any diagram. Using
corollary XV.2.6.7 and proposition XV.2.6.5 for the first isomorphism and proposition XV.2.7.9
1 is final) for the second, we have

cohm F = colim colim F'(j) = colim colim F(j).
1€l ¢(j)—i keK  ¢(j)—(k)

By theorem XV.2.10.1, we see that colim ; commutes with finite limits, so J is filtered. pid

XV.2.11. Filtered colimits commute with small products.

Small filtered colimits also commute with a small products in a much larger class of categories




XV.2. LIMITS 311

Construction XV.2.11.1. — Throughout, we assume € to admit all small products and all small
filtered colimits. Let (I;) g be a family of small filtered categories indexed by a set S. Then the
product K =[] __. I, is also small filtered, and let 7, : K — I, be the projection. Let (Fy: I, =€) eg
be a family of functors, which induces the functor J[ _ F;: K — €. Consider [ _ lim; F, in €
The morphisms F,(i,) — colim; F, for each i, € Ob(l,) induce J[ _. F,(i;) = [ _gcolim; F; for
all (i,)scg € Ob(K). We obtain a morphism

cohmH = colim | | F,(iy) — HcohmF( )

s€s (i) €K (g scg 1€l

'We say that a category €, which admits small products and small filtered colimits, satisfies the
TP C-property (inductive limits product commutation property) if this morphism is an isomorphism|

For example, if I, = I for all s € S, then K = I'° and Hses E, is a functor I x S — €, and we
obtain

cohm F(iy,s) — colim F'(i, s).
1s seSeI sré[g S H el ( )
Fact XV.2.11.2. — If C; satisfy the IPC-property for all j € J, then HjeJ C; satisfies the
IPC-category.

\Proof. — For any functor F': K — Hje J C; can be decomposed into a family of functors F;: K — C;
by post-composition with the projections HJ,E J C; —» C;, and vice versa. pig

Proposition XV.2.11.3 (characterisation of the IPC-property). — (i) The category Set satisy
fies the IPC-property.
(ii) Let C be a category admitting small products and small filtered colimits. If a conservative
functor € — HjeJ Set (with J a set) preserves small products and small filtered colimits, then C

satisfies the IPC-property.

Proof. — For (i), let (F: I, — Set) g be a family of small filtered diagrams, and write K =[] _. I,
which is filtered). We need to show that the canonical morphism ¢: colim; ) ¢ [] s Fslis) =
[, g colim; F, is bijective.

For surjectivity, let (z4),cq € HsES colim; F;. Each z, is represented by some z; € F|(i,) where
is € Ob(Ly). Let k = (iy)es € Ob(K), let y = (2; )ses € [, Fi(is), and let y be the image of y;,
in colimy J[__g F;. Then ¢(y) = (2,),eg by the definition of the colimit colimy [ _  F,
For injectivity, let y,y" € colim Hses FE, with ¢(y) = ¢(y"). By corollary XV.2.9.13, there exists
a common k = (i ),cs € Ob(K) such that y and y’ are represented by elements y;, = (z; ) and
Vi = (@7 )sess resp., of [[ ¢ Fi(is). Then for each s € S, both z; and z; have the same image
in colimls F,. By corollary XV.2.9.13, there exists some f,: i, — i/, such that both x; and x; have
the same image under F(f,). Hence, y, and y;, have the same image under J]__¢ s(f ), S0 yp = Yre
by proposition XV.2.9.11.
For (ii), let ¢: € — HjEJ Set be the functor from the hypothesis. Note that HJ,EJ Set satisfies

the IPC-property by (i). Let (F,: I, — C),cq be a family of small filtered diagrams, and write
K = Hses I,. Then for the family (¢ o F,),cg, the fact that ¢ preserves small products and small
filtered colimits gives rise to the isomorphism

( cohm H E.(i > =~ cohm H o(F. H cohm cz) (H cohm E (i )
)s€K &5 K s ses "€ ses €L

which is ¢(1)) where = colim; y o [T _g Fi(is) = [1, g colim; ¢y Fi(iy). Since ¢ is conservative
i) is an isomorphism, showing that @ satisfies the IPC-property. pid




Skip  [KS06, Cor
3.1.13] that R-Mod is
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Corollary XV.2.11.4. — If C is a small category, then the functor category Fun(C°P, Set)
satisfies the IPC-property.

\Proof. — Consider the evaluation functor

H evy: Fun(C°P,Set) — H Set, Fr H F(X),
Xeob(e) XeOb(e) Xeob(e)

which is conservative. Using that (co)limits are computed pointwise in functor categories (propos
sition XV.2.2.10) and that products commute (proposition XV.2.2.14), for any family of functors
(F,),cg indexed by a set S, we have

[T ex([In)= I Meaem=T( I o)),

XEOb(€) s€s XEOb(€) s€8 5€S \XeOb(C)

ie, ] xeon(e) €VX preserves small products. Similarly, using that Set satisfies the IPC-property

proposition XV.2.11.3), for any small filtered diagram G: I — Fun(€°P, Set), we have

H evX(colllm G) = H colllm(evX o G) = col;m( H eVX) (@),

XeOb(e) XeOb(e) XeOb(e)

i.e., HXGOb@ evy preserves small filtered colimits. Then Fun(C°P, Set) satisfies the IPC-property,
by proposition XV.2.11.3. i

XV.2.12. Exact functors.
Generally in category theory, ezactness means that something commutes with finite (co)limits.

Definition XV.2.12.1. — Let C be a category admitting all finite limits. A functor F: C — D

(i) left exact if it preserves finite limits in D;
(ii) dually, right exact if it preserves finite colimits in D;
(iii) exact if it is both right and left exact.

There is a slightly more general definition which also works if the domain category does not
admit all finite limits.

XV.2.12.2. — Let F': € — D be a functor and let U € Ob(D). Recall that the comma category|
F | U consists of pairs (X,u) where X € Ob(€) and u: F(X) — U in 2. Similarly, the comma
category U | F' consists of pairs (X, u) where X € Ob(€) and u: U — F(X) in D. The forgetful
functors For: (F L U) — € and For: (U | F)) — € are faithful (see definition XV.1.3.22).

Definition XV.2.12.3. — A functor F': C — D is:

(i) flat if the comma category U | F is cofiltered for all U € Ob(C);
(ii) dually, coflat if F°P: C°P — D°P s flat, i. e., if the comma category F | U 1is filtered for al
U € Ob(e).(XV-11)

Proposition XV.2.12.4 (flat functors preserve limits). — Let F': € — D be a flat functor. If d

finite diagram G: I°® — C has a limit in C, then the limit lim;(F o G) = F(lim; G) exists in D.
The dual statement about coflat functors and finite colimits also holds true.

(XV.11) Some literature calls flat (resp. coflat) functors left (resp. right) exact. We do not inflate the notion of]
exactness
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\Proof using universal properties. — We need to show that F(lim; G) satisfies the universal property
of lim;(Fo@G). Let a: Ay — F oG be a cone over FoG. This defines a finite diagram I°? — (U [ F)
i = (G(i),q;), which admits a cone with, say, tip (X, f: U — F(X)) because U | F is cofiltered
Passing to € by means of For, the cone in U | F' gives a cone Ay — G in €, which factorises uniquely,
through ¢g: X — lim; G. Passing back to U | F, we see that the cone in U | F factorises through
(lim; G, F(g) o f). This factorisation is unique since any factorisation of the cone in U | F gives al
factorisation of the cone in € under For. s

\Proof using the Yoneda lemma. — Suppose that € is small and 2 is locally small so that U | F is
small. Applying corollary XV.2.7.7 to F' and ide, we have

Hom (U, F(X)) = li H UF(Z)) = i H Z,X
oma( ) (Z%)C(c))el(rifileiX) oma( (2)) (U—>FC(OZ)1>em(F¢U) ome( )

for all X € Ob(€) and all U € Ob(D). Then for all U € Ob(D) and all finite diagrams G: I°? — C
we have isomorphisms

ljrrllHomD(U,F(G(i))) =~ lim colim Home(Z,G(4)) = colim lim Home(Z, G(7))
1€

icl U=F(Z) U—F(Z) i€l
=~ colim H Z,lim G(i)) = H U, F(limG(i
(oM, Home (Z,lim G(9)) = Homyp (U, Flim 6(9))

which are natural in U using proposition XV.2.2.8 and theorem XV.2.10.1. Hence, F(lim; G) is a
representative of the left-hand side functor, and thus F(lim;.; G(3)) = lim,.; F(G(7)). st

Corollary XV.2.12.5. — Let F: C — D be a functor, and suppose that C admits all finite limits
(resp. colimits). Then F is left (resp. right) exact if and only if it is flat (resp. coflat).

IProof. — Suppose that F' is left exact, and let U € Ob(2). Then U | F' admits all finite limits by
fact XV.2.2.16, and is hence cofiltered by fact XV.2.9.6. Hence, F' is flat. The converse follows from
proposition XV.2.12.4. i

Corollary XV.2.12.6. — Let C be a category admitting all finite limits, and let F': C — D be q
functor. Then the following are equivalent:

(i) F is left exact.
(ii) F preserves the terminal object, binary products and equalisers.
(iii) F preserves the terminal object and fibre products.

The dual statement on right exact functors also holds true.
\Proof. — This follows from corollary XV.2.4.4. pi

\Example XV.2.12.7. — For a ring R, let For: R-Mod — Set be the forgetful functor. One can
check that For preserves the terminal object (the zero module is a singleton set), binary products
and equalisers. Hence, For is left exact. However, it is not right exact because it does not preserve
the initial object.

Lemma XV.2.12.8. — Right (resp. left) adjoints are flat (resp. coflat). In particular, if the
domain category admits all finite limits, then right (resp. left) adjoints are left (resp. right) exact.

\Proof. — Let L 4 R be an adjoint pair € &2 D. Since for any V' € Ob(2) and any U € Ob(C)
we have the adjunction isomorphism Home (U, R(V')) = Home(L(U), V'), we have an isomorphism
(Ul R) = L(U)/D for any U € Ob(€). This category L(U)/D is cofiltered since it admits an initial
element, namely id;, ;). The second statement follows from proposition XV.2.12.4. i

Fact XV.2.12.9. — Flat (resp. coflat) functors are final (resp. initial). In particular, right (resp
left) adjoints are final (resp. initial)

Maybe move this else;
where where complete
ness of R-Mod is covy
ered, e.g., monads.
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\Proof. — The first statement follows since (co)filtered categories are connected. The second
statement follows from lemma XV.2.12.8. i
Fact XV.2.12.10. — (i) Let C be a locally small category admitting finite limits and finite colimits

Then the hom-functor Home: C°P x € — Set is left-exact in both arguments.
(ii) A small product of (co)flat functors is (co)flat. In particular, if all domain categories admit
all finite limits, then a small product of left (resp. right) exact functors is left (resp. right) exact.
(iii) Let C be a category admitting limits of shape I for I small. Then lim;: Fun(I°?,C) — C
is coflat. The dual statement for colim;: Fun(l,C) — C being flat also holds true.
(iv) Let I be a small filtered category. Then colim;: Fun([l,Set) — Set is exact. Dually
lim;: Fun(I°P,Set) — Set is exact for I small cofiltered.

Proof. — (i) follows from proposition XV.2.2.8 and corollary XV.2.12.5.

For (ii), let F: ¢; — D be flat functors for each i € I. Then [, _, F; is flat because ([[,_, 5 ||
(U,);) = HieI(F; L U;) for all (U)), € Ob(HieI D;) and the product of filtered categories is again
filtered, .

(iii) follows from lemma XV.2.12.8 and the fact that lim; admits a right adjoint, namely the
diagonal functor A: ¢ — Fun(I°P,€) (observation XV.2.1.12).

(iv) follows from theorem XV.2.10.1 and proposition XV.2.2.14. o

Lemma XV.2.12.11. — Flat (resp. coflat) functors preserve monomorphisms (resp. epimor-
phisms). In particular, left (resp. right) exact functors preserve monomorphisms (resp. epimory
phisms).

\Proof. — Let F': € — D be a flat functor. Observe that a morphism f: X — Y in € is a
monomorphism if and only if the square

is a pullback. The claim now follows since flat functors preserve limits (proposition XV.2.12.4). @

Corollary XV.2.12.12. — Let F: C %Aﬂ be a functovi of small categories. If u: A — B
is an epimorphism in Fun(C°P,Set), then F(u): F(A) — F(B) (see notation XV.2.8.13) is a
epimorphism in Fun(2D°P, Set).

Proof. — Recall from theorem XV.2.8.12 that F is cocontinuous. By corollary XV.2.12.5, F ig
coflat and thus preserves epimorphisms. pid

Notation XV.2.12.13. — Let C be category admitting all limits of small shape I and all
finite limits. We say that limits of shape I are left exact (resp. right exact, resp. exact) ifl
lim;: Fun(I°P,C) — C is left exact (resp. right exact, resp. exact). We dually define the concept
for colim;: Fun(I,C) — C.

Lemma XV.2.12.14. — Let I be a small connected category. Let C be a category admitting
finite limits and colimits of shape I. If colimits of shape I are exact, then they are stable under base
change.

\Proof. — Let F: I — € be a colimit and let Y — Z and colim;.; F(i) — Z be morphisms in €
Then
colim(F (i) X, V) = (collim F) x

el

(collim Y) = (colIim F)x,Y

colim; Z

where the second isomorphism follows since I is connected (fact XV.2.7.4) nif




XV.2. LIMITS 315

Lemma XV.2.12.15. — Let ¢: J — I be a coflat (resp. flat) functor. If I is filtered (resp
cofiltered), then J is filtered (resp. cofiltered).

\Proof. — Apply lemma XV.2.10.4 to ¥ =1id;: [ — 1. B

Fact XV.2.12.16 (flatness is stable under composition). — If F: € — D and G: D — & are
(co)flat functors, then G o F is (co)flat.

\Proof. — We prove the coflat case. The category G | Z is filtered for all Z € Ob(&). Moreover, the
embedding functor F’': (Go F'| Z) — (Gl Z) is again coflat. Indeed, for any ¥ € Ob(2) and any|
g: G(Y) — Z in &, we have an isomorphism (F’ | Y) =% (F | Y) where we identified Y with (Y, g)
the objects of F’ |'Y are of the form (X, f: G(F(X)) = Z,h: F(X) = Y) where h is a morphism
in G | Z, that is, go G(h) = f. By forgetting f, we obtain the isomorphism. Now, F' | Y is filtered
by hypothesis. By lemma XV.2.12.15, G o F' | Z is filtered. i

Proposition XV.2.12.17. — Let C be a small category admitting finite colimits. Then a functo
A: C°P — Set is left exact if and only if he | A is filtered where A is understood as an object off
Fun(C°P, Set).

Proof. — The proof is similar to proposition XV.2.12.4. Suppose that he | A is filtered. Recall
from the co-Yoneda lemma XV.2.8.10 that A 2 colimy_, 4)¢(n,y4) Home(—,Y). Since Home(—,Y)
preserves finite limits and finite limits commute with the small filtered colimit indexed by he | A
theorem XV.2.10.1), A preserves finite limits.

Conversely, suppose that A is left exact. Then for any finite diagram F: I — (he | A), write
F(i) = (X;, f;) where X; € Ob(C) and f; € A(X) = Homp,,eor ser)(Home(—, X), A) by the Yoneda
lemma XV.1.6.5. If u is the image of (f;); under lim;.; A(X;) = A(colim,.; X;), one can then

K2

directly check that (lim,.; X;,u) is the colimit of F. Hence, he | A is filtered. nid

Proposition XV.2.12.18. — Let F: C — D be a functor of small categories. Then F is flat if
and only if F': Fun(C°P,Set) — Fun(D°P, Set) (see notation XV.2.8.13) is left exact. Note that by
theorem XV.2.8.12, F' is always right exact.

Proof. — Recall from proposition XV.2.8.14 that F' = Lango,. Since Lang., is pointwise by
theorem XV.2.8.12, we can write

Lan pop A(U) 2 li A(V) = colim A(V).
an pop A(U) pon SO V) Lol (V)

It follows from theorem XV.2.10.1 that Lan., preserves finite limits in Fun(€°P, Set) if and only if
the indexing category U | F' of the colimit is filtered for all U € Ob(C). Here, we implicitly used
that limits of functors €°P — Set are computed pointwise (proposition XV.2.2.10). i

XV.2.13. Properties of comma categories.

Lemma XV.2.13.1. — Consider a quasi-commutative diagram of functors

F G
C —— & +——— D

{ b

Cy —— & +—— D,

This defines a functor 0: (F; | Gy) = (F5 1 Gy).
(1) _If ¢ and 1) are faithful, then 0 is faithful

Skip [KS06] 3.3.14
3.3.15, 3.3.16, 3.3.17
3.3.18, 3.3.19 on smalll
functors and Kan ex;
tensions.

Move this elsewhere
maybe where commal
categories are defined.
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(ii) If ¢ and ¢ are fully faithful and if x is faithful, then 0 is fully faithful.

(iii) If ¢ and ¢ are equivalences of categories and if x is fully faithful, then 6 is an equivalence
of categories.

\Proof. — The functor § maps a morphism (X,Y,f) — (X',Y’,f) in F; | G; to a morphism
(O(X), V(Y), x(f)) = (¢(X"), ¥(Y"), x(f")) in F, | G, (by abuse of notation, we write x(f) and x(f’)

instead of the composition with the natural isomorphisms) by sending (u,v) — (¢(u), ¥ (v)) such
that the diagrams

Fl(u)l lc:l(v) (XV.2.13.1.1

and
X(F (X)) —— x(G.(Y))
| | X(G(v)
¢(X Gy(¥(Y)) x(G(Y))
/ Fy(¢ 'u))l / (XV.2.13.1.2
X(F (X)) ¢>(X’ Ga(w(Y’))
m ‘ . ‘
X(F(X) =55 x(GL(Y))

commute (the triangles and the outer octagon commute by naturality of the natural isomorphisms)

(i) is easy. For (ii), fully faithfulness of ¢ and v give for any morphism in F, | G, a unique
pair of morphisms (u: X — X’ ,v: Y — Y”) such that (¢(u), ¢(v)) is that morphism in F, | G,. In
particular, diagram (XV.2.13.1.2) commutes. Since y is faithful, diagram (XV.2.13.1.1) commutes
For (iii), we have a quasi-commutative diagram

[

ide, || €y 25 &, P2 D, )ids, (XV.2.13.1.3

[ T el

¢, LN & —— D.
Note that the bottom two squares define a morphism 0~1: (F, | G,) — (F} | G;) by sending

XE(67H(X) —= B(X) —— Gy(Y) — x(G, (v (Y)))
X(F1(¢’1(u)))l FZ(MJ lcl lX(Gl(w’l(v)))
X(F(¢p7H(X")) —— E(X) £, Go(Y") —— x(G, (¥ (Y")))

to
R (X)) L 6w (v))
F1(¢’1(u))l lCﬁ(ﬂfl(v))
Fo(x)) Y ¢ (g ()
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where x ' (f) and x~*(f”) are abuse of notation. Diagram (XV.2.13.1.3) shows that ' 0§ = idp, |5,
A similar diagram shows that 6o 6" = idp, | . i

§ XV.3. CATEGORICAL ALGEBRA

Categorical algebra tries to generalise concepts from algebra from a categorical point of view. We
will only scratch the surface of this deep field, which is a part of higher category theory.

XV.3.1. Monoidal categories, functors and natural transformations.
The following mimics the definition of monoids from algebra.

Definition XV.3.1.1 (MacLane 1963). — A monoidal category ™V -12) is a category C togethe
with the following datum:

(i) a bifunctor —® —: € x € — C called the tensor product;

(ii) a natural isomorphism a of functors € x € x € — C of the form axy z: (X ®Y)® Z =
X ® (Y ®Z) called the associator; /

(iii) an object 1 € Ob(C) called the unit object;

(iv) a natural isomorphism X of functors € — € of the form Ax: 1® X = X called the left
unitor;
(v) a natural isomorphism p of functors € — C of the form px: X ® 1 =% X called the right
unitor;

such that the following coherence conditions are satisfied, i. e., the following diagrams commute:

(i) the triangle identity (which are different from triangle identities for adjunctions)

(X®1)QY ey X®(1®Y)
Pm Ay
XY

for any X,Y,Z € Ob(C);
(ii) the pentagon identity

(XQY)®Z)@W

)@ W

Xe Yo7 (X®Y)®(ZW) (XV.3.1.1.1

aX,Y@Z,Wl laX,Y,Zth

X (Y®Z2) W) Xoov.zw XY (ZeWw))

for any X, Y, Z, W € Ob(C).

We say that a monoidal category C is unital to emphasise the existence of (1, A, p) together with
the commutativity of the triangle identity.

A monoidal category C is strict if associator, left and right unitor are identities and not jusl
isomorphisms. For example, this means that (XQY)®Z =XQ(Y®Z) and (fQ®g)@h = fR(g®h)
for all X,Y,Z € Ob(€) and all morphisms f,g,h in C.

(XV.12) Older literature calls this tensor category. Modern usage requires the tensor product to satisfy al

universal property in the traditional sense

Add  [KS06,
3.4.3, 3.4.4,
Cor. 3.4.6]

necessary.
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Example XV.3.1.2. — The following are monoidal categories.

(i) A monoid M understood as a discrete category with a ® b := ab for all a,b € M.
(ii) For a commutative ring k, the category of k-modules k-Mod with tensor product ®,, and the
unit object k.
(iii) For a (non-commutative) k-algebra A, the category of (A, A)-bimodules (A, A)-BMod ==
(A ®);, A°P)-Mod with tensor product ® 4, and unit object A.
(iv) For a small category €, the category of endofunctors End(€) with tensor product o and unit
object ide. In fact, this category is strict monoidal.
(v) A category € admitting finite products with tensor product x and the terminal object as
the unit object. Such categories are called cartesian categories.
(vi) A category € admitting finite coproducts with tensor product IT and the initial object as
the unit object. Such categories are called cocartesian categories.
(vii) For a group G and a field k, the category of G-modules G-Rep/k = kG-Mod over k. Recall
that the tensor product satisfies g(v ® w) = gv ® gw.

Definition XV.3.1.3. — Let C be a monoidal category. Define the following functors for C:

(i) the tensor product —Q@" —: CxC - Cby X Q'Y =Y ®X;
(ii) the associator a” by

ail,y,x
oy (X V)R Z=Z8(Y®X) = (Z@Y)@X=X& (V& 2);

~

(iii) the left unitor X" by Ny i=px: 1" X =X®1>% X;
(iv) the right unitor p” by p% ==Ax: X @ 1=10 X > X.

Then the monoidal category (C,Q",a", 1, A", p") is the reverse monoidal category of C.

Remark XV.3.1.4. — If € is a monoidal category, then the opposite category C°P is obviously|
monoidal. Note that it is different from the reverse monoidal category.

Definition XV.3.1.5. — A monoidal functor C — D of monoidal categories is a functo
F: C — D with:

(i) a natural isomorphism u of bifunctors of the form px y: F(X®Y) = F(X)® F(Y);
(ii) an isomorphism n: F(1) = 1 in D;

such that the following diagrams commute:

(i) associativity:

F(X®Y)®Z) —— 2\ p(Xe(Y®2)
uxw,zl lﬂx,mz
FX®Y)®F(Z) FX)® F(Y® Z) (XV.3.1.5.1
uX,Y®F(Z>l lF<X)®/‘Y,Z

(F(X)® F(Y))® F(Z) 2118 pix)y @ (F(Y) @ F(Z))

for any X,Y,Z € Ob(C);
(ii) unitality:

FlleX) —2x, p(x) F(X®1) —22) pex)
ul,xl T/\F ”’“l T P (XV.3.1.5.2
F) e FX) "% 1 ¢ F(x) FX) o F(1) "% px) o1




XV.3. CATEGORICAL ALGEBRA 319

for any X € Ob(C).

We say that a monoidal functor F: C — D is strict if p and n are identities and not jusl
isomorphisms.

Definition XV.3.1.6. — A monoidal natural transformation between monoidal functors
F.G: C— D is a natural transformation 0: F' — G such that the following diagrams commute:

(i) associativity:

ny

FIX®Y) — F(X)QF(Y)

9X®Yl l9X®9Y

GX®Y) 2% a(x) ® G(Y)
for any X,Y € Ob(C);
(ii) unitality:

\/G

If 0 is even a natural isomorphism, then we say that it is a monoidal natural isomorphism.

Definition XV.3.1.7. — A monoidal equivalence of monoidal categories C and D is a monoida
functor F': € — D such that there exists a monoidal functor G: D — C, the monoidal quasi-inverse
such that G o F' = ide and F o G = idy as monoidal natural isomorphisms.

Lemma XV.3.1.8. — Let F: C — D be a monoidal functor. If F is an equivalence of ordinary
categories, then there exists a monoidal quasi-inverse G: D — C such that there are monoidal natura
isomorphisms G o F = ide and F o G = idy,.

\Proof. — By proposition XV.1.8.7, we can pick an ordinary quasi-inverse G: D — € such that
G - F are adjoint. Then define the natural isomorphisms ug;(yyz GX®Y)>GX)®G(Y) as the

adjunct of
F,-1
G(Y)

xov " rex)eFGy) Y Fex) e o))

and the isomorphism n%: G(1) = 1 as the adjunct of n>~': 1 2 F(1). One can use adjunctions to
check that G is monoidal and that the natural isomorphisms are monoidal as well. pid

Do

Historically, the original definition of monoidal categories required even more coherence axioms
for unitors, which were later reduced by Kelly.

Lemma XV.3.1.9 (Kelly 1964). — Let C be a monoidal category.
(i) The diagrams

1®X)®Y — XY 19 (X®Y) (X@V)®l —="' L, X@(Y®l)
)‘Xm AY Pm Apy
X®Y,

commute for any X, Y € Ob(@)
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(ii) We have \; = p;: 1 ® 1 > 1. In fact, C being unital is equivalent to giving an object
1 € Ob(C) such that the functors X = X ®1 and X = 1Q X are fully faithful, and an isomorphism)
o: 111

\Proof. — For (i), consider the diagram
18(18X)eY MY ig(1®X)®Y)
a1, x®Y 1®a; xy
o J(1®kx>®Y (>\X®Y)i o

M(1®X)®Y—>1®(X®Y)<M1®(1®(X®Y))

R(XQY

(1®1)®(X®Y).

(1®1)@X)®Y

The upper left triangle commutes by applying — ® Y to the triangle identity. The upper square
and lower left quadrilateral commute by naturality of a. The lower right triangle commutes by the
triangle identity once again. The outer pentagon commutes by the pentagon identity. Since every|
arrow is an isomorphism, we conclude that the upper right triangle commutes, which is the desired
triangle after applying 1 ® —. But 1 ® — is an equivalence of categories (it is isomorphic to idg
by A), so the statement follows.

Let us prove (ii). By naturality of A, the square

lolel) 2 191

S

11— 1

commutes. Since A; is an isomorphism, we obtain 1 ® A\; = A;g4;. Using (i) and the triangle identity.
we obtain Ay ® 1 = A\jgj0a; 17 = (1®A;)ea; 1 ; = p; ®1. Since —®1 is an equivalence of categories
and, in particular, faithful, we obtain A\; = p;. Of course, — ® 1 and 1 ® — are equivalences and, in
particular, fully faithful.
Conversely, suppose that — ® 1 and 1 ® — are fully faithful, and let 0: 1 ® 1 = 1 be an
isomorphism. Then under — ® 1, there exists a unique isomorphism py: X ® 1 = X, natural in X
that is the preimage of (X ® 0)cax;;: (X ®1)®12 X® (1®1) > X ® 1. We similarly obtain
Ax:1®X > X such that 1@ Ay = (0 ® X) o al,l,X' Next, consider the diagram

(X®(1®1)eY X X (191)®Y)
ax,1,19Y X®ay 1,y
Y J{(X@U)@Y X®(0'®Y)l o
(Xe)el) ey 22 xeley — XY L xg(1eY) 2 Xg(1e(1eY))

1Y

(X®1)e(1eY).

The upper left (resp. right) triangle commutes by definition or p (resp. A). The middle square and
the lower left quadrilateral commute by naturality of a. Since the outer pentagon commutes by
the pentagon identity, we conclude that the lower right triangle commutes, which gives the desired
diagram because Ay is a natural isomorphism. Alternatively, note that the outer square

Xeole(ley) 22 xg(1eY)

(X®1)®>\Yl V lxmy

Xeney — 2% L xev
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commutes since ® is a bifunctor. We have seen that the upper triangle commutes, whence the lower|
triangle commutes. CI7]

Fact XV.3.1.10 (unit object is essentially unique). — Let (1, A, p) and (1', X, p’) be two unit
objects with their unitors. Then there exists a unique isomorphism o: 1’ = 1 such that the diagrams

1’®X—>1®X X®1’—>X®1

DN DN

commute for any X € Ob(C).

Proof. — Suppose that such a o exists. Taking X = 1 in the left triangle, we obtain \] =
A o(0®1)=p;o(c®1) by lemma XV.3.1.9. Naturality of p further gives p; o (6 ® 1) = g0 py/
Thus, we must define o := \] o pl_/l. Suppose that ¢ is defined that way. In the diagram

A ®X

1el)eX

&X
' (1eX) 25 PMex, X
p1r®X 1’®,\Xl Px

the square commutes by naturality of \’, the left triangle commutes by triangle identity, and the
upper triangle commutes by lemma XV.3.1.9. Hence, Ay o (A} @ X) = X o (p;» ® X). Thus,

Axo(0®X)=Axo (A ®X)o(p)! ®X) =Nx.

A similar argument shows the commutativity of the other triangle. pig

The following explains the name ‘monoidal categories’

Proposition XV.3.1.11. — The monoid of endomorphisms Home(1,1) on 1 w.r.t. compositio
is commutative.

\Proof. — The endomorphisms Home(1,1) form a monoid w.r.t. o with unit id,. By naturality
of p and A\, we have f ®id; = p;lo fop; andid; ® g = A\{L o go \;. By lemma XV.3.1.9, write
o = A\, = p;. Bifunctoriality of @ then implies

Lo(fog)loo=(f®id))e(id;®g)=f®g=(id;®g) o (f®id)) =00 (g0 f)oo
Thus, fog=go f. i

XV.3.2. Strictification and coherence theorem.

Morally, it should not matter how a tensor product X; ® --- ® X,, is bracketed, and in which way a
unit 1 in such a tensor product is absorbed. This is the content of coherence theorems.

Definition XV.3.2.1. — Let I be any category. The free strict monoidal category of I is
S(I) := ano I™. Ezplicitly, the objects of S(I) are finite sequences (x,...,x,), and morphisms
f:(xq,.ymy) = (Ypy-o s Yyy) only exist if both sequences have the same length n = m, in which case
f=(f1,-, fn) for morphisms f;: x; =y, in I. This turns into a monoidal category by defining
(T1,052,) ® (Y15, Yp) = (T1,5 s Ty Yy, -5 Ypy) a8 concatenation and the empty sequence & as the
unit_object
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Lemma XV.3.2.2 (universal property of free strict monoidal categories). — Let F: I — C be
a diagram in a monoidal category C. Then there exists a monoidal functor ¢: S(I) — C such)
that ¢ o= F where v: I < 8(I) is the canonical embedding. Moreover, ¢ is unique up to uniqu
monoidal natural isomorphism.

\Proof. — By induction on n, define ¢(&) = 1 and ¢(iy,...,%,) = ¢y, ..., i,_1) ® F(i,). Then

n =id,. By induction on m, define p;, ;. .; )by

¢((i17 7i ) ® (j17 7.7m)) = (Z)(Z.h ?inhjla a.]m) = ¢(i1? )in’jla 7jm—1) ® F(]m)
= ¢<(11, R Zn) ® (j17 ?jmfl)) ® F(Jm) = ((b(llv 7Zn) ® (b(jla 7jm71>) ® F(]m)
= P(iy, ey in) @ (A5 o s Jin1) ® F(Jin)) = Blin, e 1) @ O(f1, - Jim)-
One can now check that ¢ is monoidal and that it satisfies ¢pot = F.

For uniqueness, let ¢’ : §(I) — € be another such functor. Then a natural isomorphism 6: ¢ — ¢’
is defined by 6,: ¢(i) = F(i) = ¢/ (i) for all i € Ob(I) and then inductively defining 6; ;) by

¢(i17 7in) = ¢<i17 7in—1) ® QS(Zn) = ¢/<i1ﬂ 7in—1) ® (rb/(zn) = (rb/(il? 7in—1>'

Note that 6 is unique such that it is compatible with the isomorphisms ¢ ot = F =2 ¢’ o 1. One can
now check that 6 is monoidal. i

Observation XV.3.2.3. — By lemma XV.3.2.2, we can define the tensor product
X®-0X, = (X;0X,)®X3)®)®X,

for Xi,..., X, € Ob(C), which is independent of the bracketing up to isomorphism. Indeed, e. g., for
X, ® X, ® X3 ® Xy, consider the discrete diagram F': [ = {iy, 15,143,794} — C, F'(i;) = X;. Then

X ®(Xy ® (X3 ® X)) = é(iy) ® (¢(iz) ® (9(i3) ® ¢(iy))) = ¢(ir) ® (¢(iz) ® ¢(is,i4))
2 P(iy) ® Plin, i3,14) = iy, dn,03,14),

and this holds for any bracketing of X; ® X, ® X3 ® X,. The same argument works for tensor
products of morphisms. A similar argument works for cancelling the unit object in tensor products
i.e.,

Xl Q& Xn—l ®1l® Xn ® & Xn+7n = Xl ® & Xn—l ® Xn ®® Xn+m'

This only gives some isomorphism between objects induced by ¢, but it does not say that any
isomorphism between those objects constructed from the structure maps of the monoidal category|
are the same.

Construction XV.3.2.4. — Let C be a monoidal category. The strictifiction of € is a category
str(C) of finite sequences (X1, ..., X,,) of objects in € with morphisms

Homstr(c’)((Xla aXn)a (Yiﬂ N 4 )) = HOIHG<F(X1, aXn)a F(Yiv 7Ym))

rTm

where

F(Xp,, X)) = (- (X1 8 X5) @) ® X,

Note that F(&) = 1 for the empty sequence.
We want to make str(C) strict monoidal. To this end, define

Xy, X,)® (Y, ., Y, o= (Xy, 0, X, Y, Y.

T m

Then & is the unit object
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Then F(Xy,...,X,) = F(Xy,...,X,,_1) ® X,,. Further define isomorphisms pg r: F(S®T)
F(S)® F(T) for S,T € Ob(str(C)) by Ligs = Ap( Fs) Msp = p}%s> for empty sequences, and
inductively by

Bs,(x) = dpsex)): 1s Te(x) = ap(s),rT),x ° (Hsr ® X)

for X € Ob(€). Then for morphisms f: S — T and f’': S” — T” in str(C), which correspond to
morphisms f: F(S) — F(T) and f': F(S’) — F(T’) in C, define f ® g in str(€) as the dashed
arrow such that the square

F(S®S') 225 F(s) e F(S')

f®fi lf@f’

FT®T N F(T)® F(T")
commutes. This defines the tensor product on morphisms in str(€) as well.

Lemma XV.3.2.5. — Let C be a monoidal category. Then F: str(C) — € with the natura
isomorphism p from construction XV.5.2.4 and the identity n = id gy is a monoidal functor.

IProof. — The map F extends to morphisms by being the identity on morphisms of str(C). By
definition, 7 is a natural isomorphism. Since py ¢ = )\}%S) and pg 5 = p}(15>, unitality is clear.
We prove associativity by induction. Let S,T,U € Ob(str(€)). For U = &, consider the diagram

F(S®T) os.1e) F(S®T)
Pfs%zml /ST) L"ST
F(S®T)®1 (T)

PF(S)®F(T) _
us,T®1l / lF<S>®pF(T>

(F(S)® F(T) @1 ——— F(S)® (F(T) ®1).

The lower triangle commutes by lemma XV.3.1.9 and the parallelogram commutes commute by
naturality of p. Hence, the outer associativity diagram commutes.
Now, suppose that the associativity diagram commutes for S, T, U, and we want to show it for
S, T,U ® (X). For simplicity, we will drop all subscripts of associators. Consider the diagram

FSQTOU)® X — 22X

HseT,u®X

FIS®T)® (FU)® X) +— (FIS®T)® F(U)) ® X
us,T®<F<U>®X>J i(us,T®F<U>>®x s reu®X
(FYQ@F(T) @ (FU)®X) & (F(YQFT)QFU))® X

(F(S)® (F(T) ® F(U)) ® X L“2Y%5(8) @ F(T @ U)) @ X

Js [+

FS@T®U)® X

@ F(S)® (F(T)® FU)) ® X) 2 9) o (F(T @ U) ® X)
la F(S)®ur,us(x)

F(S)® (F(T)® (FU)®X)).




Maybe add alternative
proof [Eti+15, Thm
2.8.5].
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The upper left and lower right triangles commute by definition of u. The upper left and lower right
squares commute by naturality of a. The bottom left pentagon is the pentagon identity, and the
upper right hexagon is the induction hypothesis. Finally, using that a o (1g rgu ® X) = tis reusg(x)

once again, we see that the outer diagram commutes, as desired.
Strictification theorem XV.3.2.6 (MacLane 1963). — Any monoidal category is monoidally

equivalent to a strict one.

\Proof. — We show that the functor F': str(€) — € from construction XV.3.2.4 is a monoidal
equivalence of categories. Note that F' is monoidal by lemma XV.3.2.5. Since any morphism
f: S = Tinstr(C)is F(f) = f: F(S) —» F(T) in C, we see that F' is fully faithful. For any
X € Ob(C), we have F(X) = X, so F is essentially surjective. From proposition XV.1.5.11, it
follows that F' is an equivalence of categories. By lemma XV.3.1.8, F' is a monoidal equivalence.
We explicitly construct the monoidal quasi-inverse and the monoidal natural isomorphism. The
functor G: € — str(€), X + (X) is the quasi-inverse since F' o G = ide and there is a natural
isomorphism 0: G o F' % idy, @) where g: G(F(S)) — S corresponds to idpg) : F(G(F(5))) =
F(S) — F(S). Using 6, we obtain isomorphisms 0,: G(1) > @ and 0 x y,: G(X ®Y) > (X,Y)
By applying F' to the associativity and unitality diagrams of G, they commute in € (all multiplication
morphisms p are identities), so the original diagrams commute in str(C) by definition. Hence, G is
monoidal. Moreover, 6 is obviously monoidal because ,u%@ = idxgy. Thus, F' is a monoidal
equivalence. pid

We obtain the following convenient result as a corollary.

Coherence theorem XV.3.2.7 (MacLane 1963). — Let X,,...,X,, be objects of a monoida
category C. Let P, and B, be two expressions of tensor products of X, ..., X, (in this order) which
are parenthesised arbitrarily with arbitrary insertions of tensor products with 1. Let f,g: P, X P, be
two isomorphisms, obtained from composing associators, unitors and their inverses possibly tensore
with identity morphisms, that transform P, into B,. Then f = g.

In other words, any ‘formal’ diagram built from a, X\, p, a=*, A=Y, p~! and identity morphisms
by composing and tensoring commutes.

\Proof. — By the Strictification theorem XV.3.2.6, let F': € =% str(C) be a monoidal equivalence of €
to its strictification str(C). We want to show that the diagram f,g: P, = B, commutes. Applying F|
to this diagram and construct over each associator morphism and unitor morphism a rectangle as inl
diagrams (XV.3.1.5.1) and (XV.3.1.5.2). This yields a huge prism in str(€) whose top face commutes
as the morphisms are all identity morphisms and whose rectangular sides commute. Hence, the
bottom face F'(f), F(g): F(P,) = F(B) commutes, and thus f,g: P, X P, commutes as well. T

XV.3.3. Braidings.

\Braidings capture the notion of commutativity.

Definition XV.3.3.1. — Let C be a monoidal category. A braiding on C is a natural iso-
morphism B of the form Bxy: X ®Y 2 Y ® X for all X,Y € Ob(C) such that the hexagon)
tdentities

ax,y,z

BXY®Z
(XQY)®Z XS Xo(VYeZ) 4 (Y2Z)®X

BX'Y@Z\L l‘ly,z,x

ay X,z

Y®B
YOX)®Z Xy ((XeZ) —2Y @ (Ze X).
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X®(Y®Z) -5 vy (XQY)®Z MZQ@(X@Y)
X®By,Zl la}{x,y
Xo(ZeY) ™2 (xe2) oY X% (76 X) oY

commute for all X,Y,Z € Ob(€). A monoidal category C is braided if it admits a braiding.
A braided monoidal category C whose braiding satisfies By xoBx y = idygy forall X,Y € Ob(C)
is symmetric.

Remark XV.3.3.2. — Note that if B is a braiding on €, then B~ defined by Byly: Y ® X =
X ®Y is also a braiding on C.

Example XV.3.3.3. — The categories Set, k-Vect, A-Mod and G-Rep/k are symmetric monoidal
categories.

The coherence conditions of braidings and unitors is automatic.

Lemma XV.3.3.4. — Let C be e braided monoidal category. Then the diagrams

1®X—>X®1 X®1—>1®X

R P

commute for all X € Ob(C). In particular, B, x = Bx';.
\Proof. — Consider the diagram

ax 1,1 X1®1

(X@1)®1l = X(1el) —3 191)® X

k lX®)\1 1®Xl
Px

By 1®1 X®1—>1®X a1,1,x

Ax®1
/ Txxm Al@XT

a1, x,1

1eX)9l 2 19 (Xe1) 24 1@ (10 X).

The outer hexagon is the hexagon identity. The right and lower middle triangles commute by,
lemma XV.3.1.9, the upper middle triangle is the triangle identity. The upper square commutes by
naturality of B, and the lower square by naturality of A\. Hence, the left square commutes. Since
— ® 1 is an equivalence, we obtain the desired commutative triangle.

The second triangle is proved similarly, and B, y = B)}}l follows from the two triangles. pig
Yang-Baxter equation XV.3.3.5. — Let be a braided monoidal category C. Then the diagram)
(X0Y)9Z 2 Xo (Y 2) oYX e (ZY) 22X Xz (X®Z)®Y
Bx)y®ZJ/ ‘\\‘\\‘~\‘\\ lBX,Z®Y
‘\\\‘\~\\ Bxey,z
YeX)eZ - (ZX)QY
ay x,z \\‘\“~\‘ \\\\\\~\\‘ az xy
l \\‘~\\\\\\ \\~\; J«
Y®R(X®2) B el ZQ(X®Y)
Y®X,Z R
Y®Bx Zl \\\~~\ lZ(X)BX Y
Y zZ,X Az vy ?

Ye(ZeX) —5 (Y®Z)®X—> (Z®Y)®X*> Z® (Y ®X)
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commutes for all X, Y, Z € Ob(C). In particular, if C is strict, then the Yang-Baxter equation
(By z7®X)o(Y®Bx z)o(Bxy®Z)=(Z®Bxy)e(Bxz®Y)o(X®By z)
is always satisfied.

\Proof. — Consider the stated diagram with the dashed morphisms. Then the upper and lower
hexagons are the hexagon identities. The middle parallelogram follows from naturality of B. Hence
the outer diagram commutes. pid

XV.3.4. Duality.

\Duality is reminiscent of adjoint functors.

Definition XV.3.4.1. — Let C be a monoidal category. A pair of objects (X,Y) are a dual pair
if there exist morphisms n: 1 =Y @ X and ¢: X @Y — 1 such that the diagrams

Ax Ay

1@ X X« ™™ Xx®1 1QY Yy« vy®l

£®XT lX@n 7]®Yl TY@E

(X®YV)®@X — 2% L, XY eX), (YeoX)ey —* ,ye(XeY)

commute. We write X* :=Y and say that X* is a right dual of X and that X is a left dual
of X*.

Lemma XV.3.4.2. — Suppose that X € Ob(C) has a right dual X* € Ob(C). Then we have
adjunctions (—@ X*) 4 (—® X) and (X ® —) 4 (X*® —).

\Proof. — We only prove the first adjunction; the second is similar. For any Y, Z € Ob(C), define

Y® X
Home (Y ® X*,Z) — Hompe (Y, Z® X), ur— (Y=Y ®1 —7>7Y®X* ®X1—> Z®X),
VX z
Home(Y,Z ® X) — Home(Y ® X*,Z), vi—s (YOX* o5 Z@X®X* 5 Z®1= Z).
One can check that these two maps are mutually inverse. pid

Fact XV.3.4.3 (duals are essentially unique). — Let (Y,n,e) and (Y',n',&") be two right duals
of X. Then there exists a unique isomorphism f:Y %Y’ such that the diagrams

1 / Xy — 22 xgv
vyex — I yex,

commute.
The dual statement on right duals also holds true.

\Proof. — In the following, we suppress all associators and unitors. Suppose that such an isomorphism
f:Y == Y’ exists. Since Y is a right dual of X, we have f = fo (Y ®¢) o (n®Y). Note that by,

bifunctoriality of ®, we have

YeXey X2, v

f®X®Yl Jf

VexXey L% vy
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Hence’ f = (Y’ (24 g) o (f RX® Y) o (’I’] % Y) Applyll’lg —®Y to the triangle 77/ = (f ® X) o1, W€
see that f = (Y ®¢e)o(n ®Y).
Thus, define

7' ®Y Y'®e neY’ o
7Y Y XY — Y/, g:Y’—>Y®X®Y’—>Y.

Our aim is to show that f and g are mutually inverse. Consider the diagram

neY

Y YRX®Y
n/®Yl Y®X®n/®yl \
Y ®X®Ynm>yY®X®Y ®X®meY®X®Y
Y’&{ Y®X®Y/®sl JY@e

v’ Y’ YeX®Y Yee Y.

The top right triangle commutes since Y’ is a right dual of X. The three squares all commute by
the bifunctoriality of ®, e.g., the top left square is

n1IYY

191QY Y®X®1QY

1®n/®Yl lY@X@M@Y

18V @ XeY 128X v e XxeY 9 X®Y.

Hence, the outer diagram commutes. The top composition is (Y ® €) o (n ® Y) = idy- since YV is a
right dual of X. The bottom composition is go f = idy. One similarly shows that fog =idy,. O

Alternative proof. — For any right dual X* of X, lemma XV.3.4.2 shows that there is a bijection
Home(X*, Z) = Home(1,X ® Z) that is natural in Z. By lemma XV.1.6.9, there is a unique
canonical) isomorphism ¥ = X* = Y". i

Construction XV.3.4.4. — Let € be a monoidal category. Let f: X — Y be a morphism, and
suppose that X and Y have right duals. Then the right dual of f is defined as

Nx®Y* X*®fQY* X*®ey
Y — XXy — X'QYeY" — X*

Similarly, for a morphism f*: X* — Y™, the left dual of f is defined as

Y®Ff'® et ®X
f:Y *> Y®X*®X — Y®Y*®X — X.

If @ admits all right duals, then right duality defines a functor (—)*: €°P — €" where C" is the
reverse monoidal category. Similarly, if € admits all left duals, then left duality defines a functor|
CP — C" as well.

Definition XV.3.4.5. — An object in a monoidal category is rigid if it admits left and right)
duals. A monoidal category is rigid if all objects are rigid.

FExample XV.3.4.6. — The category of finite-dimensional k-vector spaces is rigid. In fact, the
left and right duals coincide. For a finite-dimensional vector space V, its dual is V* = Hom, (V, k)
Thene: VQV* =k, v® f + f(v) is the evaluation map and n: k > V*QV, A )\E" v ®uis
the coevaluation map where {vy,...,v, } is a basis of V and {v%,...,v%} is the dual basis of V.
The category k-Vect of all k-vector spaces does not admit all duals, however. Indeed, if a map
m:k—=V*"®V exists, then V - V@ V*®V — V is the identity on V, but the image of the first
ap V ® 7 is one-dimensional
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XV.3.5. Categorification of algebraic constructions.

Definition XV.3.5.1. — Let T be a monoidal category. An action of T onto some smal
category C is a monoidal functor F: T — End(C).
More generally (for not necessarily small categories C), an action of T on C is given by:

(i) a bifunctor —Q —: T x C — C;

(ii) and a natural isomorphism a of the form axyy: (X ®@Y)@W = X @ (Y @ W) fo
X,Y € Ob(T) and W € Ob(C) such that the pentagon identity (diagram (XV.3.1.1.1)) is satisfied

(iii) a natural isomorphism & of the form &,,: 1@ W = W for all W € Ob(C) such that the
triangle identities

1X)@W — 5" 10 (XeW) X@N@W —2" X®(1eW)
)‘Xh AW me :%‘gfmw
XeWw, XoWw

commute for any X € Ob(T) and any W € Ob(C).
The equivalence is given by X @ W := F(X)(W), ax y w = px y (W) and &y == ny: F(1)(W) =
ide(W).

Example XV.3.5.2. — (i) A monoidal category € acts trivially on itself.
(ii) For a small category €, the monoidal category End(€) acts on € via FF ® X := F(X) for]
F:C — Cand X € Ob(C).

Definition XV.3.5.3. — Let C be a monoidal category. A monoid object (or just monoid
in C is an object A together with a multiplication morphism pu: AQ® A — A and a unit morphism
m: 1 — A such that the following diagrams commute:

(i) associativity:
(AQA)@A — 222, Ag(A® A)

u®Al lA®u

AA —E s A+t AxA,

(i) wunitality:

n®A A®A A®n A®1

Sk

A morphism of monoids f: A — B is a morphism such that the diagrams

1A —

Ao A 1%, BB

“Al JHB zj/// 1\\\gz
A%B, A— T B

commute.

Example XV.3.5.4. — (i) For a commutative ring k, a monoid object in k-Mod is an (associative
non-commutative) k-algebra.
(ii) As a special case, a monoid object in the category AbGrp of abelian groups is a ring
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(iii) A monoid object in the cartesian category of monoids is a commutative monoid. Indeed
a monoid object M has a monoid structure - and a monoid structure o given by the monoidal category,
Since o: M x M — M is a homomorphism of monoids, it must satisfy (a-b)o(¢-d) = (aoc)-(bod)
Now, commutativity follows from the Eckmann-Hilton argument.(XV-13)

Definition XV.3.5.5. — Let T be a monoidal category acting on a category C. Let (A, u,n?)
be a monoid in T. A left A-module in C is an object M in C with a scalar multiplication morphis
uM: A® M — M such that the following diagrams commute:

(AQA) @M — 22 L A (A® M) loM — "M agMm
;LA®]\/[J/ lA®lLM \ /

Ao M —E M £ A® M,

A morphism of left A-modules over A is a morphism f: M — N of left A-modules such

that the diagram

A M 285 AgN

| [

M—F N

commutes. This defines a category A-LMod(C) of left A-modules in C.
We similarly define a right A-module and morphisms of right A-modules, giving the
category A-RMode of right A-modules in C.

XV.3.6. Monads.

Definition XV.3.6.1. — Let C be a category. A monad in C is monoid object in the (strict
monoidal category End(C) of endofunctors, provided that C is small.

More generally, a monad in C is an endofunctor T: C — C together with a multiplicatio
natural transformation p: T — T and a unit natural transformation n: ide — T such that the
following diagrams commute:

TOTOTM:T>T0T TW:T>T0T<T:UT

) I N 7@1 s

TOT:H>T7

Definition XV.3.6.2. — Let C be a category, and let T': € — C be a monad on C. By convention
we call a left T-module a T-algebra, and the category T-Mod(C) of T-algebras is called the
Filenberg-Moore category, written EM(T'). Explicitly, this means that a T-algebra A satisfies
the commutative diagrams

) D ray a4
u?l ) LLA \ /
T(A) —— 4,

(XV.13) The Eckmann-Hilton argument goes as follows. Let M be a monoid with two monoid structures * and o
satisfying (a* b) o (c*d) = (aoc)*(bod). Then *: M x M — M is a homomorphism w.r.t. o and vice versa. Then|
1,=1,01,=(1,%1,)0(1,x1,)=(1,01,)*(1,01,)=1,%1, =1, and acb=(a*x1)o(bx1l)=(aol)*(bol)=axb
[Hence, the monoid structures agree. Finally, ab = (1a)(bl) = (1b)(al) = ba and (ab)c = (ab)(1c) = (al)(bc) = a(bc)

o M is commutative and assocjative
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Monads arise often from adjunctions.

Lemma XV.3.6.3. — Let L 4 R be an adjoint pair of functors € == D, and let n: ide: Ro L
and €: Lo R — idyp be the unit and counit.

(i) The endofunctor T := R o L together with u* := ReL: T oT — T and n* :=n is a mona
in C.

(ii) For Y € Ob(D), the object R(Y) € Ob(C) together with u¥ = R(ey): T(R(Y)) — R(Y) is
a T-algebra. Moreover, we obtain the comparison functor KT: D — EM(T), Y = (R(Y), uY).

Proof. — For (i), note that unitality

RL:> <:RL
N HREL%

of T follows from the triangle identities of L 4 R. Regarding associativity, we need to verify that for|
any X € Ob(C) the diagram

R(esyy))
—

R(S(S(Y))) R(S(Y))
R(S(w»i l;a(gy) (XV.3.6.3.1
R(S(Y)) —= R(Y)

commutes where €: S:= Lo R — idy and YV := L(X). But this diagram commutes since it is the
image of a naturality square of € under R.
For (ii), recall that T ® R(Y) := T(R(Y)) = R(L(R(Y))). Again, write : S:= Lo R — idp
Then the diagram
NR(Y) ))

ldm %Y

is literally the triangle identity of L 4 R, and the other diagram for R(Y) to be a T-algebra
is literally diagram (XV.3.6.3.1). Finally, any morphism f: Y — Z in 2D induces a morphism
R(f): R(Y) — R(Z) such that the diagram

R(S(V)) "2 R(s(2))

R
lR(Ez)
R(Y) —1 R(2),
which is naturality of €. i

Definition XV.3.6.4. — An adjoint pair L 4 R of functors C = D is monadic if the compariso
functor K™L: D — EM(R o L) is an equivalence of categories. A functor R: D — C is monadic
if it admits a left adjoint L: C — D such that L 4 R is monadic.

The following gives a converse.

Lemma XV.3.6.5. — Let (T,u™,nT) be a monad in a category C.

(i) For any X € Ob(C), the object T(X) with p%: T(T(X)) — T(X) is a T-algebra called the
free T-algebra of X
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(ii) The free functor F: € — EM(T), X > (T(X),u%) is left adjoint to the forgetful functo
For: EM(T) — C.

\Proof. — (i) is obvious: evaluate the coherence diagrams of T at X. For (ii), we need to exhibit an
adjunction isomorphism

HomEM(T) ((T(X>7 u;()a (Y7 IU'Y)> = HomC’ (X7 Y)
We check that

Y

W (X510 5 Y), @) ) S vy eaw

are mutually inverse. Note that the image of v is indeed a morphism of T-algebras because in the
diagram

v Y
T(T(v)) T(p)

T(T(X)) T(T(Y)) — T(Y)

u§l LL@ Lﬁ’
Y

T(x) — sy sy,

the left square commutes by naturality of u” and the right square commutes since Y is a T-algebra
X

Given v: X — Y, we have
v % idy %
nTJ/ nTl /
r(Y)

TX) —>

where the square is the naturality square of n” and where the triangle commutes since Y is a
T-algebra. On the other hand, given u: T(X) — Y in EM(T), we have

7x) 2% perix)) 29 7y

T Y
. Hx lpﬂ
ldT(X)

T(X) —“—Y

where the square commutes since u is a T-algebra morphisms and where the triangle commutes
since T is a monad. Note that the unit is n? and the counit ¢: F o For — idgyy(r) 1s given by

E(v,uY) = :U’Y: (T(Y)a ,U/g) - (Ya :U’Y) i

Remark XV.3.6.6 (Kleisli category). — There is an alternative construction to lemma XV.3.6.5
Let (T, p,n) be a monad in €. We define the Kleisli category KI1(T') of T by Ob(KI(T')) = Ob(C)
and Homyg, ) (X,Y) = Home(X,T'(Y)). For X € Ob(KI(T)), the identity is idy = 7y, and
composition of Kleisli morphisms f: X — T(Y) and ¢g: Y — T(Z) is given by the Kleisli
composition p, o T(g)o f: X = T(Z).

Like lemma XV.3.6.5, there is an adjunction L 4 R of functors € == KI(T) as follows, [see
Riel6, Lemma 5.2.12]. The functor L: € — KI(T') is the identity on objects and maps f: X — Y]
tony o f: X = T(Y). The functor R: KI(T)) — € maps X + T'(X) and maps Kleisli morphisms
f: X = T(Y) to the Kleisli extension py o T(f): T(X) — T(Y).

In fact, both the Eilenberg-Moore and Kleisli categories are universal and in the following sense
dual. Let A 4 B be an adjunction 2 == € that again give 7' by lemma XV.2.12.8. Then there exists
a unique functor KI(7T) — 2 such that the diagram




[Finish the proof, see
[Riel6]
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commutes (not only quasi-commutes), i.e., the pair L 4 R is initial in the category of adjunctions
A 4 B giving back T. Similarly, the pair F' 4 For from lemma XV.3.6.5 is terminal. [See Riel6
Proposition 5.2.13]. Thus, we obtain a unique functor K: KI(T') — EM(T). This functor K is fully
faithful and its image is the (full) subcategory of all free T-algebras, [see Riel6, Lemma 5.2.14].

XV.3.7. Monadicity theorem.

We want to characterise monadic functors.

Definition XV.3.7.1. — In a category C, a diagram
f h
X=Y—Z
g

with ho f = hog is a split coequaliser if there are sections s: Z —Y of hand t: Y — X of f
i.e., hes=1id, and fot =1idy, with soh=got.

Fact XV.3.7.2. — A split coequaliser is a coequaliser diagram. In particular, any functor preserves
this colimit.

\Proof. — Consider the diagram
t s

TN T N
X$§YL>Z

I
I
1
X‘ ‘Lﬂ.

w

where X XY — Z forms a split coequaliser diagram and where ko f = kog. Then kos: Z — W
for the dashed arrow makes the triangle commute: kosoh =kogot = ko fot = k. The morphism
k o s is unique since h is a (split) epimorphism. Finally, any functor preserves the relations defining

a split coequaliser, so it preserves split coequalisers. i
Beck’s monadicity theorem XV.3.7.3 (1968V-1)), — A functor R: D — € is monadic if
and only if:

(i) R admits a left adjoint.

(ii) R is conservative.

(iii) If for a parallel pair of morphisms (f,g) in D, the pair (R(f), R(g)) has a split coequalise
Coeq(R(f),R(g)) in C, then Coeq(f,g) in D exists which is preserved by R.

\Proof. — Assume that R: D — € is monadic. By definition, it admits a left adjoint L: € — D
such that Kf°L: D ~ EM(R o L) is an equivalence of categories. It suffices to show that for any
monad 7" in C, the forgetful functor For: EM(T) — C satisfies all the statements. Indeed, since
KL is conservative and preserves and creates colimits (corollary XV.2.2.13), the properties of For
for T = R o L transfer to R = Forf*l o KRl

By lemma XV.3.6.5, For has a left adjoint, and one can easily check that it is conservative. 2

(XV.14) Often wrongly attributed to Barr and Beck
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A/a, 6, 145

A-LMod(€), 329

A-LMod, 148

A-RMod,g, 329

A-RMod, 148

A% 6

AD 22

Ay, 40

Ared? 12

A,, 40

KT, 330

L - R, 270

M®4 N, 30

M/M’, 19

M;, 43

M,, 43

S7LA, 40

S—IM, 42

VW, 158

VW, 149

V/W, 151

W e W', 157

X1I,Y, 287

X x, Y, 287

X*, 326

X, ®®X,, 322

[5, 4], 168

ALt V, 146
ss4 M, 48

SYMBOLS

Aut 2, 228
Class G, 163
Der A, 170
End(C), 260
End, M, 148
End 4 (V), 150
Imz, 177
KI(T), 331
Quot A, 41
Rez, 177
SL,(Z), 239
Sch/S, 129
SymV, 146
Sym" V', 146
TenV, 145
|z|, 177

adg, 170

ad, 170

(SY;, 145
(S),, 145

(SY, 144

ann M, 20
arg z, 187

D, (z), 178
Bihom 4 (M, N; P), 31
Coeq(f,g), 286
coht p, 59
colim; F', 278
colim,; F', 278
FlG, 257
Hie] X;, 285
Hie] C;, 256
cos z, 186
diam §2, 178
dim A, 59
dim 4 M, 59
Eq(f, ), 286
exp, 186
colim, F, 301
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limf, F, 301
Fun(C, D), 260
F. 305

C, 212

ht a, 59

ht p, 59
Hom(X,Y), 99
Hom (M, N), 18, 148
Hom 4 (V, W), 150
Home(—, —), 257
Home(X,Y), 250
Homy, 5, (A, B), 144
(N:P), 20

(N :a), 20

fv f(2)dz, 188
Lang F', 292
leny, 188

len 4, M, 51
lim, F, 277
lim o, F, 277
lim,; F(i), 277
lim,, ,__ z,, 178
log , z, 197

log z, 198
C,(2), 178
D(f), 100, 122
D, (z), 178

For, 256

[(Y), 122
1(Z), 96

K(X), 102, 105
V(M), 93, 121
V(a), 100

he, 265

ide, 254

i, 177

s, 253

t, 253

0, 251

1, 251

2, 251

Aff, 127

Cat, 261

Ouvy, 107
PSh(X), 107
Sh(X), 108

AT, 289

Ay, 254

A, 289

A, 205, 276

(U, ), 107
I'(X), 100
v, 187
k(zx), 118

@, 116

¢,y 112
m(C), 258
WPt 116
Mor(€), 250
Nat(F,G), 259
nil A, 12
Ob(C), 250
‘(ﬁ'y f(2)dz, 189
ordy 2y, 211, 212
®, 317
02,178

z, 177

082, 178
Hie[ X;, 285
Hie] C;, 256
rad A, 13
Rany F', 292
resg7 107
res; f, 209
rk M, 22

sin z, 186
sk(€), 264
va, 12
str(@), 322
A" (k), 94
A%, 128

C, 177

C/A, 258

C =D, 263
C~2D, 263
@°P, 251

7, 112

J, 239

My (SLy(Z)), 241
Oy, 118
Ox.q» 118
S(I), 321

b, (k), 169
gl(V), 168

gl (k), 168
m,, 100, 118
n, (k), 169
o(V), 169
Oaner (R), 169
P, 122
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s[(V), 168 f: X =Y, 252
50,1 (k), 168 f: X Y, 252
sp(V), 168 f: X =Y, 250
5Py (K), 168 fx), 118

t,(k), 169 f*, 260, 291, 327
F, 113 frg, 115

Ey, 114 1,115
h_n;id M;, 37 ft 252

AV, 146 [ F, 115

ATV, 146 fir 260

W (2), 209 k(z;,i € 1), 144
alb, 15 k-Alg, 144
f: X oY, 252 8z, 112
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co)filtered system, 307

(A, B)-bimodule, 32, 149

(A, B)-bimodule homomorphism, 149
A-algebra, 34

|A-algebra homomorphism, 34
A-bilinear, 30

A-linear, 17

|A-linear map, 150

A-module, 17

|A-module homomorphism, 17
A-module isomorphism, 17
G-linear map, 156
R-schemes, 129

S-scheme, 129

T'-algebra, 329

Hom-space, 159

U -class, 249

U -set, 249

p-primary, 47

k-algebra, 143

2-out-of-3 property, 253
2-out-of-6 property, 252

abelian, 167

absolute value, 177
accumulation point, 201
action, 328

addition theorems, 186
additive, 29

adjoint, 270

adjoint equivalence, 275
adjoint map, 170

adjoint representation, 170
adjunct, 270

adjunction, 270
adjunction isomorphism, 270
admits colimits, 280
admits limits, 280

TERMS

affine coordinate ring, 100
affine open covering, 129
affine open subscheme, 129
affine scheme, 127

affine space, 94, 128

affine variety, 104
alternating algebra, 146
alternating power, 146
alternating square, 158
analytic, 186

analytic continuation, 202
annihilator, 20

argument, 187

argument principle, 217
arrow category, 253
arrows, 250

Artin-Tate lemma, 54
artinian, 49

ascending chain condition, 49
associated prime, 48
associator, 317
automorphism, 144, 225, 228, 252

base change functor, 291
base scheme, 129

basis, 22

Beck’s monadicity theorem, 332
bifunctor, 257
biholomorphic, 220
biholomorphism, 220
bijective, 112, 135
Blaschke factor, 228
boundary, 178

bounded, 178

braided, 325

braiding, 324

branch, 197

canonical, 134

affine algebraic set, 94

canonical decomposition, 165
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cartesian categories, 318
Cartesian form, 187
Cartesian square, 287

Casorati-Weierstrass theorem, 208

category, 250

category of (A, B)-bimodules, 149
category of k-algebras, 144
category of affine schemes, 127
category of cocones, 277
category of cones, 277

category of elements, 268
category of left A-modules, 148
category of presheaves, 107
category of right A-modules, 148
category of schemes, 129
category of sheaves, 108
category of small categories, 261
catenary ring, 59

Cauchy sequence, 178

Cauchy’s derivation formula, 200
Cauchy’s inequality, 200
Cauchy’s integral formula, 199
Cauchy’s integral theorem, 193
Cauchy-Riemann equations, 182
Cayley transform, 221

Cayley’s theorem, 267
Cayley-Hamilton theorem, 22
chain, 59

character, 159

character table, 164

Chinese remainder theorem, 8
circle, 178

class function, 163

closed, 135, 178, 188

closed disc, 178

closed point, 123

closure, 178

co-Yoneda lemma, 303
co-Cartesian square, 287
cocartesian categories, 318
cocomplete, 280

cocone, 277

cocontinuous, 281

cocycle condition, 110, 130
codiagonal morphism, 289
codomain, 250

coequaliser, 286

cofiltered, 306

coflat, 312

coheight, 59

Coherence theorem, 324

cokernel, 19

colimit, 278

colimit cone, 278

comma category, 257
commutative, 5
commutes, 255

compact, 178
comparison functor, 330
complete, 280
completely reducible, 154
complex conjugate, 177
complex numbers, 177
complex plane, 177
composition, 250
composition series, 50
concrete, 256

cone, 276

conformal, 220, 221
connected, 104, 135, 179, 253
connected component, 180
conservative, 255
constant functor, 254
constant sheaf, 114
continuous, 180, 281
contour, 188

contour integral, 188
contracted ideal, 9
contravariant functor, 254
converges, 178

convex, 193

coprime, 8

coproduct, 285

cosine, 186

coslice category, 258
counit, 271

covariant functor, 254
cross ratio, 226

curve, 187

cyclic, 153

decomposition, 151, 157
degree, 151, 155

deleted neighbourhood, 207
derivation, 170

derivative, 181

descending chain condition, 49
diagonal functor, 276
diagonal matrices, 169
diagonal morphism, 289
diagram, 255

diameter, 178
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dimension, 59, 151, 155, 167
direct image, 115

direct limit, 37

direct product, 8

direct sum, 21, 151, 157
direct system, 36

directed set, 36

disc of convergence, 184
discrete, 253

disjoint union, 131

disjoint union category, 256
domain, 250

dominant, 124, 135

dual, 251

dual pair, 326

dual representation, 159

[Eakin-Nagata theorem, 55
[Eilenberg-Moore category, 329
[Eisenstein series, 241
embedding functor, 256
empty category, 251
endofunctor, 254
endofunctor category, 260
endomorphism, 144, 252
endpoints, 187

entire, 181

epimorphism, 252

equaliser, 286

equivalence of categories, 263
equivalent, 187, 263
equivariant map, 156
essential image, 264

essential singularity, 207
essential singularity at infinity, 213
essentially small, 265
essentially surjective, 255
[Euler’s formulas, 186

exact, 26, 37, 312, 314
exponential, 186

extended complex plane, 212
extended ideal, 9

extension of scalars, 35
extension ring, 5

exterior algebra, 146

exterior power, 146

factorises, 250
faithful, 20, 150, 255
fibre product, 287
field, 6

field of fractions, 41

filtered, 306

final, 297

finally small, 300

finite, 22, 34, 253, 255

finite length, 51

finite presentation, 28

finite type, 22, 35

finitely generated, 22, 35

first isomorphism theorem, 7, 20

five lemma, 28

flat, 312

forgetful functor, 256

formal colimit, 301

formal limit, 301

fractional linear transformation, 225

free, 22, 330

free k-algebra, 144

free cocompletion, 301

free completion, 301

free strict monoidal category, 321

full, 255, 256

fully faithful, 255

function field, 102, 105

functor, 254

functor category, 260

functoriality, 254

fundamental theorem for contour integrals,
189

fundamental theorem of algebra, 202

general linear Lie algebra, 168
generalised circle, 227
generic point, 123
generisation, 123

germ, 112

gluing datum, 110, 130
gluing the 7, 110

gluing the U, 131
going-down theorem, 68
going-up theorem, 67
Goursat’s theorem, 190
Grothendieck universe, 248
groupoid, 253

Hadamard’s formula, 184
harmonic, 205

height, 59

hexagon identities, 324
Hilbert ring, 71

Hilbert’s basis theorem, 53
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Hilbert’s Nullstellensatz, 96
holomorphic, 181

holomorphic at infinity, 213
holomorphic at co, 240

hom-functor, 257

hom-functors, 260

hom-set, 250

hom-space, 149

homeomorphism, 135

homomorphism of k-algebras, 144
homomorphism of representations, 150
homomorphism theorem, 7, 19, 145, 148, 151
homotopic, 192

homotopy, 191, 193

Hopkins’s theorem, 56

horizontal composition, 260

ideal, 6, 171

ideal quotient, 20
idempotent, 13
identity element, 5
identity functor, 254
identity morphism, 250
identity theorem, 201
image, 7, 19

imaginary axis, 177
imaginary number, 177
imaginary part, 177
inclusion functor, 254
indecomposable, 151
indented semicircle, 194
index, 209

index category, 255
inductive limit, 278
infinite length, 51
initial, 253, 297

initial object, 285
initially small, 300
injective, 112, 135
inner, 170

integral, 61, 62, 64
integral closure, 62, 64
integral domain, 6
integral extension, 62
integrally closed, 62
integrally closed domain, 64
interior, 178

interior point, 178
invariant, 151, 156
inverse image, 115
invertible, 6

IPC-property, 311

irreducibility criterion, 162
irreducible, 15, 96, 135, 151, 157, 162
irreducible component, 96
irredundant, 48

isolated zero, 211

isomorphic, 150, 156, 259
isomorphism, 144, 252

isomorphism of categories, 263
isomorphism of representations, 150

Jacobi identity, 167
Jacobson radical, 13
Jacobson ring, 71

Jensen’s formula, 233
Jordan-Holder theorem, 51

Kaplansky’s theorem, 24
kernel, 7, 19

keyhole, 194

Kleisli category, 331
Kleisli composition, 331
Kleisli morphisms, 331
Krull dimension, 59
Krull’s theorem, 11

Laplace operator, 205

large, 251

Laurent series, 208

left A-linear, 147

left A-module, 147, 150, 329
left A-module homomorphism, 147
left adjoint, 270

left dual, 326, 327

left exact, 312, 314

left ideal, 144

left inverse, 252

left Kan extension, 292

left unitor, 317

Leibniz rule, 170

length, 51, 59, 188

Lie algebra, 167

Lie algebra homomorphism, 167
Lie algebra isomorphism, 167
Lie bracket, 167

Lie subalgebra, 168

lies over, 10

lies under, 10

limit, 277

limit cone, 277

limit point, 178
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linear Lie algebra, 168
Liouville’s theorem, 202
local, 13

local property, 45

local ring, 118
localisation, 40, 43
locally bijective, 219
locally noetherian, 135
locally ringed space, 118
locally small, 251

Maschke’s theorem, 157

maximal, 10, 145

maximal ideal, 118

maximal point, 123

maximal spectrum, 10

maximum, 180, 218

maximum modulus principle, 219

mean-value property, 206

meromorphic, 212

meromorphic on the extended complex plane,
213

middle four interchange law, 261

minimal, 48

minimum, 180

modular form, 241

modular group, 239

monad, 329

monadic, 330

monoid, 328

monoid object, 328

monoidal category, 317

monoidal equivalence, 319

monoidal functor, 318

monoidal natural isomorphism, 319

monoidal natural transformation, 319

monomorphism, 252

Morera’s theorem, 202

morphism of affine algebraic sets, 99

morphism of affine schemes, 127

morphism of direct systems, 37

morphism of left A-modules, 329

morphism of locally ringed spaces, 118

morphism of monoids, 328

morphism of presheaves, 107, 109

morphism of prevarieties, 104

morphism of ringed spaces, 118

morphism of schemes, 129

morphism of sheaves, 108

morphism of spaces with functions, 101

morphisms of right A-modules, 329
multiple keyhole, 194
multiplicative, 11

multiplicatively closed, 11
multiplicity, 211, 212

Mobius transformation, 225

Nakayama’s lemma, 23
natural isomorphism, 259
natural transformation, 259
naturality, 259

negative orientation, 188
nilpotent, 6

nilradical, 12

Noether’s normalisation lemma, 69
noetherian, 49, 98, 135
non-empty, 253

normal ring, 64

objects, 250

open, 135, 178

open disc, 178

open mapping theorem, 218
open subscheme, 129
opposite category, 251
opposite ring, 143

order, 211, 212

orthogonal Lie algebra, 169
orthogonality relations, 162
outer, 170

over category, 258

parametrised curve, 187

partial fraction decomposition, 213
path-connected, 179

pentagon identity, 317
permutation representation, 156
piecewise-smooth, 187, 188
pointwise left Kan extension, 294
pointwise right Kan extension, 294
polar form, 187

pole, 207

pole at infinity, 213

positive orientation, 188

power series, 184

preserves, 281

presheaf, 107, 109

prevariety, 104

primary, 47

primary decomposition, 47

orphisms, 250

prime, 10, 15
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prime avoidance lemma, 11
prime spectrum, 10, 122
primitive, 189

principal, 15

principal branch, 198

principal ideal domain, 15
principal open set, 122
principal open subset, 100
principal part, 209

product, 8, 285

product category, 256
projective, 24

projective limit, 277

proper class, 249
pseudo-hyperbolic distance, 229
pullback, 287

purely imaginary numbers, 177
pushout, 287

quasi-commutes, 259
quasi-compact, 98, 135
quasi-inverse, 263

quotient, 19, 259

quotient algebra, 145
quotient field, 41

quotient module, 19
quotient representation, 151
quotient ring, 6

radical, 12

radius of convergence, 184
rank, 22

real axis, 177

real part, 177

rectangular keyhole, 194
reduced, 6

region, 179

regular representation, 150, 156
removable singularity, 207
removable singularity at infinity, 213
replete, 256

representable, 268
representation, 150, 155, 268
representation space, 155
representative, 268

residue, 209

residue field, 13, 42, 118
residue theorem, 210
restriction, 108

restriction map, 107
estriction of scalars, 35

retraction, 252

reverse, 318

Riemann sphere, 214

Riemann’s theorem on removable
singularities, 207

right A-linear maps, 148

right A-module, 147, 150, 329

right A-module homomorphisms, 148

right adjoint, 270

right dual, 326, 327

right exact, 312, 314

right ideal, 144

right inverse, 252

right Kan extension, 292

right unitor, 317

rigid, 327

ring, 5, 143

ring homomorphism, 5

ring isomorphism, 5

ring of formal power series, 14

ring of fractions, 40

ringed space, 118

Rouché’s theorem, 218

saturated, 59, 256

scheme, 129

scheme over S, 129

schemes over R, 129

Schur’s lemma, 152

Schwarz lemma, 227

Schwarz reflection principle, 204
Schwarz-Pick lemma, 228

second isomorphism theorem, 7, 20
section, 252

sections, 107

semilocal, 13

semisimple, 154

set, 249

sheaf, 107, 109

sheaf condition, 107

sheafification, 113

sheet, 197

short exact sequence, 26

simple, 50, 151, 153, 157, 188, 211, 212
simply connected, 193
sine, 186

singularity, 207
skeletal, 264

skeleton, 264
skyscraper sheaf, 117

slice category, 258




TERMS

343

small, 251, 255

smooth, 187, 188

snake lemma, 27

source, 250

source map, 253

space with functions, 101, 102
special linear Lie algebra, 168
specialisation, 123

spectrum, 10, 122

split coequaliser, 332

split epimorphism, 252

split monomorphism, 252
stable, 151, 156

stable under base change, 291
stalk, 112

star-shaped, 193
stereographic projection, 214
strict, 317, 319

Strictification theorem, 324
strictifiction, 322

strictly upper triangular matrices, 169
structural morphism, 129
structure sheaf, 118
subalgebra, 144

subcategory, 256

submodule, 18

subobject, 259

subpresheaf, 113
subrepresentation, 151, 156
subring, 5

subsheaf, 113

sum, 7, 19

surjective, 112, 135
symmetric, 325

symmetric algebra, 146
symmetric power, 146
symmetric square, 158
symmetry principle, 204
symplectic Lie algebra, 168

target, 250

target map, 253

tensor algebra, 145

tensor power, 145

tensor product, 30, 149, 158, 317
tensor-hom adjunction, 31, 149
terminal, 253

terminal object, 285

thin, 253, 281

total ring of fractions, 41
triangle identities, 271
triangle identity, 317
trivial, 156

trivial category, 251
trivial representation, 150
two-sided ideal, 144

under category, 258

unique factorisation domain, 16
unit, 6, 156, 271

unit disc, 178, 221

unit object, 317

unital, 317

universal, 291

universal cocone, 278

universal cone, 277

universal element, 268
universal property of quotient modules, 20
universe, 248

upper half plane, 239

upper half-plane, 221

upper triangular matrices, 169

vanishing set, 93, 100
vertical composition, 261

Weak Nullstellensatz, 70, 95
weakly modular, 240

Weyl algebra, 145
whiskering, 261, 262
winding number, 209
Wirtinger derivatives, 183

Yang-Baxter equation, 325
Yoneda embedding, 265
Yoneda extension, 304
Yoneda lemma, 265

Zariski topology, 94, 100, 122
Zariski’s lemma, 54, 70, 95
zero, 211

zero divisor, 6

zero morphism, 253

zero object, 253
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